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Sign Problem	

hOi =
Z

dUe�S[U ]O[U ]

e�S[U ] ⇠ det�(µ)e�Sg [U ]

(det�(µ))⇤ = det�(�µ⇤) 2 C

very huge multiple integral	

MC	  with	  importance	  sampling	

integrand	

Finite	  chemical	  potenKal	  μ	  (Sign	  Problem)	

NO	  sign	  problem	

Imaginary	  μ	 (det�(iµ))⇤ = det�(iµ) 2 R

U (x⌫ , 4, Nc)



For	  two	  color	  QCD,	  NO	  sign	  problem	  at	  both	  imaginary	  and	  real	  μ.	  
We	  can	  check	  	  reliability	  of	  the	  analyKc	  conKnuaKon	  method.	  

Cea,	  Cosmai,	  D’Elia	  and	  Papa,	  PRD77	  	

LaUce	  data	  can	  be	  made	  analyKc	  conKnuaKon	  from	  imaginary	  to	  real	  μ.	  	
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FIG. 11: The pseudo-critical line βpc in the imaginary(left panel) and real(right panel) region.
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FIG. 12: The pseudo-critical line in dimensionless physical unit in the imaginary (left panel)
and real(right panel) region.

be used here. We consider quadratic, quartic functions
and two types of the Padé approximation.

Tpc

T 0
pc

=
∑

n

dn

(

µ̂I

Tpc

)2n

, (11)

Tpc

T 0
pc

= d0
1 + d1(µ̂I/Tpc)2

1 + d2(µ̂I/Tpc)2
(Padé (I)), (12)

(

Tpc

T 0
pc

)2

= d0
1 + d1(µ̂I/Tpc)2

1 + d2(µ̂I/Tpc)2 + d3(µ̂I/Tpc)4

(Padé (II)), (13)

where µI = aµ̂I , and µ̂I is the imaginary chemical po-
tential in physical unit. T 0

pc and Tpc are pseudo-critical
temperatures at zero and finite chemical potentials. As
we have mentioned above, d0(= Tpc/Tpc(0) at µ = 0)
deviates from one with 1% because of the disagreement
of βpc(0) from Ref. [26]. Here we added Padé (II) de-
fined in Eq. (13), which was investigated to fit the criti-
cal line for four flavors in Ref. [14]. Note that Eq. (13)

can be extended to Tpc = 0 for the µ2 > 0 region [14],
although the definition range of the line is restricted by
the RW endpoint. The results are shown in Table III
and Fig. 12.

The central values of the quadratic, quartic and Padé
(I) approximation show similar behavior to βpc(µI).
The Padé (II) are consistent with the quartic and Padé
(I) until µI/Tpc < 0.8, and shows sharp rising for
0.8 < µI/Tpc. Considering the errors, the quadratic
function still undershoots the obtained data, and the
quartic function suffers from large errors. The two
Padé approximations reproduce the data well with
small errors. The difference between the two Padé ap-
proximations are observed for 0.8 < µI/T . Further in-
vestigations of this regionwould be important for better
determination of the pseudo-critical line.

Similar to βpc, the deviation becomes larger with in-
creasing µ̂/T in the µ̂2 ≥ 0 region and amounts to

such	  as	  the	  phase	  transiKon	  line	 Nagata	  and	  Nakamura,	  PRD83	

Analytic Continuation from imaginary µ	



We	  invesKgated	  two-‐color	  QCD	  phase	  diagram	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  at	  both	  imaginary	  and	  real	  μ.	  	  
	  
We	  use	  the	  RG	  improved	  gauge	  +	  Clover	  improved	  Wilson	  fermion	  
	  	  	  on	  the	  line	  of	  the	  constant	  physics	  with	  Mps/Mv=0.80	  in	  83×4	  size.	  
	  
We	  calculated	  	  
	  	  	  the	  Polyakov	  loop,	  the	  quark	  number	  density,	  the	  chiral	  condensate.	  
	  
We	  evaluated	  the	  analyKc	  conKnuaKon	  of	  these	  quanKKes.	  

Outline	
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Number density 	

fugacity expansion	

Chiral condensate	

canonical partition function, 	Zn
satisfying 	Zn = Z�n, Zn 6=kNc = 0

✓ = µ/T
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In order to predict large real µ,  
  we have to evaluate higher order correction at imaginary µ. 	

hni =
P

k n2k

Z(µ)
, n2k = 4kc2k sinh(2k✓)
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evaluated in n	
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We	  calculated	  2-‐color	  QCD	  phase	  diagram	  	  
	  	  with	  RG	  improved	  gauge	  +	  clover	  improved	  Wilson	  fermion.	  
	  
We	  checked	  analyKc	  conKnuaKon	  from	  imaginary	  to	  real	  μ.	  
	  
For	  some	  observables,	  the	  ficed	  funcKons	  at	  imaginary	  μ	  
	  	  can	  reproduce	  	  the	  exact	  results	  well	  below	  Tc,	  	  
	  	  but	  the	  agreement	  	  becomes	  worse	  above	  Tc.	  	  
	  
For	  the	  phase	  transiKon	  line,	  
	  	  the	  data	  at	  imaginary	  μ	  is	  almost	  on	  a	  linear	  funcKon,	  	  
	  	  but	  the	  funcKon	  deviates	  from	  the	  exact	  data	  at	  real	  µ.	

Summary	


