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The strange degrees of freedom in QCD 
at high temperature

Christian Schmidt
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We use up to fourth order cumulants of net strangeness fluctuations 
and their correlations with net baryon number fluctuations to extract 
information

• on the strange meson and baryon contribution to the low 
temperature hadron resonance gas, 

• on the dissolution of strange hadronic states in the crossover 
region of the QCD transition,

• on the quasi-particle nature of strange quark contributions to the 
high temperature quark-gluon plasma phase.
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Outline

1) Introduction
• Definitions of cumulants and correlations
• Motivations to study fluctuations of conserved charges

2) The lattice setup and results
• The HISQ action
• 4th order fluctuations and correlations 

3) A closer look to strangeness
• Strangeness in the HRG model
• Disentangling different strangeness sectors

4) Summary
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Expansion of the pressure:

X = B,Q, S: conserved charges

Lattice Experiment

generalized susceptibilities

cumulants of net-charge fluctuations
�NX ⌘ NX � hNXi
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Motivations         

Expected phase diagram of QCD:

T
 [

M
eV

] QCD

hadron gas

nuclear matter
neutron stars

0

vacuum

quark-gluon-plasma
154(9)

chemical potential µB

critical 
end-point

1) Discover a critical point (if exists)

2) Analyze freeze-out conditions

3) Identify the relevant degrees of 
freedom (this talk)

• Analyze Taylor series/Pade resummations 
of various susceptiblities: find region of 
large fluctuations 

• Analyze the radius of convergence directly

• Match various cumulant ratios of 
measured electric charge fluctuations to 
(lattice) QCD results: determine freeze-out 
parameters.

• Compare (lattice) QCD fluctuations to 
various hadronic/quasiparticle models:

Does deconfinement take place above the chiral crossover temperature? 

! see talk by M. Wagner
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Tc = 154(9) MeV Tc(µB) = Tc(0)
⇥
1 � 0.0066(7)µ2

B

⇤

HotQCD, PRD 85 (2012) 054503 BNL-BI, PRD 83 (2011) 014504

Does deconfinement take place above the chiral crossover temperature? 

Motivations         

The chiral crossover line: 

LQCD: Tc(µB)

STAR + HRG: PRC 79, 034909 (2009)

STAR charge flucn. (prelim.) + LQCD

PHENIX charge flucn. (prelim.) + LQCD

STAR proton flucn. (prelim.) + LQCD baryon flucn.
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Karsch, CPOD 2013, arXiv:1307.3978 

� freeze-out points are in agreement with the chiral crossover line
� apparent discrepancies among the freeze-out points that need to be resolved
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The Lattice Setup

mq = ms/20

243 ⇥ 6, 323 ⇥ 8, 483 ⇥ 12

m⇡ ⇡ 160 MeV!

Action:  highly improved staggered quarks (HISQ)

Lattice size: 

Mass:

Statistics: O(103) - O(104)  
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Generalized Susceptibilites / Cumulants

� structure consistent with O(4) critical behavior at µB = 0, m = 0
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BS Correlations

4th order2nd order
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Strangeness within the HRG

states in the strange quark sector may survive the QCD transition and still exist in
the QGP [16, 17]. As this is of relevance also for the production and experimental
observation of strange hadrons in heavy ion experiments [18] it clearly is important
to obtain more information on properties of the strangeness sector of the QGP and
the fate of strange hadrons in the crossover region of QCD at finite temperature.

We recently started to improve earlier studies of higher order cumulants of fluctu-
ations of conserved charges [19] using an improved staggered fermion discretization
scheme [20]. This also provides information on up to fourth order cumulants and cor-
relations of various moments of net strangeness and net electric charge fluctuations
[21]. We want to use this information here to analyze properties of the strangeness
sector in the low as well as high temperature phases of QCD. In particular we will
compare with Hadron Resonance Gas (HRG) model [22] calculations at low temper-
ature and perturbative [23] as well as resummed perturbative [25, 26] calculations
at high temperature.

