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  (near)	  Conformal	  Field	  Theories	  are	  important	  
▪  	  BSM	  walking	  technicolor	  
▪  AdS/CFT	  weak-‐strong	  duality	  
▪  Model	  building	  &	  Critical	  Phenomena	  in	  general	  

  Lattice	  difficulty:	  scales	  are	  exponentially	  divergent.	  

  Linear	  Hypercubic	  	  	  	  	  	  	  vs	  	  	  	  	  	  Exponential	  	  	  Radial	  Lattice	  



  S.	  Fubini,	  A.	  Hanson	  and	  R.	  Jackiw	  PRD	  7,	  1732	  (1972)	  

	  	  	  	  	  Abstract:	  A	  field	  theory	  is	  quantized	  covariantly	  on	  Lorentz-‐invariant	  
surfaces.	  Dilatations	  replace	  time	  translations	  as	  dynamical	  equations	  of	  
motion.	  This	  leads	  to	  an	  operator	  formulation	  for	  Euclidean	  quantum	  
field	  theory.	  A	  covariant	  thermodynamics	  is	  developed,	  with	  which	  the	  
Hagedorn	  spectrum	  can	  be	  obtained,	  given	  further	  hypotheses.	  The	  
Virasoro	  algebra	  of	  the	  dual	  resonance	  model	  is	  derived	  in	  a	  wide	  class	  
of	  2-‐dimensional	  Euclidean	  field	  theories.	  

  J.	  Cardy	  J.	  Math.	  Gen	  18	  757	  (1985).	  

	  	  	  	  	  	  Abstract:	  The	  relationship	  between	  the	  correlation	  length	  and	  critical	  
exponents	  in	  finite	  width	  strips	  in	  two	  dimensions	  is	  generalised	  to	  
cylindrical	  geometries	  of	  arbitrary	  dimensionality	  d.	  For	  d	  >	  2	  these	  
correspond	  however,	  to	  curved	  spaces.	  The	  result	  is	  verified	  for	  the	  
spherical	  model	  



I.  Our	  first	  attempt	  	  
-‐-‐	  	  	  	  Lattice	  Radial	  Quantization:	  3D	  Ising	  R.C.B.,	  G.T.	  Fleming	  

and	  H.	  Neuberger,	  	  ,	  Phys.	  Lett.	  B	  	  721	  	  (2013)	  299	  	  

II.  What	  worked	  and	  what	  failed	  

III.  Finite	  Elements	  to	  the	  rescue	  ?	  

IV.  Future	  hopes	  and	  dreams	  





Evolution: 

Can drop 
 Weyl factor! 



OPE & factorization  completely fixed the theory* 
(i.e. Data: spectral +  couplings to conformal blocks)  

* “Solving the 3D Ising Model with the Conformal Bootstrap” (El-Showk, Paulos, 
Poland, Rychkov, Simmons-Duffin and Vichi) arXiv:1203.6064v1v [hep-th] (2012) 

complete sum over 
 the conformal blocks 
“partial waves”. 
Only “tree” diagrams! 

More than hyper scaling  
(scale invariance).  
2 and 3  point correlators  

are determined.  



• “Solving the 3D Ising Model with the Conformal Bootstrap” (El-Showk, Paulos, 
Poland, Rychkov, Simmons-Duffin and Vichi) arXiv:1203.6064v1v [hep-th] (2012) 

Stronger assumptions! 





  Consider	  large	  N	  2d	  O(N)	  sigma	  model:	  
(what	  happens	  to	  conformal	  anomaly?)	  

