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Getting to the sunset will ta“me

— = So we better start
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@ Why do this? i el
Johan Bijnens

© One-loop tadpoles

© One-loop integrals

@ Why sunset?

© Dividing up

@ One loop quantized

0 Two loops quantized

© Numerical

Work done with E. Bostrom (Lund) and T. Lahde (Jiilich)

Partially published in E. Bostrom, master thesis, | LU-TP 13-22 LUND
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http://particle.thep.lu.se/pub/Preprints/13/lu_tp_13_22.pdf

Motivation
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o Lattice QCD calculates at different quark masses and
volumes Why do this?

@ Chiral Perturbation Theory is useful for this

@ Masses and decay constants known at infinite volume to
two loops

@ Finite volume: one-loop and two-loop-two-flavour known
Colangelo,Haefeli, 2006

@ Want to know also different mass case to two loops

@ 1/m; =14 fm
may need to go beyond leading e~™L terms

@ Convergence of ChPT is given by 1/m, ~ 0.25 fm
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Motivation

o Lattice QCD calculates at different quark masses and
volumes

@ Chiral Perturbation Theory is useful for this

@ Masses and decay constants known at infinite volume to
two loops

@ Finite volume: one-loop and two-loop-two-flavour known

@ Want to know also different mass case to two loops
1/m;=141fm

may need to go beyond leading e~™L terms
@ Convergence of ChPT is given by 1/m, ~ 0.25 fm
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The underlying formulas

Sunset
integrals at

@ Underlying formula in one dimension finite volume
periodic boundary condition F(x =0) = F(x = L) Johan Bijnens
dp 1 _ [ dp
o) =g X Fe= [ 520 S
pn=2mn/L

@ Poisson summation formula

% > Flpn) Z/ ePF(p

pn=2mn/L {=nL
. 0
o If twist angle 0, ¢(L) = e "?¢(0): p, = —n+ 7

@ Poisson summation formula

I S o Ee

pn=27mn/L+0/L {=nL

~—
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One-loop tadpole

dvr X
XI= | oty ot
Jv (2m)? (r? + m?)
Poisson trick for three spatial dimensions:
ddl’ X ell, r—il,-©
Z/ 2m)d (2 + m?)"’
/, = (0, nlL, n2L, n3L), @ = (0, Q/L)
Split in infinite volume /, = 0 term and rest

X] = [X) + XY

Bring up denominator using ‘a’ parameters: 1/a = fooo dle=N

_ 1 z/:/ dr /OO AL @il r=ilr-© g=(r?+m?)
r(n) 2= ) @n)? Js
!/

Z means sum without /, = 0 (all components zero)
Ir

Sunset
integrals at
finite volume

Johan Bijnens

One-loop
tadpoles

LUND
UNIVERSITY
6/26



One-loop tadpole

Shift =7+ i/ to 1Y = Li/

F(n) 5~ Jo

Master formula for tadpoles:

2
. I d—
OOdMn_le_xmLﬁ—n,-e/ dF a2

Sunset
integrals at
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(2m)d
Johan Bijnens

One-loop
tadpoles

1 o0 d 2 /2 .
vV n—<—1 _—Am*—-%—il-©
1]V = ST > /0 dM"27le ax

@ Do the X integral
leads to sums over Bessel functions

@ Do the ),

Gasser, Leutwyler, 1988

Becirevic, Villadoro, 2003

leads to an integral over Jacobi theta functions

LUND
UNIVERSITY
7/26



One-loop tadpole: Bessel functions

We use

K,(Y.Z)= / dANTle YA =2 <§) 2
0

to obtain

K, (2v7Z)

/

1 i
1" = gy ¢ ot (7

Ir

lr

)

d =4 — 2¢ and can expand in €

Triple sum can be simplified: Y7 f(I2) =, o x(k)f (k)

k = I?> and x(k) number of times /> = kL?

