
The Chromomagnetic Operator
on the Lattice

Lattice 2013, Mainz — August 2, 2013

M. Constantinou, M. Costa, R. Frezzotti, V. Lubicz,
G. Martinelli, D. Meloni, H. Panagopoulos , S. Simula

Univ. of Cyprus
Univ. Tor Vergata
Univ. Roma Tre

SISSA
INFN



OUTLINE

• Definition and Use of Chromomagnetic Operator (CMO)
◦ Effective ∆S = 1 Hamiltonian

◦ Physical Processes involving the CMO (in SM / BSM)

• Lattice Setup
• Relevant Symmetries (Continuum – Lattice)

◦ Possible pattern of Operator mixing

◦ (Lower dimensional / Gauge non-invariant operators)

• Calculation of Mixing Matrix in the MS Scheme
◦ Dimensional Regularization

◦ Lattice Regularization

• Checks and Extensions
◦ Non-perturbative Renormalization

◦ Boosted Perturbation Theory

◦ O(a2g2) Corrections



Effective ∆S = 1 (∆B = 1) Hamiltonian

• Four magnetic operators of dimension 5: OPE:

H∆S=1, d=5
eff =

∑

i=±

(CiγQ
i
γ + CigQ

i
g) + h.c.

Q±γ =
Qd e

16π2
(s̄L σ

µν Fµν dR ± s̄R σµν Fµν dL)

Q±g =
g

16π2
(s̄L σ

µν Gµν dR ± s̄R σµν Gµν dL)

• Suppressed in SM, less so beyond SM

• Penguin diagrams from SUSY, contributing to Ciγ,g
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[Gabbiani, Gabrielli, Masiero, Silvestrini NPB 477 (1996) 321]



Matrix Elements of the CMO and their Physical Relevance

The matrix elements of the CMO are parameterized as:

Relevance

• 〈π0|Q+
g |K0〉 =

−11

32
√

2π2

M2
K(pπ · pK)

ms +md
Bg1 K0 − K̄0mixing

• 〈π+π−|Q−g |K0〉 =
11 i

32π2

M2
KM

2
π

fπ (ms +md)
Bg2 ǫ′/ǫ,∆I = 1/2

• 〈π+π+π−|Q+
g |K+〉 =

−11

16π2

M2
KM

2
π

f2
π (ms +md)

Bg3 K → 3π

[D’Ambrosio, Isidori, Martinelli, PLB 480 (2000) 164]

To leading order in χPT, the B-parameters are all related:

Q±
g =

11

256π2

f2
πM

2
K

ms +md
Bg

[
U(DµU

†)(DµU)± (DµU
†)(DµU)U†

]
23

[Bertolini, Eeg, Fabbrichesi, NPB 449 (1995) 197]



Study of the EMO

• 〈π0|Q+
γ |K0〉 = i

Qd e
√

2

16π2MK
pµπ p

ν
K Fµν BT RT (q2)

[RT (0) = 1]

• Nf = 0 [Becirevic, Lubicz, Martinelli, Mescia,
PLB 501 (2001) 98]

Nf = 2 [ETMC, Baum, Lubicz, Martinelli, Orifici, Simula,
PRD 84 (2011) 074503]

• BT appears, e.g., in BR(KL → π0 e+ e−) in SUSY models



Operator Mixing in the Continuum

• Only operators of dimension 5
• Same flavor content as CMO
• Gauge non-invariant? (Vanish by e.o.m., BRST invariant)

O1 = g ψsσµνGµνψd

O2 = (m2
d +m2

s)ψsψd

O3 = mdmsψsψd

O4 = ψs
←−
Dµ
−→
Dµψd

O5 = ψs(−6
←−
D +ms)(6

−→
D +md)ψd

O6 = ψs(6
−→
D +md)

2ψd + ψs(−6
←−
D +ms)

2ψd

O7 = msψs(6
−→
D +md)ψd +mdψs(−6

←−
D +ms)ψd

O8 = mdψs(6
−→
D +md)ψd +msψs(−6

←−
D +ms)ψd

O9 = ψs 6
←−
∂ (6−→D +md)ψd − ψs(−6

←−
D +ms)6

−→
∂ ψd

O10 = ψs 6
−→
∂ (6−→D +md)ψd − ψs(−6

←−
D +ms)6

←−
∂ ψd



Mixing on the Lattice?