2 Correlations between net strangeness and net
baryon number fluctuations

We want to analyze the temperature dependence of mixed susceptibilities of net
strangeness and net baryon number fluctuations,

χBS
nm =

∂(n+m)p/T 4

∂µ̂n
B∂µ̂

m
S

∣

∣

∣

∣

µ=0

, (1)

where1 µ̂X = µX/T , X = B, S, and p denotes the pressure of (2+1)-flavor QCD
at temperature T and volume V . The pressure is obtained from the QCD partition
function Z(V, T, µB, µS) as

p

T 4
=

1

V T 3
lnZ(V, T, µB, µS) . (2)

We will consider various combinations of mixed susceptibilities χBS
nm which are

motivated by their interpretation in terms of a free quark gas at high temperature
or a free hadron gas at low temperature. The latter is given in terms of a non-
interacting gas of mesons and baryons, i.e., the hadron resonance gas (HRG) model,

pHRG

T 4
=

1

V T 3

∑

i∈ mesons

lnZM
mi
(T, V, µS) +

1

V T 3

∑

i∈ baryons

lnZB
mi
(T, V, µB, µS) , (3)

1Throughout this work we set the electric charge chemical potential to zero, µQ = 0.
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Figure 1: The ratio of quartic and quadratic net strangeness fluctuations versus
temperature. Results are compared to the HRG model calculation. Also shown is
the result for a HRG model with |S| = 1 hadrons only. At high temperatures result
are compared with fluctuations in an ideal strange quark gas. The grey band shows
the result for the pseudo-critical temperature and its error band [24].

where the partition function for mesonic (M) or baryonic (B) particle species i with
mass mi is given by,

lnZM/B
mi

=
V T 3

π2
di
(mi

T

)2
∞
∑

k=1

(±1)k+1

k2
K2(kmi/T ) cosh (k(Biµ̂B + Siµ̂S)) . (4)

Here upper signs correspond to mesons and lower signs to baryons; di is the degen-
eracy factor of particles with mass mi and K2(x) is a modified Bessel function. Note
that in Eq. (4) the sum is taken over particle states only. Contributions from parti-
cles and the corresponding anti-particles combine to the cosh-term in Eq. (4). With
these relations it is straightforward to calculate the mixed susceptibilities defined in
Eq. (1).

In the low temperature range that is relevant for a comparison with HRG model
calculations, T<∼170 MeV, it is a good approximation to treat the entire strange
hadron sector of the HRG in Boltzmann approximation, i.e., we restrict the sum in
Eq. (4) to the k = 1 term only. The HRG than has a simple representation in terms
of contributions coming from non strange mesons (fS

m) and baryons (fb,|S|) on the
one hand, and strange mesons and baryons with strangeness |S| = 1, 2 and 3 on
the other hand [13],

pHRG

T 4
=

(

pHRG

T 4

)

S=0

+ fm(T ) cosh(µ̂s) + fb,1 cosh(µ̂B + µ̂s)

+ fb,2 cosh(µ̂B + 2µ̂s) + fb,3 cosh(µ̂B + 3µ̂s) . (5)

3

with

here we have set

7

Strangeness in Hadron Resonance Gas

M:  partial pressure of |S|=1 mesons

B1: partial pressure of |S|=1 baryons

B2: partial pressure of |S|=2 baryons

B3: partial pressure of |S|=3 baryons

Boltzmann approx works very 
well for strange hadrons, 

deviations < 3%

χ4

S = M+B1+2
4
B2+3

4
B3

χ2

S = M+B1+2
2
B2+3

2
B3

χ11
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χ31
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χ22
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2
B2+3

2
B3

χ13

BS =−B1−2
3
B2−3

3
B3

PS≠0 = M+B1+B2+B3

validity of Boltzmann approx.

lnZM/B
mi

/ f(mi, T ) cosh(Biµ̂B + Siµ̂S)

• For baryons and strange particles we can 
assume Boltzmann approximation:

µB, µS� -dependence factorizes

� pressure obtains contributions from 
different hadronic sectors, defined by 
all possible             -combinations 



pHRG

T 4
= f(0,0)(T ) + f(0,1)(T ) cosh(�µ̂S)

+ f(1,0) cosh(µ̂B) + f(1,1)(T ) cosh(µ̂B � µS)

+ f(1,2)(T ) cosh(µ̂B � 2µ̂S) + f(1,3)(T ) cosh(µ̂B � 3µ̂S)
}

�B
n ⌘ �B

n+2

�BS
n,m 6⌘ �BS

n+2,m
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The pressure obtains contributions from different hadronic sectors:

Strangeness within the HRG

} mesons

baryons

T . 160 MeV

T & 160 MeV
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Figure 1: The ratio of quartic and quadratic net strangeness fluctuations versus
temperature (left) and the ratio of mixed susceptibilites of net strangeness and
moments of net baryon number (right). Results are compared to the HRG model
calculation. In the left hand figure we also show the result for a HRG model with
|S| = 1 hadrons only. At high temperatures result are compared with fluctuations
in an ideal strange quark gas. The grey band shows the result for the pseudo-critical
temperature and its error band [25].

in Fig. 1 (right) Cumulants involving higher derivatives with respect to µS, on the
other hand, receive larger contributions from multiple-strange hadrons.

Deviations from HRG model calculations for specific strangeness sectors may be
analyzed by considering specific combinations of mixed susceptibilities that would,
in a medium of uncorrelated hadrons, project onto specific strangeness sectors. Tak-
ing into account all mixed susceptibilities up to fourth order that involve at least
one derivative with respect to the strangeness chemical potential and thus are sen-
sitive to strangeness fluctuations, we have six independent observables (χS

2 , χS
4 ,

χBS
11 , χBS

13 , χBS
22 , χBS

31 ) at hand that we can use to analyze fluctuations and correla-
tions in different strangeness sectors of the HRG. Using these six observables it is
easy to construct observables that project onto different strangeness sectors of the
HRG. We will consider here a set of observables that give, in the low temperature
regime, the contribution of strange mesons and strange baryons with strangeness
|S| = 1, 2 and 3 to the (2+1)-flavor QCD partition function. They all depend on 2
free parameters,

M(c1, c2) = χS
2 − χBS

22 + c1v1 + c2v2 (6)

B1(c1, c2) =
1

2

(

χS
4 − χS

2 + 5χBS
13 + 7χBS

22

)

+ c1v1 + c2v2 (7)

B2(c1, c2) = −
1

4

(

χS
4 − χS

2 + 4χBS
13 + 4χBS

22

)

+ c1v1 + c2v2 (8)

B3(c1, c2) =
1

18

(

χS
4 − χS

2 + 3χBS
13 + 3χBS

22

)

+ c1v1 + c2v2 (9)

4

• at                            we find reasonable agreement with the HRG (within 20%)
• at                            deviations from HRG become large

� for diagonal fluctuations:                    , whereas                    (multi-strange hadrons)          
� for correlations:                       

�S
n 6⌘ �S

n+2



 
pHRG

T 4

!

S 6=0

= M1 + B1 + B2 + B3)

�BS
11 = (�1)B1 + (�2)B2 + (�3)B3

...

�S
2 = (�1)2M1 + (�1)2B1 + (�2)2B2 + (�3)2B3

�S
4 = (�1)4M1 + (�1)4B1 + (�2)4B2 + (�3)4B3

�BS
22 = (�1)2B1 + (�2)2B2 + (�3)2B3
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Disentangling different strangeness sectors

pHRG

T 4
= f(0,0)(T ) + f(0,1)(T ) cosh(�µ̂S)

+ f(1,0) cosh(µ̂B) + f(1,1)(T ) cosh(µ̂B � µS)

+ f(1,2)(T ) cosh(µ̂B � 2µ̂S) + f(1,3)(T ) cosh(µ̂B � 3µ̂S)
}

The pressure obtains contributions from 4 different strangeness sectors:

} mesons

baryons

) diagonal fluctuations and correlations are given as linear 
combinations of the different strangeness sectors         

invert this relation!      



v1, v2

x1�
BS
11 + x2�

BS
31 + x3�

S
2 + x4�

BS
22 + x5�

BS
13 + x6�

S
4

= y1M1 + y2B1 + y3B2 + y4B3

A~x = êi
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Idea: separate strangeness sectors by making use of all diagonal strangeness 
fluctuations and baryon-strangeness correlations up to the 4th order

solve:

A =

General Projection to a Strangeness Sector

Christian Schmidt

The most general combination of all diagonal and o↵-diagonal fluctuations
operators up to the 4th order is given by

A1 · �BS
11 + A2 · �BS

31 + A3 · �S
2 + A4 · �BS

22 + A5 · �BS
13 A6 · �S

4 . (1)

