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Many properties of graphene are well understood in extreme weak coupling limit.

H= Z (—r)@lsays +alcas) , {as.a}={al,al}=0 , {al,a}=6.
(xy).s
» Well described by tight-binding theory.

conduction
» Conical dispersion at low energies. band
» Low energy effective Dirac theory.
» Van Hove singularity at saddle points.
. . . valence
» Semi-metallic behavior (no band gap). band
> ...
Include electromagnetic interaction: Low energy theory becomes QED,,;.
Simulated with Staggered Fermions. Drut, Lahde, Armour, Hands, Buividovich et al.
Phys.Rev.Lett. 102, Strouthos, (ITEP),
026802 (2009) Phys.Rev.B81:125105, Phys. Rev. B 86
2010 (2012), 045107

Presently: Go beyond low energies. — Simulate hexagons directly

1. August 2013 | IKP TUD / SFB 634-D4 | D. Smith, L. Smekal | 2

(¢



Introduction I~
UNIVERSITAT
DARMSTADT
First derivation of path-integral for hexagonal lattice: Brower,Rebbi,Schaich,
PoS(Lattice 2011)056
Currently: » Tight-binding with gauge-links. Buividovich, Polikarpov,
Phys. Rev. B 86 (2012)
245117
» Tight-binding with instantaneous Ulybyshev et al. (ITEP),
interactions arXiv:1304.3660
Our goal: Investigate effect of 600f" "vanbove |
. . singularity
interactions on Van Hove b e ® ~
singularity. 00

Dietz,Smekal et al.

arXiv:1304.4764
Status: CUDA code 200¢
operational and producing. 4
Plausibility checks (find )

and cross-checks (ITEP). 8 20 2 24 26 28 30
f (GHz)

AN/Af
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» Interacting tight-binding model with normal-ordering terms (non-compact
Hubbard field).

» Introducing the compact Hubbard field — results .
» Improved Fermion discretization (ITEP) — comparison .
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Since Vg & ¢/300 < ¢, model interactions by non-local potential (Brower et al.):
H= > (—r)@lsays+afsans)+ Y €2 Viyly, G =a) a1 +a) _ja-1—1
(xy)s Xy
Introduce hole operators b:[, by for spin —1 particles:
bi=ac1,bc=al _,,af=al,,a=aw — o =afax—bjb.

Apply normal ordering — extra term from potential. Flip sign of bI, by on one
sub-lattice.

H= Z (- H)(aTay bTbx +h.c.)+ Z e’ Ox Vxy Oyt + Ze Vxx(aTax + bTbx)
(x.y).s
Add “staggered” mass to break-sublattice symmetry:
H—H+ st(aiax + b:[bx) (ms £m,x € A, B)

X
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Functional-integral for interacting theory
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Factor the exponential: e #H ~ e 9Heg=dH  g—dH § = B/N;.

Express partition function using coherent states |1, nt), (¢, nt:

N —1 * *
Tre FH = f H [H dd’;,t dfx.t d??i‘,t dnx"} e z:x(wxmwxMﬂlxmnx'“l)<1/’t+1v 77t+1|976H W’t- 77t> :

t=0 X

Using (¢[F (@], an)[¢’) = F (£, €3) e S35, obtain

Ne—1
Tre_ﬁH = / H |:H dw:,t dwx,l dﬁ:,t dﬂx,l:| eXp { - 5 { Z ezQx,Hl,ley Qy,t+1,t
t=0 X,y

X

= > R Py Ut Mt F T ) * Y Ms (Wt + T i)

(xy) X

+ Z e’V (Vg1 + n;,t+177x,t)] - Z [1/J:,t+1 (xrt = Pxt) + M eon (Moot — ﬁx,t)] } .