• Operators with dimension < 5

• Broken Symmetries⇒
Many more operators may mix (finite coefficients)

• Dimension 3:
• ψsψd
• ψsγ5ψd



Mixing on the Lattice?

• Operators with dimension < 5

• Broken Symmetries⇒
Many more operators may mix (finite coefficients)

• Dimension 3:
• ψsψd
• ψsγ5ψd

• Dimension 4:
• (md +ms)ψsψd
• (md −ms)ψsψd
• i (md +ms)ψsγ5ψd
• i (md −ms)ψsγ5ψd
• ψs(6

−→
D +md)ψd + ψs(−6

←−
D +ms)ψd

• ψs(6
−→
D +md)ψd − ψs(−6

←−
D +ms)ψd

• i ψsγ5(6
−→
D +md)ψd + i ψs(−6

←−
D +ms)γ5ψd

• i ψsγ5(6
−→
D +md)ψd − i ψs(−6

←−
D +ms)γ5ψd



Mixing on the Lattice?

• Dimension 5:

g ψsσµνGµνψd ψs( 6
−→
D +md)

2
ψd + ψs(−6

←−
D +ms)

2
ψd

i g ψsγ5σµνGµνψd ψs( 6
−→
D +md)

2
ψd − ψs(−6

←−
D +ms)

2
ψd

(m2

d +m2

s)ψsψd i ψsγ5( 6
−→
D +md)

2
ψd + i ψs(−6

←−
D +ms)

2
γ5ψd

i (m2

d +m2

s)ψsγ5ψd i ψsγ5( 6
−→
D +md)

2
ψd − i ψs(−6

←−
D +ms)

2
γ5ψd

(m2

d −m
2

s)ψsψd ψs

←−
Dµ
−→
Dµψd

i (m2

d −m
2

s)ψsγ5ψd i ψsγ5
←−
Dµ
−→
Dµψd

md msψsψd ψs(−6
←−
D +ms) ( 6

−→
D +md)ψd

imd msψsγ5ψd i ψs(−6
←−
D +ms) γ5 ( 6

−→
D +md)ψd

msψs( 6
−→
D +md)ψd +mdψs(−6

←−
D +ms)ψd ψs 6

←−
∂ ( 6
−→
D +md)ψd − ψs(−6

←−
D +ms) 6

−→
∂ ψd

mdψs( 6
−→
D +md)ψd +msψs(−6

←−
D +ms)ψd ψs 6

−→
∂ ( 6
−→
D +md)ψd − ψs(−6

←−
D +ms) 6

←−
∂ ψd

msψs( 6
−→
D +md)ψd −mdψs(−6

←−
D +ms)ψd ψs 6

←−
∂ ( 6
−→
D +md)ψd + ψs(−6

←−
D +ms) 6

−→
∂ ψd

mdψs( 6
−→
D +md)ψd −msψs(−6

←−
D +ms)ψd ψs 6

−→
∂ ( 6
−→
D +md)ψd + ψs(−6

←−
D +ms) 6

←−
∂ ψd

imsψsγ5( 6
−→
D +md)ψd + imdψs(−6

←−
D +ms)γ5ψd i ψs 6

←−
∂ γ5( 6

−→
D +md)ψd − i ψs(−6

←−
D +ms)γ5 6

−→
∂ ψd

imdψsγ5( 6
−→
D +md)ψd + imsψs(−6

←−
D +ms)γ5ψd i ψs 6

−→
∂ γ5( 6

−→
D +md)ψd − i ψs(−6

←−
D +ms)γ5 6

←−
∂ ψd

imsψsγ5( 6
−→
D +md)ψd − imdψs(−6

←−
D +ms)γ5ψd i ψs 6

←−
∂ γ5( 6

−→
D +md)ψd + i ψs(−6

←−
D +ms)γ5 6

−→
∂ ψd

imdψsγ5( 6
−→
D +md)ψd − imsψs(−6

←−
D +ms)γ5ψd i ψs 6

−→
∂ γ5( 6

−→
D +md)ψd + i ψs(−6

←−
D +ms)γ5 6

←−
∂ ψd

[Eigenfunctions of discrete transformations]