It will project to a particular combination of the strange meson sector (M)
and various strange baryon contributions (BS=1

, B

S=2
, B

S=3), denoted as

�1 ·M + �2 · BS=1 + �3 · BS=2 + �4 · BS=3
. (2)

Based on the strangeness content of the fluctuation operators we can find a
linear mapping F : R6 ! R4 that can be expressed by a matrix Fij 2 R(6⇥4),
i.e. we can write

FijAj = �i , with F =

0

BB@

0 0 1 0 0 1
�1 �1 1 1 �1 1
�2 �2 4 4 �8 16
�3 �3 9 9 �27 81

1

CCA (3)

As one can easily see, F has Rank(F ) = 4, and its kernelK is a 2-dimensional
vector space (dim(K) = 6 � Rank(F)). Solving the homogenous system
Fijxj = 0 we find two vectors v1, v2 that span the kernel K, we have

v

t
1 = (1, 0,�1/6, 2, 1, 1/6) (4)

v

t
2 = (0, 1,�1/6, 2, 1, 1/6) (5)

K = {x 2 R6 : x = av1 + bv2 with a, b 2 R} (6)

In Order to project onto a specific strangeness sector we have to solve the
inhomogenous system FijAj = �j, with �

t = (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0)
and (0, 0, 0, 1), respectively. In general the solution set S of the inhomogenous
system can be constructed by a translation vector b plus the solution of the
homogenous system (the kernel K), i.e. S = b + K. For the four cases of
interest one can, e.g., define the translation vectors as

M : b

t = (0, 0, 1,�1, 0, 0) (7)

B

S=1 : b

t = (0, 0,�1/2, 7/2, 5/2, 1/2) (8)

B

S=2 : b

t = (0, 0, 1/4,�1,�1,�1/4) (9)

B

S=3 : b

t = (0, 0,�1/18, 1/6, 1/6, 1/18) (10)

Rank=4

� dim (Kernel)=2,  spanned by 

The importance of multi-strange baryons at temperatures close to the pseudo-
critical temperature is evident in the ratio of quadratic to quartic strangeness fluc-
tuations, χS

4 /χ
S
2 . This ratio would be unity, as it is the case for net baryon number

fluctuations, if only the |S| = 1 meson and baryon sectors would contribute to the
fluctuations. We show this ratio in Fig. 1. It is apparent that deviations from
HRG model calculations become large for temperatures T>∼160 MeV. At lower tem-
peratures HRG model calculations agree with QCD results within 20%. It also is
apparent that the strangeness two and three sectors have large contribution to this
ratio, leading to a 60% increase over unity at T " 160 MeV. This may also have an
impact on properties of strangeness fluctuations at higher temperatures.

Within the HRG model it is quite easy to analyze the contribution of different
strangeness sectors to bulk thermodynamics as well as cumulants of net strangeness
fluctuations or correlations between net strangeness and net baryon number fluc-
tuations. Within the Boltzmann approximation mixed baryonic susceptibilities for
which the number of derivatives with respect to µB differs only by an even number
are identical, e.g. χBS

1m ≡ χBS
3m or χBS

2m ≡ χBS
4m . Cumulants involving higher derivatives

with respect to µS, on the other hand, receive larger contributions from multiple-
strange hadrons. Deviations from HRG model calculations for specific strangeness
sectors may be analyzed by considering specific combinations of mixed suscepti-
bilities that would, in a medium of uncorrelated hadrons, project onto specific
strangeness sectors.

Taking into account all mixed susceptibilities up to fourth order that involve at
least one derivative with respect to the strangeness chemical potential and thus are
sensitive to strangeness fluctuations, we have six independent observables (χS

2 , χS
4 ,

χBS
13 , χBS

22 , χBS
31 ) at hand that we can use to analyze fluctuations and correlations

in different strangeness sectors of the HRG. Using these six observables it is easy to
construct observables that project onto different strangeness sectors of the HRG. We
will consider here a set of observables that give, in the low temperature regime, the
contribution of strange mesons and strange baryons with strangeness |S| = 1, 2 and
3 to the (2+1)-flavor QCD partition function. They all depend on 2 free parameters,

M(c1, c2) = χS
2 − χBS

22 + c1v1 + c2v2 (6)

B1(c1, c2) =
1

2

(

χS
4 − χS

2 + 5χBS
13 + 7χBS

22

)