X

where Quiv = Yr sy — TiaTiy - Antiperiodic in time! Leading error is - O(9).
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The Hubbard field
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Hubbard-Stratonovich transformation eliminates fourth powers:

exp <—562 Z Qx,t+1,thyQy,t+1,t> = [det(---)]l/2

Xy
Ne—1 Ne—1 Ne—1
/H |:H doxt exp(—— ZZ¢Xthy Pyt _|e5ZZ¢Xtht+1t) .
t=0  xy

Gaussian integral can be carried out to obtain Fermion determinant

Ni—1 N‘ 1
/[HHd¢xt eXp{——ZZ¢xthy ¢yt} det(M+leB¢xt5xy5t 1t'>
t=0 Xy

Moty = Oxy Oy — dp—1tr) — Nﬁtﬁzé.y,xﬂﬁ(;tfl,t’ + Nﬁtmsaxyat—l,t’ + Nﬁtezvxxaxyatﬂ,t’
n

Suitable for HMC simulations!  No sign problem!
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Hybrid Monte-Carlo for non-compact Hubbard
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Force terms for Hubbard field ¢ and momentum p:

d _ d _ B 1 B * -1
Eﬂﬁx,l = Pxt dTDx,t BT V Pt — 2 N elm (Xx,t+1(B X)x,t)
Order parameter for sub-lattice symmetry breaking (“chiral condensate”)
(Aw) = Tr [Ave ] <B M +iet b By 1{/)
1 * * * * * * —
= o0 / DyDY* DDy [Z (Ve + heeatt) — D (Yesathen +nx,t+1nx,t)}e o
t Xant Xp,t
-1 g —2 dB
=—— | D¢ |-—det(BBT)|e W =_= /D t(BBT\ReTr (B~tLE ) ¢—SI¥!
52/ ¢[amde( )]e 5z ¢de( ) et am ) €
Nt -1
Z B(x t+1)(x,t) Z B(x t+1)(X, l)
t=0 x€A xeB

Doesn’t work (no symmetry breaking)! Why??
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The compact Hubbard field
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No sub-lattice symmetry breaking observed. Possible reason: Non-compact
Hubbard field ¢ in Fermion determinant (thanks Maksim Ulybyshev!)

The determinant of (M + ieNﬁ‘¢X,t5Xy5t_1,t/> is ~ gbV — uncontrollable errors from
floating point rounding.

Solution: Use compact Hubbard field instead! Brower,Rebbi,Schaich,
PoS(Lattice 2011)056

Replacement: (Nﬁlezvxxdxyét_l,y + ieNﬁlng,t 5Xy5t_1,t/) — exp (ie§¢x,t) OxyOt—1,t/
Changes Fermion force term:

d
__F)><Y = B

2 b Z—M(v*qz»x,t—2Nﬁtelm(x:,mexp(ieNﬁtqsx,t) (B*lx)x,t)

Sub-lattice symmetry breaks!
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Constructed piecewise: Constrained random phase approximation (cRPA) at short
distances (Wehling et al. PRL 106, 236805 (2011)), Coulomb otherwise. Corrected
for periodic boundary (one image in each direction). Differs from ITEP.

eV (r) = Voo, Vo1, Voz2,Vos i1 < 2a Ulybyshev et al. (ITEP),
ez/r S r>2a arXiv:1304.3660
standard - : Vos‘ Voo
periodic (1st)
10 10l
_ e o | Voo
e - o . ®
> . AT =
. M
LR J Non-compact gauge field = .. ."""l.._.....,.‘
Screened potentials  ® te, --._,.,..._
1 Coulomb -+ ®e
0 02 04 06 08 1 % 02 04 06 08 1
r [nm]
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Simulating at 8 = 2.0 on Ny = 6. Extrapolating Ny — oo from N; = 8,10, 12, 14, 16.

Several hundreds of independent measurements for each set (N, o, m).

1 e anaRa 1 ‘ ‘
m=01—— o =436 ——
0.8 [ M=02 -+~ . 0 [ 0=394 =
m=03 -+ R B © a=361 - S——
06 |-M=04 = P . o=255 - /-./'/
A TIm=05e 0 . s 0 A 0.6 o =1.87 —e— =
6‘ 04 e = : ¥ P ﬂ a=109 / _— — |
NN . . 04 —
02 patl T . T
S R . 0.2 ////'/
0 o i
0 e
05 1 15 2 25 3 35 4 45 0 01 02 03 04 05 06

[of

Limit m — 0 from (Ay) = ap +aym + a,m?. Probably large finite-volume errors! (In
progress: Improve Vx;l computation — larger Ny will be feasible.)
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Improved discretization
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Error of standard Fermion operator is O(d). Strategy for improvement: split
Hamiltonian (ITEP).

