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Hadronic vacuum polarization from the 4D
Fouriertransform of the vector correlator

» On a Euclidean lattice the vacuum polarization tensor can be
defined as the four dimensional Fouriertransform of the vector
current-current correlation function

M, (Q) = / dx &9 (j,(x)j,(0))

» The tensor structure implies
I_I,u,l/(Q) = (Q,u,Qy - 5#1/02)|_I(Q2)
» The vacuum polarisation M(Q?) can be computed from the
lattice determined M, (Q)

» Caveat: Only a limited number of Q,%att_ is available
= Can be boosted by "twisted boundary conditions”



HLO

Anomalous magnetic moment of the muon a;

» Lowest order hadronic contribution to the anomalous magnetic
moment of the muon aZ’LO is obtained by integrating

™

410 = (2)" [ a?Ke(@2 my)fi(@?)

> here, the hadronic part 1(Q?) = 472(N(Q?) — M(0)) can be
determined by taking the limit limgz_,o M1(Q?)
» and the kernel given by QED is

mP(1-@7) Q2 —,/Q* —4m2 Q2

1+m2Q2z2 ° © 2m?2 Q2

KE(sz m#) =




Example: Recent numerical results for M(Q?) on F6
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» For M(@?) the point M(0) has to be obtained from a fit



Newest numerical results for aELO in Np =2
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> aELO can be determined and chirally extrapolated

» XPT inspired fit: A+ Bm2 + Cm2 In(m2)



Recap of the "standard method”

» M(Q?) is extracted from the 4D Fourier transformation of the
vector correlation function

M(Q) = [ d'xe@*(,(x)i(0) = (QuQu = 5, Q%)N(QP)
» The limit limga_,o M(Q?) is estimated to obtain
(@) = 4x*(N(Q%) — N(0))
» 11(Q?) is used to determine a"L9, through

" 1

2 R
a,’jLO = (%) /dQ2KE(Q2,mu)ﬂ(Q2)



Obtaining I1(Q2) from the time-momentum vector
correlator

» The tructure of the vacuum polarization tensor implies:

I_I;,LV(Q) - (QMQV - 5,“,@2)“(02)
= M.(Qo) = —QM(Q3) whereby: Q = Q(w, k=0)

» The time-momentum representation of the vector correlation
function is given by:

-,

G(x0, k) = / d*x &*%(J,(x0, %) 4, (0))

» Therefore M(Q2) can be rewritten in terms of the
mixed-representation correlator as:

I_Izz(QO)
Q6

1 0 . -
H(Qg) = - = Qz/ dXoGIQOXOG(Xo, k = O)
0 J—o0



Obtaining I1(Q2) from the time-momentum vector
correlator

» To obtain [1(QF) = 472(MN(Q3) — M(0)) expand:
M(Q2 — 0) = — / dxo G (%)
[

1 o0
- 2/ dxo x2 G(x0) + O(QR)...

» The vacuum polarization can be expressed as an integral over
the current-current correlator G(xp):

M(Q2) — M(o) = /OOO o Glx0) 4 - @ sm2(%Qoxo)



Vacuum polarization from the mixed representation vector
correlator

» There is no extrapolation to @2 = 0 needed to obtain ﬁ(Qg)
» There is no limitation to a finite number of lattice momenta

» Also the Adler function can be computed directly:

dn 1272 [*
ngngg/O dxp G(x0)
(2 — 2cos(Qoxo) — Qoxosin(Qoxp))

D(@3) = 1272

> The slope of the Adler function at the origin is

. D(@) 5 [ 4
D/(O) = ngo 02 =T /O dxo x5 G(x0)
HLO
H a _1 g 2 /
= Jfm 2= =5(3) PO



Numerical Setup

» F6 ensemble: 96 x 483, 2 = 0.0631fm at m,, = 324MeV

» Local-conserved isovector vector correlation function:

G(x0) = Zv(80) G"(x0, 80)61 = —a*Zy(g0) D _(J5(x)J(0)),

where JL(X) = G(x)vuq(x)

J50) = 5 (@0t aR)(1 4+ 7 Ul (x)a(x)

— 0 = %) Uu()qlx + ai)

» To extrapolate to xg — oo use Ansatz:

2
GAnsatz(XO) = Z |An’26_mnx0

n=1



Lattice isovector vector correlation functions
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» The smeared-smeared correlator is used to fit the lowest lying
mass for extrapolation to all time beyond xp ~ T /4.



Integrand for computing the slope df1(Q?)/dQ?
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» Different cuts lead to negligible effects in the result on
dN(Q?)/d@? and also M(Q?).



Lattice results: [1(Q?) and df1(Q?)/dQ?
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Lattice results: [1(Q?) and Adler function
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» Note: Horizontal axis rescaled by the vector meson mass



Lattice results: [1(Q?) and Adler function
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» Lattice results low compared to phenomenological modelt
= Due to spectral density below and around p mass?

L: . of Eur. s.J. A47, 14 1).
: Eq. (93) of Eur.Phys.J. A 148(2011)



On the role of disconnected diagrams

» In (isospin-symmetric) two-flavor lattice QCD correlation
functions can written in terms of Wick-connected and
Wick-disconnected diagrams

» So far we have concentrated on the isovector channel:

. 1 .
172(Q) = [ d*x €@ (,(x)i(0)) = S (@)

=> it contains only connected diagrams

» The electromagnetic current however is
1 ww
M(Q) = M(Q) + 5 M (Q)

where: I_I‘;jf(Q) = %n!\%ickfconn.(Q) + n}\%ickfdisconn.(Q)



On the role of disconnected diagrams

> Both MYk (Q) and Myick=dsonn-(Q) can be linked to a
spectral function via mp(s) = —ImM(Q?)

» The spectral function p(s) is related to the experimentally
accessible R(s) ~ o(eTe™ — putu™) ratio, some implications
are:

> lsovector: pPP(y/s <2m;) =0
» lsosinglett: p““(y/s <3m;) =0

» In terms of Wick-contractions this implies for /s < 3m;

!

Wick—disconn. (S) —
2

Wick—conn. (S)

p p

» Therefore in the electromagnetic current at 2m,; < /s < 3m,

%pWickfdisconn.(s) 1

ngick—conn.(s) - _E




On the role of disconnected diagrams

Wick—disconn. (S) Wick—conn. (S)

> The result p = —%p can be

translated into a Euclidean correlator using:

G(x0) = /0 T dvE s pls) eVl

> The correlator at long distances is dominated by the
low-energy part of the spf. For xp — oo it follows:

GWick—disconn.(Xo) — _% GWick—conn.(XO) |:1 + O(e—mﬂxo)



Overview

[ 4n?n(@3)-n)

Np=2,std
Ne=2
4n2 dN(Q?)/dQ2[Gev?) M.

05
Q¥GeV?] |

0 1 2 3 4 5 6

» We implemented a new representation of the hadronic
vacuum polarization, that
» does not require an extrapolation Q> — 0
> is not limited to a finite number of lattice momenta
» enables the direct computation also of the Adler function and
the slope of I1(Q?)
> We independently rederived a recent theoretical estimate of
the Wick-disconnected diagram contributions
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