+ c1v1 + c2v2 (7)

B2(c1, c2) = −
1

4

(

χS
4 − χS

2 + 4χBS
13 + 4χBS

22

)

+ c1v1 + c2v2 (8)

B3(c1, c2) =
1

18

(

χS
4 − χS

2 + 3χBS
13 + 3χBS

22

)

+ c1v1 + c2v2 (9)

with

v1 = χBS
31 − χBS

11 (10)

v2 =
1

3
(χS

2 − χS
4 )− 2χBS

13 − 4χBS
22 − 2χBS

31 (11)

4

Disentangling different strangeness sectors

with

defined by powers of strangeness charges

must vanish if HRG is a valid description!
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Figure 2: The difference between the correlations of net strangeness fluctuations
with different powers of net baryon number fluctuations (left). The right hand
figure shows the difference of quadratic and quartic baryon number fluctuations.
The particular differences shown should vanish in the low temperature phase, if this
can be described by a superposition of uncorrelated hadrons, which only have baryon
number B = 0 or ±1. This is the case in the hadron resonance gas model. Lines at
high temperature show the ideal gas value (free) and the O(g4) perturbative result
using one-loop hard thermal loop resummation (HTL).

The observables v1 and v2 are combinations of several strangeness cumulants
and correlations with net baryon number. They vanish for an uncorrelated gas of
hadrons as it is described my the HRG model. They are thus a good indicators for
the validity of the HRG model at low temperature. Both observables vanish in a
HRG and approach the same large, non-zero ideal gas value in the high temperature
limit, i.e., ∆BS

free = 1/3 − 2/9π2. In fact, they also have identical perturbative
corrections at O(g2).

The observables v1 and v2 carry information about the strange hadron sector
that is similar to the difference of quadratic and quartic cumulants of net baryon
number fluctuations,

∆B = χB
2 − χB

4 . (12)

This difference also vanishes in a HRG and, in fact, has the same high temperature
behavior as v1.

In Fig. 2(left) we show v1 and v2 and compare this with ∆B which is shown in the
right hand part of this figure. It is evident from these two figures that in the light
quark as well as strange quark sector deviations from the HRG model set in abruptly
in the crossover region around the pseudo-critical temperature Tpc = 154(9) MeV
[24]. Details of the temperature dependence in the high temperature phase differ
for the correlations of baryon number with light and strange quark numbers, re-
spectively. However, clearly strange baryons and non strange baryons experience
similarly strong modifications right at the crossover transition temperature. This

5

� indicator for the validity of the HRG

• strange baryons carry baryon number 1 
• partial pressure from strange particles is 

hadronic  

• all baryons carry baryon number 1 

T . 160 MeV

T & 160 MeV
• at                            we find reasonable agreement with the HRG
• at                            deviations from HRG become large

Disentangling different strangeness sectors
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The importance of multi-strange baryons at temperatures close to the pseudo-
critical temperature is evident in the ratio of quadratic to quartic strangeness fluc-
tuations, χS

4 /χ
S
2 . This ratio would be unity, as it is the case for net baryon number

fluctuations, if only the |S| = 1 meson and baryon sectors would contribute to the
fluctuations. We show this ratio in Fig. 1. It is apparent that deviations from
HRG model calculations become large for temperatures T>∼160 MeV. At lower tem-
peratures HRG model calculations agree with QCD results within 20%. It also is
apparent that the strangeness two and three sectors have large contribution to this
ratio, leading to a 60% increase over unity at T " 160 MeV. This may also have an
impact on properties of strangeness fluctuations at higher temperatures.

Within the HRG model it is quite easy to analyze the contribution of different
strangeness sectors to bulk thermodynamics as well as cumulants of net strangeness
fluctuations or correlations between net strangeness and net baryon number fluc-
tuations. Within the Boltzmann approximation mixed baryonic susceptibilities for
which the number of derivatives with respect to µB differs only by an even number
are identical, e.g. χBS

1m ≡ χBS
3m or χBS

2m ≡ χBS
4m . Cumulants involving higher derivatives

with respect to µS, on the other hand, receive larger contributions from multiple-
strange hadrons. Deviations from HRG model calculations for specific strangeness
sectors may be analyzed by considering specific combinations of mixed suscepti-
bilities that would, in a medium of uncorrelated hadrons, project onto specific
strangeness sectors.

