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•  Broken in two different ways 

Spontaneous breaking
[Nambu 1961]

SU(Nf )L ⇥ SU(Nf )R ⇥ U(1)V ⇥ U(1)A

SU(Nf )V ⇥ U(1)V

Anomaly 
(explicit breaking)
[Adler 1969, Bell, Jackiw 1969]

relation?

We have shown a possibility of BOTH restoration 
at the SAME temperature. 

(Aoki, Fukaya, Taniguchi; PRD 86, 114512)
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Previous works on U(1)A restoration
U(1) restoration instanton effect exact chiral sym. V→∞

Cohen YES × ○ ○
Lee-Hatsuda NO ○ ○ ×

staggered NO ○ × ×
DFW NO ○ △ ×

overlap YES ○ ○ ×
Our work YES ○ ○ ○



Our previous work
• The idea:

Eigenvalue spectrum of Dirac operator may 
link SU(2) SSB and U(1) anomaly

SU(2)L×SU(2)R breaking/restoration

U(1)A breaking/restoration

(near) zero mode spectrum of Dirac operator

Banks-Casher relation

index theorem
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� + �m2

� � (c0 + �c0)

�⇡�⇠ = 0 constraint c0R = c0 + �c0 = 0

fine tuning of bare parameter c’
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Constraint on c’, x, y
•For general n1 + n2 + n3 + n4 = even case

1

V k
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appropriately normalized with volume
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disconnected correlation function tends to be leading
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c’=0=0

No constraint on x, y
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Effective theory of Nf=2 QCD

L0 = tr
�
@µ�

†@µ�
�
+m2

�tr�
†�+

�1

2

�
tr�†�

�2
+

�2

2
tr
�
�†�

�2
• SU(2)L×SU(2)R×U(1)A symmetric Lagrangian

• U(1)A breaking Lagrangian
LU(1)A =

x

4

�
tr�†�

� �
det�+ det�†�+ y

4

⇣
(det�)2 +

�
det�†�2

⌘

• No mass splitting between π and η
• all mesons contribute to the running

• The interaction has U(1)A breaking effect
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Renormalization group analysis
Wilson and Kogut, Zinn-Justin, Pisarski and Wilczek

• If the phase transition is second order at Tc

★ correlation length

• Long range mode dominates at Tc

• Physics is described by the theory in 3D

• Theory in 3D should have stable IR fixed point

• Instead of 3D we adopt ε-expansion analysis

⇠ ! 1



Renormalization group analysis
gi = {�1,�2, x, y}

�gi = µ
@

@µ
gi

gi = µ�✏Z�1
gi gi0

�gi = �✏gi + gi
@ lnZgi

@
�
1
✏

�

4 couplings

β function

Dimensional regularization d=4-ε and MS scheme

β function
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Renormalization group analysis
gi = {�1,�2, x, y}

�gi = µ
@

@µ
gi

4 couplings

β function
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Renormalization group analysis
• Fixed points of β-function

Fixed points Property

(0,0,0,0) UV FP
(1,0,0,0) saddle point
(4,-2,0,-4) saddle point
(4,-2,0,4) saddle point
(2,-1,-4,2) saddle point
(2,-1,4,2) saddle point✏⇡2/3

✏⇡2

✏⇡2/3

✏⇡2/3

✏⇡2/3

(�1,�2, x, y)

No stable IR FP found!
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Non-perturbative scenario?

1. No stable IR FP is found → first order

2.Stable IR FP is found at x=0

• Lagrangian acquire Z4 symmetry

• Second order but O(4)× Z4 universality class

•c’=0 is trivial by the symmetry

3. Stable IR FP is found at non-zero x

• Second order and O(4) universality class

•Fine tuning is needed for c’=0

Non-perturbative β-function and ε→1
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U(1)A restoration seems like first order

U(1)A order 
parameter
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T

If SU(2)xSU(2) phase transition is 2nd order:
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V k
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1

V k
h�0Oi = 0 just above Tc

Crossover due to
lattice artifact

quark mass
finite volume

eTc



If you can read this 
I am on the wrong page.



Non-singlet and singlet 
chiral susceptibility

Ward-Takahashi identity
m

V
hP 0P aSai = 1

V
hP 0P 0 � SaSai = �⌘��

=
1

V
hP aP a � SaSai � 4h Q2

m2V
i

�⇡��

(non-singlet)

(singlet) topological charge

4 point non-singlet order parameter

V→∞ then m→0

1

2V 2
�ahSa(P 0)3 + (Sa)3P 0i = 1

V 2
h(Sa)4 � (P 0)4i = 0

⌧
Q2

m2V

�
= 0



Our Assumptions
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1

V k
h�0Oi = 4i

V k
hQ

top. OiWard-Takahashi identity

Anomaly contribution is leading order

Leading terms in WT identity

Need to consider the leading order term


