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Why (mass) reweighting?

» Tuning of quark masses,

e.g., ms in a 241 simulation, isospin splitting
» Quark mass dependence
» QED effects, finite chemical potential, ...

» Stabilization of HMC algorithm (next talk J. Finkenrath)
» Alternative update algorithms ([Comp.Phys.Comm. 2013])
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Reweighting

1
©),= 7 [ DU P.0) 0u0)
» with weight P,(U) = e~ %) [T, det(D(U) + my)
> bare parameter set a = {3, m1,ma, ..., My, }
» and normalization [ D[U|P(U)/Z =1

ow, _ i
(0), = M ., reweighting factor W, ;, = 0
<Wa,b>a Pa 7/.;=‘
: %, =
In practice Monte Carlo: 9,///’:
» generate {U,} according to P,(U) /ﬁ
» use O(U) and W, ,(U) to compute (O), /§
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Introduction

Reweighting

» beta shift: W,B g = e_(SH(5/7U)_Sg(57U))
_ det(D(U)+m})
= det(D(U)+my)
» all other are products of these two

> one flavor: Wy,

v

two flavor: Wi, vt Wi
gty 215

> two degenerate: W2 ., isospin: Wi amWonm+Am

In [arXiv:1306.3962]:
1. proof of integral representation of the complex
determinant of a complex matrix
2. unbiased estimator with controlled stochastic error .
expansions of stochastic error and ensemble fluctuations /////—
4. based on 3: detailed scaling analysis and optimized y
reweighting strategies =

N
Iir
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Integral representation

Let A € C"" and n € C", then

1 —
det A

/ Dl ¢4 if  Re(A) > 0, VA € o(A)

> with D[] = [, “Re(n)dim(n)

i=1 7r

» if A Hermitian, then Re(\) > 0 is equiv. to A positive
definite and therefore A = L L' exists and the
determinant is the Jacobian of 7 — LT_ln

» for non-Hermitian A the proof uses the Schur Y
decomposition A = QUQ !
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Numerical evaluation: Monte Carlo

Let {n®), k' =1,...,N,} be distributed as p(7), then

1 o1 An Ny _77<k>T An(®)
T det A :< p(n) > N, Z FO(/V/N)
p(n)

M k=1

» where ( = [ DIn] O(n)

> convenlent to choose a Gaussmn p(n) = exp(—n'n)
2 1

> variance: o) = o det(AA_T) _

convergence of integral repr. of variance if

AMA+ Af = 1) > 0 — Re(M(A)) > 0.5

v

» monitor variance to guarantee convergence of mean

» if A= 1+ eB with ¢||B|| < 1, can approximate ;//'_:f
o2 BBt Y=

T det (14 €2 —1=Tr(BBNY+0(17 %5
wE ( T BB CTr(BB)+0(] 7
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One flavor reweighting factor

1 D,, Am

W) = @’ M=o, —Am- D,

with D,, = D(U) + m and Am =m —m/

> ot = AmPTe((Dy DY) ™) + O(Am?)

» reduction: factorization of determinant

N
|I||

> mass Intel’p0|atlon [Hasenbusch (2001), Hasenfratz,Hoffmann,Schaefer(2008)]

\\‘
N\

> Nth'root [Hasenbusch (2001)]

N
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Mass interpolation

1
! MZ=L=I+5—m+O(5m2)

W= det M, D, — om D,

=0
with D; = D,,, — ldm and dm = Am/N = (m —m')/N

—1 N’ﬂ

B 1 —nDT (= 1) (D)
W = W, W,= Fn Ze 7 1—1)n
= k=1

N Am?V 32
52 = + M’ Tr((DnD}) ™) + O(0m*Am)] ~ kn];”—N Y=
n n 9,/}//;
higher order terms negligible for V= 8 [PoS Lattice2012 190], %%
i.e., for m||D;t|| = Am/(mN) < 1/16 =
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Zero crossings

Ny =2 O(a) impr. Wilson fermions at 3 = 5.3 (a = 0.066 fm)
» mpg = 440 MeV or
m ~ 33MeV ~ my/3

» reweighting to 1 ~ 71, /6
(D5—D6 CLS)

mass interpolation
fit oc [l — k|77
p-detour

: R » peak: real ev crosses zero
200 300 400 so > fitt E~ 322, p~ 1.8

» singular values of D,, , = D,, + ijiys are > |y

N
Iir

N\~
N
N

v

half circle arround [ = 322, penetration depth p/m =7

3
\

determinant ratio complex for p # 0

N

» imaginary parts add up to the correct phase —1

B. Leder, One flavor mass reweighting 8/13



Ensemble fluctuations

2 2
it :<W>—1, W:exp{Trln (1—%—m)]

Wy (wy .
o? - ~1)\2
Ty — e [((1(D51) = (D3] + O
Reweighting — D5 —> D6 > O'%f/ <W>2 ~ k;lfAmZV
> stochastic error: 0 ~ k, ANmAQ,X
. 572; ~ Ky 1
» ratio: gff</<1/2/>2 ~ ,ﬂiN?vn with Y=
(k) [k1g =2 — 3 for //'//,_E
0<Am <m/2and //@
5 =5 o 1500 2000 ms/6 S m S 4/3 - Mg ////I-!
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(Anti-)Correlations

Reduce ensemble fluctuations by combining two or more
reweighting factors that are anti-correlated.