-‐-‐	  Quantize	  on	  	  R^2:	  	  	  	  Get	  Lorentz	  invariant	  theory	  

-‐-‐	  Quantize	  on	  	  RxS1:	  	  	  	  Get	  Dilation	  invariant	  

But	  NOT	  both!	  





state-op corr 



l = 0 (A),1 (T1) , 2 (H) are  irreducible 120 
Iscosahedral subgroup of O(3) 



s = 8 
vertices:  
N = 10 + 2*s*s = 138  

edges:  
E = 3*N – 6    

faces:  
F  = E – N + 2 = 2*N - 4 







Area of spherical triangle 
projected on the units sphere 



cosh fit: 





  Discrete	  states	  have	  exact	  cosh	  correlators	  

  Transform	  to	  	  k–space	  

  Good	  fits	  required	  3	  mass	  

Disconnected piece 







Primary l = 0    

Descendants   l > 0    



Apparent lack of convergence  
to a single O(3) irreducible  
representation for l = 3  

G rep 

T2 rep 



project spherical 
triangle onto 
local tangent plane 

x 

y 



triangle on the 
tangent plane 



s = 512 

s =8 



(1)	  There	  are	  	  theorems	  such	  errors	  are	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
“for	  piecewise	  FEM	  of	  order	  n	  with	  max	  diameter	  a	  for	  all	  
simplices	  with	  bounded	  angles”	  .	  

(2)	  The	  	  local	  derivative	  expansion	  	  does	  not	  give	  	  

BUT	  the	  spectra	  or	  the	  operator	  converges	  if	  	  
well	  separated	  from	  the	  1/a	  cut-‐off	  	  (like	  	  Wilson	  Flow?)	  

(3)	  Perturbative	  (epsilon	  expansion)	  proof	  is	  not	  impossible?	  
Non-‐perturbative	  F.P.	  is	  very	  difficult	  except	  numerically?	  	  



(1)	  Monte	  Carlo	  is	  a	  “standard”	  mixture	  of	  	  	  metropolis,	  over	  
relax	  and	  Wolff	  	  methods	  from:	  

(iii) R.C.B. and P. Tamayo,  “Embedded Dynamics for phi4 Theory”, PRL 62:1087(1989) 

(ii) Ulli Wolff,  “Collective Monte Carlo Updating for Spin Systems PRL 62: 361 (1989) 

(i) M. Hasenbusch,``A Monte Carlo study of leading order scaling corrections  
of phi**4 theory on a three-dimensional lattice” J.Phys. A 32 (1999) 4851 * 

(3) The code can run any graph, so we will replace  sphere by torus 
to reproduce  phi 4th numbers from Hasenbusch et al 

(2) Will compute higher primaries,  even Z2 sector, 
 Energy momentum tensor, 2-2 partial wave amplitude etc. 



Wilson-Fisher FP 

Gaussian FP 



Binder Cummulant Antiperiodic/Periodic  

Still verifying code but ... here are two PREMINARY tests~ 



 Many	  	  extensions	  are	  interesting	  once	  this	  is	  
“proven”	  to	  work	  for	  simple	  models:	  
  Easy	  problems:	  
▪  O(N)	  model	  	  in	  3-‐d	  	  compared	  with	  large	  N	  	  
▪  Strengthen	  bootstrap	  inequalities	  ?	  

  Hard	  Problems:	  
▪  Gauge	  fields	  (with	  discrete	  Chirstoffel	  connection)?	  
▪  	  Fermions	  	  (with	  discrete	  spin	  connection)	  ?	  
▪  	  Flow	  from	  UV	  to	  	  conformal	  IR	  fixed	  points	  	  for	  BSM?	  	  
(Dilation	  operator	  is	  only	  asymptotically	  const	  in	  	  
“time”.)	   UV 

IR 





O(d+1,1)	  adds	  Dilations	  and	  Inversion	  to	  Poincare	  
transformations	  

Algebra:	  



Swendsen-Wang: Real space 

*C. Ruge, P. Zhu and F. Wagner Physica A (1994) 431: 

Wolff single cluster 

Note: All to All O(V)  improved estimator in  Momentum space  * 



  	  	  Equal	  spacing	  	  test	  of	  descendants:	  

  “Speed	  of	  light”	  	  

  	  But	  critical	  point	  	  	  	  	  

  Current	  	  anomalous	  dimensions	  (more	  soon)	  	  
  	  	  from	  Binder:	  	  
  	  	  from	  corr:	  	  	  	  
  Simulation	  are	  on	  going	  to	  reduce	  errors	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  