Ki(mLVk) & | [52—me=mtVk
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One-loop tadpole: (Jacobi) theta functions

Sunset

Deflne 93(U|’7—) = elﬂ‘Tn +2miun Wh|Ch Sat|sf|es integrals at

finite volume
n

03(u + n|7) = 3(u|7) and O3(u|T) = \/%/T _7”*93 (412)

Johan Bijnens

One-loop
tadpoles

1 e n—4-1 _—xm?
7(4w)d/2r(n)/o dA\\""27 e X

[njx_,y_,ze;; (—0;/(2m)[iL?/(47wN)) — 1

1)¥ =

@ No twisting, goes to a cubed theta function

® rescale A to get L out of the argument

@ Small )\, use the identity above, large A\ sum converges fast -
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A numerical example

1000 T Sunset
m=my; —— integrals at
m=m finite volume

100 + K ] Johan Bijnens
zero mode -+
10 | E
,E\ One-loop
P tadpoles
< L e —
,__,: ..........................
E oLt TN e T 4
>
<
0.01 ¢ E
0.001 | 4
0.0001 ‘ ‘ : :
0 1 2 3 4 5 6
mL
Relative correction to the infinite volume integral o)
A= [, Lo 1 LUND
v (27T) petm UNIVERSITY
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A numerical example

10000
m=my, ——
k<1
1000 ¢ k<10 ----eeeeeee
K100 -
= 100 |
E
8
<
= 10 |
E
><(
! 1
01
0.01 L L L 1 ! | |
35

mL
Convergence of the Bessel sum as a function of k

Sunset
integrals at
finite volume

Johan Bijnens

One-loop
tadpoles

LUND
UNIVERSITY
11/26



A numerical example

10000 ‘
m=m, ——
1000 F . 6,=1710
(SIS
100 £ ., B,=TY2 o
E 10 f &=
8
<
o 1
\§; ., ST,
< 01k T, X(-1) T
0.01 F »
X(=1
0.001 C )
00001 Il Il Il Il Il Il Il
0 05 1 15 2 25 3 35

mL

For various valus of 0, =0, = 0, = 0;
For § = /2 all terms with an (/;); odd cancel
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One-loop integrals

Sunset
integrals at
finite volume

o Shlft Wlth r = F + I/r/(2)\) Johan Bijnens

@ Integrals then done with 7,7, — Fzéw,/d

Integrals with numerators r,r,

@ Similar for more complicated numerators

@ But extra term show up: One-locp
. . . . integrals
box and twisting break Lorentz invariance

Integrals with more denominators and external momentum
@ Combine denominators with Feynman parameters
@ Shift with r =7+ il,/(2)\) + (1 — x)p
o Gives extra factors like e~ /(1=x)/rp
@ Center of mass system p = (p,0,0,0) = /,-p=0

@ Moving frame: deal with as for twist angle

All the previous goes through (stay below threshold) =4
D
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One-loop integrals

Corrections to masses and decay constants involve

@

-— -

(d)
()
(0]

(b)

-—-® -
©
(h)
(k)

Q

(0]

-_- R -

0

Diagrams (f)-(j) can
be done as earlier

(k) or the sunset
needs new methods
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Sunset overall
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ddr ddS X
=, @r) (2 (72 + ml)" (2 4 mB)"((r + 5 — p)2 + )"

Poisson summation twice

r X e//, reI/5 s Dividing up
Z 1 '

92+ m2)"(s2 + m3)™((r +s— p)* + m3)"™

Stick to simplest case X =1, ny = np = n3 =1 and
p=(p,0,0,0)

I, and /s are of the form /; = (0, n1L, noL, n3L)
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Divide and conquer

Split off part with /, =I5 =0

(X)) = (XN + (X)),

Split of where only one loop momentum feels the boundary

(L)Y = (W), + (W)s + (W)e + (D) s

/ / / "
Defined as <<1>>{r,s,t,rs} = Z’ Z’ Z’ Z

bl s

d9r d9s {ed -r 55 H~U+s) H-rdks}
/ (2m)9 (2m) (r* + "71)(52 +m3)((r+s—p)*+ m3)

Sums are over

{1, #0,1s=0,, =0,ls £0,l, = I, = Is £ 0,1, £ 0, Is 7é017e/}
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(1) ()5 (1))
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@ We have sums over full momentum integrals
o (res, <) =
((1))s(my, mp, m3) = ((1))(m2, m1, m3)
o (revt=r—s—p e —l,eltP=1)—=
(1)) e(m1, ma, m3) = ((1)),(m3, ma, my) One loop
@ So we only need ((1)), uantized
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(1))

@ Thes integral is standard infinite volume integrals at

finite volume

l/ -r 1 I (2 — g) d Johan Bijnens
. d 2) (+2\9-2 .
Z / (r2 +m?) /0 : ( ¢ (™)

47)2

(4]
-
—
N
|
SIS
N—

(m2)%-2 = 15 [ho — 1 — log(T?)] + O(e)

—
~
3

N
Nl

)\0 =1/e+log(4m) + 1 —
= (1 — x)m3 + xm3 + X(l —x)(r — p)?