Taking into account all mixed susceptibilities up to fourth order that involve at
least one derivative with respect to the strangeness chemical potential and thus are
sensitive to strangeness fluctuations, we have six independent observables (χS

2 , χS
4 ,

χBS
13 , χBS

22 , χBS
31 ) at hand that we can use to analyze fluctuations and correlations

in different strangeness sectors of the HRG. Using these six observables it is easy to
construct observables that project onto different strangeness sectors of the HRG. We
will consider here a set of observables that give, in the low temperature regime, the
contribution of strange mesons and strange baryons with strangeness |S| = 1, 2 and
3 to the (2+1)-flavor QCD partition function. They all depend on 2 free parameters,

M(c1, c2) = χS
2 − χBS

22 + c1v1 + c2v2 (6)

B1(c1, c2) =
1

2

(

χS
4 − χS

2 + 5χBS
13 + 7χBS

22

)

+ c1v1 + c2v2 (7)

B2(c1, c2) = −
1

4

(

χS
4 − χS

2 + 4χBS
13 + 4χBS

22

)

+ c1v1 + c2v2 (8)

B3(c1, c2) =
1

18

(

χS
4 − χS

2 + 3χBS
13 + 3χBS

22

)

+ c1v1 + c2v2 (9)

with

v1 = χBS
31 − χBS

11 (10)

v2 =
1

3
(χS

2 − χS
4 )− 2χBS

13 − 4χBS
22 − 2χBS

31 (11)

4

Disentangling different strangeness sectors

solving the 4 inhomogenous systems

� the solutions are translations of the kernel 

A~x = êi
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Disentangling different strangeness sectors
BNL-BI: arXiv:1304.7220

B1(0,0)

B1(0,3/2)

B1(3,3/2)

P|S|=1,B
HRG

-0.50

 0.00

 0.50

 1.00

140 180 220 260 300 340

T [MeV]

B2(0,0)

B2(0,-3/4)

B2(-3/2,-3/4)

P|S|=2,B
HRG

-0.50

-0.25

 0.00

 0.25

140 180 220 260 300 340

T [MeV]

B3(0,0)

B3(0,1/6)

B3(1/3,1/6)

P|S|=3,B
HRG

-0.05

 0.00

 0.05

 0.10

140 180 220 260 300 340

T [MeV]

M(0,0)

M(0,-3)

M(-6,-3)

P|S|=1,M
HRG

-2.0

-1.5

-1.0

-0.5

 0.0

 0.5

 1.0

140 180 220 260 300 340

T [MeV]

http://arxiv.org/abs/1304.7220
http://arxiv.org/abs/1304.7220


Christian Schmidt                                         LAT 2013 17

T . 155• For                 MeV different strange sectors agree separately with the HRG

• For higher temperatures the deviations from HRG set in abruptly and rapidly 
become large

� modifications of the strange hadron contribution to bulk thermodynamics 
become apparent in the crossover region and follow the same pattern 
present also in the light quark sector.

Disentangling different strangeness sectors
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Strangeness in the QGP

• We now probe the quasi-particle picture, i.e. to what extent the susceptibilities 
involving strangeness contributions can be understood in terms of elementary 
degrees of freedom that carry quantum numbers 

S = ±1, B = ±1/3, Q = ±1/3
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• for a free (uncorrelated) strange 

quarks we have 

�
• for free (uncorrelated) strange 

hadrons we have contributions 
from two charge sectors.  
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Summary 

• We have provided evidence that in QCD the strange hadron sector gets modified 
strongly in the vicinity of the pseudo-critical temperature determined from the light 
quark chiral susceptibilities. 

• Deviations from the HRG model start becoming large in the transition region and 
follow a pattern similar to that known for the light quark sector. 

• There thus is no evidence that deconfinement and the dissolution of hadronic 
bound states may be shifted to higher temperatures for strange hadrons. 

• We also showed that at temperatures larger than T>1.3Tc a simple quasi-particle 
model may be sufficient to describe properties of mixed strangeness-baryon 
number susceptibilities.

• Closer to Tc the structure of these susceptibilities becomes more complicated. A 
feature well-known also from bulk thermodynamic quantities like the pressure.