2N —1
Tre—ﬁH ~Tr [e—ﬁHTBe_ﬁHC} = / |: H Hd’lﬁ;’tdd)x,x dﬁ:,td’l]x,1:|

t=0 x
Ne—1
X{ | | e*Zx(wiz‘wx.zf*’ﬂ;z‘Ux.2!+¢:,21+1¢x.2!+1+’U:,z‘+1ﬁx.2!+1)
t=0

X (¢’2t, 2t |e_6HTB |¢’2t+1, 772t+1><¢2t+1, 772t+1|e_6HC |¢’2t+2, 772t+2>} .

Leads to 2nd-order Fermion action:

Ne—1
Selpl= [Z Pz (W — xan) =0k Y (Ulatlyau + Py atbxan)

t=0 X <Xy>

—ide Py
+ Z"p:,mﬂ ("px,zul —e %0 "pr,zuz) + 5Zim¢:,21¢x,21+1:| .
X X
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Improved Fermion matrix:
SxyBur — Suarwr) — &k 2 Oy serbuisw + 5 Msbiy Sy teven

M.ty = " s
Oxy Ot — Oxy Orer s EXP(—i N_le¢x,(t—1)/2) :todd

Hubbard field only on odd timeslices!

HMC force: — Lpyy = (V" )k — 2 Im (X;zm exp (i§e¢x,k) (M_lx)x,2k+2)

Order parameter:

(An) o /D¢D¢*DUDU* [Z (Y athxatn + M Me2trn) — Z (Yr o + eziias) e

Xast Xpt

Ny —1
-1 0 _ -2 _ _
= /B_Z /qu [a—m det (MMT)] e Sl = N—‘ Z(Z M(xét)(x,zm) - Z M(xét)(x,zm))

t=0 x€A xEB

Operator inserted only on even timeslices! Perhaps a problem...
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N; — oo extrapolation for naive and improved Fermion operators.

032

0.3
0.28
0.26
0.24
0.22

<An>

2
0 002 004 0.06 008 01 012 0.14

Within errors no difference. O(§) behavior in both cases. Reason currently
unknown. Coulomb energy shows similar behavior.

B=2 a=187 m=03

std.

std. e

impr.

impr. -

.
B

£

<bn> = a* (UNy)+b

std.: a=-0.740+/-0.085 b = 0.311+/-0.010

impr.: a=-0.813+/-0.037 b = 0.320+/-0.004

.y

UN,

<An>

0.48
0.46
0.44
0.42

0.4
0.38
0.36
0.34
0.32

B=2. a=187 m=05

std.
std.
impr.

impr. -

.o

fod

<On>=a* (UNy+b

S0 a=-L0I5+-0.072b = 0.462+-0008

impr.: a=-0.986+/-0.085 b = 0.463+/-0.008

P

N,

0 002 0.04 006 008 01 012 0.14
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Similar results for different «.. Self-consistency is confirmed, but no improvement...

B=2 a=218 m=05

0.56 ,
054 S
0055 impr: —————
048 [ impr. =
2 046 -
v o R
0.42 o S
O%g <An>=a* (UNp+b R .
0136 std.: a=-1.028+/-0.049b = 0493+/0005 \‘
03 impr.: a= -1.456+/-0.218 b = 0.544+/-0.025

0 002 004 006 008 01 012 014
UN,

Conclusion: Much work ahead.

<An>

0.57
0.56
0.55
0.54
0.53
0.52
0.51

0.49

B=2. a=255 m=05

std. ]
i std. ~-e--
S impr. ------ ]
T impr. o=
.

<An> = (UN)+b

std: a= -1.50§+/-0.097 b = 0.566+/-0.003 \,
impr.: a=-1.398+/-0.117 b = 0.563+/-0.003
0 001 002 003 004 005
UN;
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