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Motivation

• in previous studies we removed low lying Dirac 
eigenmodes from the valence quark sector and 
subsequently performed a hadron spectroscopy

• we found persistence of exponentially decaying 
states with essentially improved signal-to-noise 
ratios

• approximately degenerate masses of chiral 
partners, e.g., the vector and axial vector currents

• loss of dynamically generated mass in the Landau 
gauge quark propagator
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“Unbreaking” chiral symmetry

• we subtract the Dirac low-mode contribution 
from the valence quark propagators

•               are the eigenvalues and vectors of the 
hermitian Dirac operator                    and     
denotes the truncation level

µi, |wii
D5 = �5D k

• this truncation corresponds to removing the chiral 
condensate of the valence quark sector by hand

Sred(k) = Sfull �
kX

i=1

µ�1
i |wii hwi| �5

[C.B. Lang, M.S., PRD 84 (2011) 087704]
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Open questions
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Open questions

• how crucially is the locality of the Dirac operator 
violated when we remove the low lying spectrum?

• why do the hadron masses increase upon low-
mode truncation?
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Open questions cont’d

• why do the vector and axial vector appear 
degenerate from truncation level ~30 MeV on, 
whereas the quark mass function appears flat only 
after subtracting ~150 MeV?

[M.S., PLB 711 (2012) 217-224]
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The setup
• we adopt 161 gauge field configurations with two 

flavors of degenerate CI fermions

• pion mass 

• lattice size              ,  lattice spacing

•   

m⇡ = 322(5)MeV

163 ⇥ 32 a = 0.144(1) fm

L ·m⇡ ⇡ 3.75

[Gattringer et al., PRD 79 (2009) 054501]
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Locality properties
• to what extent is the locality of the low-mode 

truncated Dirac operator violated?

 (x)[x0,↵0,a0] =
X

y

D5(x, y) ⌘(y)
[x0,↵0,a0]

f(r) = max

x,↵0,a0

{k (x)k | >>x

>>
= r}
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Landau gauge quark propagator

• we study the quark propagator to shed light on 
the origin of the large meson mass upon Dirac 
low-mode reduction

• the renormalized quark propagator has the form

• we extract the wavefunction renormalization 
function              and the mass function            from 
the lattice and study their evolution under low-
mode truncation

Z(µ; p2) M(p2)

S(µ; p2) =
�
ip/A(µ; p2) +B(µ; p2)

��1
=

Z(µ; p2)

ip/+M(p2)
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[M.S., PLB 711 (2012) 217-224]
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[M.S., PLB 711 (2012) 217-224]
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[M.S., PLB 711 (2012) 217-224]

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 0  0.5  1  1.5  2  2.5  3  3.5  4

Z L
(p

2 )

p [GeV]

full
red(2)
red(4)
red(8)
red(16)
red(32)
red(64)
red(96)
red(128)
red(256)
red(384)
red(512)

 0

 50

 100

 150

 200

 250

 300

 350

 0  0.5  1  1.5  2  2.5  3

M
L(

p2 ) [
M

eV
]

p [GeV]

full
red(2)
red(4)
red(8)
red(16)
red(32)
red(64)
red(96)
red(128)
red(256)
red(384)
red(512)

Truncated quark propagator

•                                                            :

suppression of low momentum quarks

M(p2) () h  i• flattening of                     vanishing of  

Z(p2)
��
p⌧1

! 0 () S(p2)
��
p⌧1
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Dirac modes and quark momenta

• the eigenvalues of the free Dirac operator can be 
derived analytically 

� = s± i |k|

• where        denotes the scalar part of the Dirac 
operator and        are the lattice momenta

• setting the small eigenvalues to zero makes the low 
momentum states imaginary and thus unphysical

s(p)
k(p)
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Increased quark momenta
i. explains growing of meson masses

ii. chiral restoration in mesons is partially effective: 
compare chiral restoration in mesons with 
vanishing of the chiral condensate:

[M.S., Phys. Lett. B 711 (2012) 217-224]
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The sea quark sector
• sea quarks enter via the fermion determinant

hO [U ]i =
R DU e�SG[U ] det [D]2 O [U ]

R DU e�SG[U ] det [D]2

• which can be divided into low- and high-mode parts

• we can define a weight factor to cancel the LM part

wk ⌘
⇣
det [D]lm(k)

⌘�2
, wk [Un] ⌘

wk [Un]P
n wk [Un]

·N

det [D] =
Y

i

�i =
Y

ik

�i ·
Y

i>k

�i
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The sea quark sector II
• the low-mode truncated path integral is then

hO [U ]iwk
⇡ 1

N

X

n

O [Un]wk [Un]
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Summary

7.3 Mass generation in QCD 121

the aforementioned studies, for three or more light flavors U(1)A violation cannot be observed
in two-point functions beyond the chiral phase transition.

Interestingly, matching of the masses of most of the chiral partners is found at an earlier
truncation level than suggested by the vanishing of the dynamically generated mass of quarks:
degenerate states of, e.g., the vector and axial vector currents are observed at truncation level
k ¥ 16 while, as discussed above, the chiral condensate decreases with the truncation level
until it disappears completely only at k ¥ 128. This can be explained by considering the
increased momenta of the quarks under Dirac low-mode removal. The early chiral restoration,
as displayed by the degeneracy of states, must be an e�ective restoration that is a combination
of two underlying phenomena: first, the dynamically generated mass of the quarks has shrunk
to about sixty percent of its original value and second, the momenta of the quarks are increased
such that the e�ective dynamical mass at that momentum tends towards zero. Overall, the
e�ects of removing the lowest Dirac modes can be summarized diagrammatically as presented
in Fig. 7.1.

eigenvalue gap

chiral restoration
e�ective restoration increased p

Figure 7.1: The chiral condensate emerges from the density of the lowest lying Dirac eigen-
modes. On the other hand, these low-modes bear a relation to the momenta of the quarks. As
shown in this work, artificially removing these low-modes has a twofold e�ect: it restores the chi-
ral symmetry and it increases the average momenta of the quarks within the hadrons. Thereby,
one has to distinguish between the e�ective chiral restoration due to the increased quark mo-
menta and the actual chiral restoration, i.e., the vanishing of the quark condensate.

7.3 Mass generation in QCD

How is the mass of hadrons containing light quarks generated? It is often believed that
D‰SB accounts for the main bulk of mass in light hadrons such as the rho and the nucleon. We
find, however, that at low truncation levels where the chiral symmetry is (e�ectively) restored,
the masses of these hadrons does not significantly reduce. Instead, the hadron mass even grows
with higher truncation levels because the energy of the quarks is increased which is a remarkable
consequence of the increasing of the quark momenta with the truncation level.

Removing the lowest lying part of the Dirac spectrum:

• does not have severe effects on the locality of the 
theory (at finite cutoff)

• suppresses quarks with low momenta, i.e., artificially 
increases the average momenta of the quarks

• the latter increases the energy of the hadrons

• chiral restoration in the hadron spectrum is partially 
effective
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Appendix
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[C.B. Lang, M.S., Phys. Rev. D 84 (2011) 087704]

• Low-mode truncated effective masses of the JPC =    
0−            + sector in comparison to the eff. 
masses from full propagators

• interpolators: (c) uγ5d,  (d) uγ4γ5d.
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