Lattice Action – Fermions

• Need a large set of discrete symmetries, to exclude mixing
candidates

• Fermion action [R. Frezzotti, G. Rossi]:
• Twisted mass for valence quarks

(Necessitates compensating ghost action)
• Osterwalder - Seiler for sea quarks
• Valence part in physical basis:

SF [ψf , ψ̄f , U ] = a4
∑

f

∑

x

ψ̄f (x)
[
γ · ∇̃ − iγ5Wcr(rf ) +mf

]
ψf (x)

γ · ∇̃ ≡ 1

2

∑

µ

γµ(∇⋆µ +∇µ)

Wcr(rf ) ≡ −arf
2

∑

µ

∇⋆µ∇µ +Mcr(rf )

rf : Wilson parameter for the flavour f = u, d, s

Mcr(rf ): corresponding critical mass (Mcr(−rf ) = −Mcr(rf )).



Lattice Action – Gluons

• Gluon action: Symanzik improved

SG =
2

g2
0

[
c0

∑

plaq.

Re Tr {1−Uplaq.} + c1
∑

rect.

Re Tr {1−Urect.}

+c2
∑

chair

Re Tr {1−Uchair} + c3
∑

paral.

Re Tr {1−Uparal.}
]

c0, c1, c2, c3 : arbitrary, subject to: c0 + 8c1 + 16c2 + 8c3 = 1



Symmetries of the Lattice Action

Defining: [Frezzotti and Rossi, JHEP 0410 (2004) 70]

P :





U0(x)→ U0(xP) , Uk(x)→ U†
k(xP − ak̂) , k = 1, 2, 3

ψf (x)→ γ0ψf (xP) xP = (−x, x0)
ψ̄f (x)→ ψ̄f (xP)γ0

Dd :





Uµ(x) → U†
µ(−x− aµ̂)

ψf (x) → e3iπ/2ψf (−x)
ψ̄f (x) → e3iπ/2ψ̄f (−x)

C :





ψ(x)→ iγ0γ2ψ(x)T

ψ̄(x)→ −ψ(x)T iγ0γ2

Uµ(x)→ U⋆µ(x)

S : ψs ↔ ψd , ms ↔ md

R5 =
∏

f

Rf 5 , Rf 5 :

{
ψf → γ5ψf
ψ̄f → −ψ̄fγ5



Symmetries of the Lattice Action

Defining: [Frezzotti and Rossi, JHEP 0410 (2004) 70]

P :





U0(x)→ U0(xP) , Uk(x)→ U†
k(xP − ak̂) , k = 1, 2, 3

ψf (x)→ γ0ψf (xP) xP = (−x, x0)
ψ̄f (x)→ ψ̄f (xP)γ0

Dd :





Uµ(x) → U†
µ(−x− aµ̂)

ψf (x) → e3iπ/2ψf (−x)
ψ̄f (x) → e3iπ/2ψ̄f (−x)

C :





ψ(x)→ iγ0γ2ψ(x)T

ψ̄(x)→ −ψ(x)T iγ0γ2

Uµ(x)→ U⋆µ(x)

S : ψs ↔ ψd , ms ↔ md

R5 =
∏

f

Rf 5 , Rf 5 :

{
ψf → γ5ψf
ψ̄f → −ψ̄fγ5

Symmetries

• P × Dd × (m→ −m),
(m: all masses except Mcr)
• Dd ×R5

• C × S, if rs = rd
• C × P × S, if rs = −rd



Operator Mixing on the Lattice – Twisted Mass
Operators with same eigenvalues as CMO under the symmetries of the action

O1 = g ψsσµνGµνψd

O2 = (m2
d +m2

s)ψsψd

O3 = mdmsψsψd

O4 = ψs
←−
Dµ
−→
Dµψd

O5 = ψs(−6
←−
D +ms)(6

−→
D +md)ψd

O6 = ψs(6
−→
D +md)