One loop

@ The part containing A\g we call ((1)), a quantized
should cancel in the final result (of a physical quantity), so
ignore for now

@ Do partial integration in x for the log(m?) term

o (U)r = (W)ra+{(1))re+{(1)rnH

1 | \
<<1>>r76 - +1c;3g7£2ma)AV( 1) ULNlIJEﬁll'I%
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2

5+ (1—2x)(r—p)°

il 1
5 /dxxm3_m2
(r +m) 0

1672 Z/

m2

Bring up denominators with ‘a’ parameters, shift r, do ¥

integral and finally symmetrize expression

<m§—m§+)\3;\)\2 <2+

A3 7M2
() = oy 22 [ dndradra e

A3+ Ao f)2>>
A

with M?2

_ 2 2 2 . Adods 2 dotas P
—)\1m1+)\2m2+)\3m3+ 15\2 2p° + 25\ 31

/I,

p=*% = A2 + Aoz + A3\

)\].f)u

Triple integral triple sum
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Two momenta quantized: ((1))

Sunset
integrals at
finite volume

@ Bring up denominators Johan Bijnens
@ Shift integration momenta, do the momentum integrals
@ Finite, set d =4

1 i 00 . .
(1)) s = 6 Z/O dArdAadA3 X 2e M’
I, ls

M? = Xym3 + Xam3+Agm3 + /\1):2)\3P2 delf Mk X (k)
A

e Two loops

5\ 4 5\ 4 A T quantized
X =A1do + Aoz + As\g

Triple integral, sextuple sum (very similar to previous page)
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Numerical sunset

Sunset
integrals at
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) )\1 :)\X, )\2 :)\y, )\3:)\(1—X—y)

@ Do A integral: sums over bessel functions
sextuple sum to triple sum over k; = /,2, ko = /52,
ks = (I, — Is)? and x(ki, ko.k3)

@ Do sum in terms of Riemann or Siegel theta function:
Q(g)(Z‘T) _ Z ezm(gnTrnHTz)

nezs

Johan Bijnens

Some properties:

08 (z|7) = 6&)(az|ara”) (a and a~ ! integer)
0@ (r71z| — r71) = \/det(—ir)e™? T '20(8) (z|r)

Can be used to speed up computation

Numerical

LUND
UNIVERSITY
21/26



Numerics

(]

¢ © ¢ ¢ ¢

Getting 5-6 digits of precision for ((1)),s goes fine (takes a
while but not too bad)

Only works below threshold

large mL Bessel fastest

small or medium mL theta function fastest
((1)),s Bessel only implemented to /7 < 40

The two methods always agree
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Numerical
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Numerics

10000 T
[
000 | LT
o0 : |[II].DDQ4| ...........
may
10
mo| ——
1
01 F
0.01 ¢
0.001 ¢
0.0001 +
1e_05 Il Il Il Il Il
0 1 2 3 4 5
m,L
my = my = m3 = my, p> = —m2 (pion on shell)

Relative to ((1))> = 3.7384 107> GeV?
Funny bumps: result went through zero
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Numerics

10000

1000 |,
100 |,

10 ¢

1

01¢F

0.01 ¢

0.001

0.0001

1le-05 I 1 | L 1
0 1 2 3 4 5

m,L
my = my =my, m3=mg, p>= —m% (kaon on shell)
Relative to ((1))>° = 6.7407 107> GeV?
Funny bumps: result went through zero
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Conclusions and future

Sunset

. integrals at
COnClUS|OnS finite volume
@ An important hurdle in two-loop ChPT at finite volume Johan Bijnens
taken

@ The various pieces in the sunset are all needed dependent
on the inputs used

@ Riemann theta function in all its varieties not present in
mathematica (need its derivatives)

Future
@ The cases with numerators are in progress

@ Moving frame and/or twisting not studied yet, but | see no
obvious new problems appearing Numerical
@ Then need to redo the two-loop 3-flavour ChPT from

scratch since not all integral relations at infinite volume
remain valid
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