Fix 5 = 8+ Af by minimizing the variance of

A
(W5 W) = —ABS,(U) + Tt In (1 - D—m)

() _
ng — WmT,mr—'yAmes,mS-l-Am
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(Anti-)Correlations

Two flavor reweighting Wg(g ) = e ] ey

Without loss of generality m, < my, define my = (ms+m,.)/2

(7 B 1)Dm+ + (7 + 1)m— + VAm
D2 _— m2
m4 —

W = det | I — Am

for deg. masses m, = m, special cases v = —1,0, 1:
Wz(?) = mem/, 2(f_1) — Wg‘b,m/' ISOSpIn WQ(f:'l) — W:I:

» 7 = 1 means keeping sum of bare masses constant

» fix v by minimizing the the ensemble fluctuations: %/’—;f
k =

VRl — QmQ_k—jE + O(Am, m?) %

1f =
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Isospin reweighting

(Anti-)Correlations

W:I: — Wm,m—i—Ame,m—Am =det |1 — (

= = Am [((Te(D;2))?) = (Te(D;2))°] + O(am®)

2
0t
(W)
x 107
1
2.6e + 07TAm*
5 08 \2/dof = 0.38
E 06
v
o4
S
0.2
oL—AA
0 05 1 15
alm x107
1/ (We)?
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107 Fluactuations vs Quark mass — A m = const
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Recap [arXiv:1306.3962]

1. proof of integral representation of the complex
determinant of a complex matrix (Re(\) > 0)

2. unbiased estimator with controlled stochastic error based
on mass interpolation and optional ji-detour
(zero-crossings, correct complex phase)

3. expansions of stochastic error and ensemble fluctuations

4. based on 3: detailed scaling analysis and optimized
reweighting strategies (isospin rew., strange mass rew.)

Am*V -
0-:2|:/ <VI/,:|:>2 ~ k:l: m2 ?/._E

> ~ 0001 at mps = 270MeV, V = 96 x 48° (F7 CLS) /%
> —5~ 0.05 at mpg = 135MeV, V = 128 x 643 ! -
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L
Proof using A = Q(D + K)Q !

/D[U] efnTAn (é) /D[n] efnT(DJFK)n (:) /D[n] efrTDrfsTDs

@ - dri dsi —rTDr—sTDs @ - 1 o 1
_/<H ™ >e _Hm\/x_dem

%

(1) change of variables 1 — Qn, det(Q) = 1
(2) rewrite exponent using ‘

r=sn+ I+ DKy, s = —5n— (I + D7 K"y
(3) change of variables (Re(n), Im(n)) — (r,s), det(M) =1

r\ Re(n) .
<8) o <Im(n>)' Y2
v (TH+iDKT D KT =

IDTKT T4 iDKT
(4) Gaussian integration Re(\) > 0
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Domain decomposition

det(D +m) = det(D,,) det(Dy, + m) det( Dy, 4+ m)

» reweighting factor: W = 144 Wie Ww

» exact: Wy, Wi — determinants of (12 - Np)? matrices
» special case domain size Np = 1*: even-odd

» exact treatment of UV-modes

» stochastic: W =[], m

» combination of DD and mass interpolation

N
|I||

N
h

N
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Number of inversions?
(i) mass interpolation steps for controlled stochastic variance:

A
N > 16 6m||D; || = 16 =
m

(ii) noise sources/factor to monitor stochastic variance:

N, > 6

(iii) stochastic error much smaller than ensemble fluctuations:

N
Iir

\\\
i

o2 k
NN, = . 21 > 95 55
(0 ke

2\

=2
S
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beta-shift

Fix 5 = B+ Af by minimizing the variance of

ln(Wgﬂ/Wm’m/) = —AﬁSg(U) == Tr In (

Am

We find AB/n; ~ —3 x 10~* (thus we keep csy constant)

1.02

1.015)

1.01

a(a B)/a(0)

4y

, [t,(0)/t,(a B - Two Flavor
» [1,(0)/t,(4 B))°*- One Flavor

o D5

1

0.06 0.065 0.07 0.075 0.08, '?.085 0.09 0.095 0.1
¢ =Mps’ly
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