2ψd + ψs(−6
←−
D +ms)

2ψd

O7 = msψs(6
−→
D +md)ψd +mdψs(−6

←−
D +ms)ψd

O8 = mdψs(6
−→
D +md)ψd +msψs(−6

←−
D +ms)ψd

O9 = ψs 6
←−
∂ (6−→D +md)ψd − ψs(−6

←−
D +ms)6

−→
∂ ψd

O10 = ψs 6
−→
∂ (6−→D +md)ψd − ψs(−6

←−
D +ms)6

←−
∂ ψd

dim. 4 O11 = i rd ψsγ5(6
−→
D +md)ψd + i rs ψs(−6

←−
D +ms)γ5ψd

dim. 4 O12 = i (rdmd + rsms)ψsγ5ψd

dim. 3 O13 = ψs ψd



Renormalization Matrix

• Oi =
∑13

j=1 ZijORj ⇒ O = ZOR

• Zij ≡ ZX,Yij X: regularization,
Y : renormalization scheme

• Z = 1+O(g2)

• OR = Z−1O, Z−1 + Z = 2 · 1+O(g4)

• For OR1 : Only need first row: Zi ≡ Z1,i

Z1 = 1 + g2 z1 +O(g4), Z2 , . . . , Z13 = O(g2)



Renormalization Matrix – Computation of Zi

• Amputated quark–antiquark Green’s function:

〈ψROR1 ψ
R〉amp = 〈ψR ψR〉−1 〈ψROR1 ψ

R〉 〈ψR ψR〉−1

=
(
Zψ 〈ψ ψ〉−1

)
Z−1
ψ

13∑

i=1

(Z−1)1i〈ψOi ψ〉
(
Zψ 〈ψ ψ〉−1

)

= Zψ

13∑

i=1

(Z−1)1i〈ψOi ψ〉amp

◦ ψ = Z
1/2
ψ ψR : flavour independent (in mass-independent schemes)

• Amputated quark–antiquark–gluon Green’s function:

〈ψROR1 ψ
R
ARν 〉amp = Zψ Z

1/2
A

13∑

i=1

(Z−1)1i〈ψOi ψAν〉amp , Aν =
√
ZAA

R
ν

• 4-pt Green’s functions: Only for consistency checks
• 5-pt Green’s functions, ... : Unnecessary (superficially convergent)



Renormalization Matrix – Computation of Zi

• Amputated quark–antiquark Green’s function:

〈ψROR1 ψ
R〉amp = 〈ψR ψR〉−1 〈ψROR1 ψ

R〉 〈ψR ψR〉−1

=
(
Zψ 〈ψ ψ〉−1

)
Z−1
ψ

13∑

i=1

(Z−1)1i〈ψOi ψ〉
(
Zψ 〈ψ ψ〉−1

)

〈ψROR1 ψ
R〉amp = Zψ

13∑

i=1

(Z−1)1i〈ψOi ψ〉amp

◦ ψ = Z
1/2
ψ ψR : flavour independent (in mass-independent schemes)

• Amputated quark–antiquark–gluon Green’s function:

〈ψROR1 ψ
R
ARν 〉amp = Zψ Z

1/2
A

13∑

i=1

(Z−1)1i〈ψOi ψAν〉amp , Aν =
√
ZAA

R
ν

• 4-pt Green’s functions: Only for consistency checks
• 5-pt Green’s functions, ... : Unnecessary (superficially convergent)



Renormalization Matrix – Computation of Zi

• Alternative definition of CMO:

ÕCM ≡ mOCM

• Appears in the study of 4-fermi (dimension 6) operators

⇒ Z̃ij = Zm Zij

(mR = Z−1
m m, Zm : flavor independent)

• Similarly, a factor of Zg must be included in Zij , if using:

ψs σµν Gµν ψd, rather than: g ψs σµν Gµν ψd



Feynman Diagrams

• 〈ψROR1 ψ
R〉amp = Zψ

∑13
i=1(Z

−1)1i〈ψOi ψ〉amp

• 〈ψROR1 ψ
R
ARν 〉amp = Zψ Z

1/2
A

∑13
i=1(Z

−1)1i〈ψOi ψAν〉amp

1 2 3

4 5 6

7 8 9

1 0 1 1

Oi, i = 1, . . . , 13



Dimensional Regularization and MS

• 2-pt: 〈ψROR1 ψ
R〉amp = Zψ

∑10

i=1(Z
−1)1i〈ψOi ψ〉amp

• General form of O(1/ǫ) part:

〈ψO1 ψ〉1−loopamp

∣∣∣
1/ǫ

= ρ1 (q2s+q
2
d) + ρ2 (m2

s+m
2
d) + ρ3 i (md 6qd+ms 6qs)

+ρ4 i (ms 6qd+md 6qs) + ρ5 qs·qd + ρ6 6qs 6qd + ρ7msmd

• 3-pt: 〈ψROR1 ψ
R
ARν 〉amp = Zψ Z

1/2
A

∑10

i=1(Z
−1)1i〈ψOi ψAν〉amp

• General form of O(1/ǫ) part (1PI):

〈ψO1 ψAν〉1−loopamp

∣∣∣
1/ǫ

= R1 g (qs+qd)ν +R2 g (γν 6qd + 6qsγν)
+R3 i g (ms+md)γν +R4 (−2i g σρνqAρ)

• 2nd / 1st degree polynomial in ms, md, qs, qd, qA
• Non-polynomial O(1/ǫ) terms in 1PR-part of 3-pt relation:

Cancel by virtue of the 2-pt relation
• Since Z11 = 1 + (g2/ǫ)z1 and Z1i = (g2/ǫ)zi (i > 1):

11 equations for 10 unknowns. Consistent.
• O(ǫ0) part of rhs: Renormalized Green’s function



Dimensional Regularization and MS

• Computing ρi, Ri to 1 loop:

ρ1 =
g2CF
16π2

1

ǫ
(−3) ρ2 =

g2CF
16π2

1

ǫ
(−6) ρ3 =

g2CF
16π2

1

ǫ
(3)

ρ4 = ρ5 = ρ6 = ρ7 = 0

R1 =
g2 CF
16π2

1

ǫ
(−6) R3 =

g2

16π2

1

ǫ

(
− 3

2Nc
+

3Nc
4

)

R2 =
g2

16π2

1

ǫ

(
3Nc

4

)
R4 =

g2

16π2

1

ǫ

(
1

Nc
− α

2Nc
+

7Nc
4

+
3αNc

4

)

• Nc : number of colors, CF = (N2
c − 1)/(2Nc)

• α : gauge parameter



Zi in Dimensional Regularization and MS

• Solving for ZDR,MS
i

ZDR,MS
1 = 1 + g2

16π2

1
ǫ

(
−Nc

2
+ 5

2Nc

)
ZDR,MS

6 = 0

ZDR,MS
2 = g2

16π2

1
ǫ

(
−3Nc+

3

Nc

)
ZDR,MS

7 = g2

16π2

1
ǫ

(
− 3Nc

4
+ 3

2Nc

)

ZDR,MS
3 = 0 ZDR,MS

8 = 0

ZDR,MS
4 = 0 ZDR,MS

9 = g2

16π2

1
ǫ

(
3Nc

4
− 3

2Nc

)

ZDR,MS
5 = g2

16π2

1
ǫ

(
2Nc

3
− 3

Nc

)
ZDR,MS

10 = g2

16π2

1
ǫ

(
3Nc

2
− 3

2Nc

)

• Z2 6= 0 (also Z3 6= 0, Z4 6= 0 beyond 1-loop)
⇒ Mixing even on-shell
• Z9 6= 0, Z10 6= 0: Non-gauge invariant operators DO mix



Zi in Dimensional Regularization and MS

• Solving for ZDR,MS
i

ZDR,MS
1 = 1 + g2

16π2

1
ǫ

(
−Nc

2
+ 5

2Nc

)
ZDR,MS

6 = 0

ZDR,MS
2 = g2

16π2

1
ǫ

(
−3Nc+

3

Nc

)
ZDR,MS

7 = g2

16π2

1
ǫ

(
− 3Nc

4
+ 3

2Nc

)

ZDR,MS
3 = 0 ZDR,MS

8 = 0

ZDR,MS
4 = 0 ZDR,MS

9 = g2

16π2

1
ǫ

(
3Nc

4
− 3

2Nc

)

ZDR,MS
5 = g2

16π2

1
ǫ

(
2Nc

3
− 3

Nc

)
ZDR,MS

10 = g2

16π2

1
ǫ

(
3Nc

2
− 3

2Nc

)

• By–product of ZDR,MS
1 (well-known):

Anomalous dimension γ̃CM for the operator ÕCM

γ̃CM = g2

16π2

(
4Nc−

8
Nc

)



Lattice Regularization and MS

• Formally, same equations as before:

〈ψROR1 ψ
R〉amp = Zψ

∑13
i=1(Z

−1)1i〈ψOi ψ〉amp

〈ψROR1 ψ
R
ARν 〉amp = Zψ Z

1/2
A

∑13
i=1(Z

−1)1i〈ψOi ψAν〉amp

• lhs : Regularization independent; we evaluated it in DR

• Bare Green’s functions now refer to Lattice regularization

• Zij ≡ ZL,MS
ij , Zψ ≡ ZL,MS

ψ , ZA ≡ ZL,MS
A

(Prerequisite: Evaluate Zψ, ZA beforehand... also Zm , Zg)

• Renormalizability =⇒ 〈ψROR1 ψ
R〉amp − 〈ψO1 ψ〉amp

is polynomial in m’s, q’s :
2nd degree, but also a−1 · (1st), a−2 · (0th))

• Similarly for 〈ψROR1 ψ
R
ARν 〉amp − 〈ψO1 ψAν〉amp :

1st, but also a−1 · (0th) degree polynomial

• lhs = rhs =⇒ the values of Zij must be determined in a
way as to absorb this polynomial difference



Lattice Regularization and MS

• General form of 〈ψROR1 ψ
R〉amp − 〈ψO1 ψ〉amp :

ρ1 (q2s+q
2
d) + ρ2 (m2

s+m
2
d) + ρ3 i (md 6qd+ms 6qs)

+ ρ4 i (ms 6qd+md 6qs) + ρ5 qs·qd + ρ6 6qs 6qd + ρ7msmd

+ ρ8 (rd γ5 6qd+rs 6qs γ5) + ρ9 i (rdmd+rsms) γ5 + ρ10 · 1

• General form of 〈ψROR1 ψ
R
ARν 〉amp − 〈ψO1 ψAν〉amp :

R1 g (qs+qd)ν +R2 g (γν 6qd + 6qsγν)
+ R3 i g (ms+md)γν +R4 (−2i g σρνqAρ)

+ R5 g (rd − rs) γ5 γν

• ρi, Ri : independent of q, m. But depend on a, µ̄:
a−2, a−1, log(a µ̄) terms

• ρi, Ri also depend on: Nc , α, Symanzik coefficients.

• 15 equations for Z1i, (i = 1, . . . , 13). Consistent.



Lattice Regularization and MS

• Evaluation of: 〈ψROR1 ψ
R〉amp − 〈ψO1 ψ〉amp

and: 〈ψROR1 ψ
R
ARν 〉amp − 〈ψO1 ψAν〉amp

• Checks:
• Coefficients of log(a) :

Must coincide with coefficients of −1/(2ǫ) in DR X

• Polynomial dependence on m, q
⇒ 2-pt Green’s function X

⇒ 3-pt Green’s function: extremely complicated!
(Even in massless case: Spence fn’s of qs, qd, qA)
Still working on this ???

• Easy way out: Evaluate 3-pt Green’s function making any
(nondegenerate) choice of qs, qd, qA



Lattice Regularization and MS

• Evaluation of: 〈ψROR1 ψ
R〉amp − 〈ψO1 ψ〉amp

and: 〈ψROR1 ψ
R
ARν 〉amp − 〈ψO1 ψAν〉amp

• Checks:
• Coefficients of log(a) :

Must coincide with coefficients of −1/(2ǫ) in DR X

• Polynomial dependence on m, q
⇒ 2-pt Green’s function X

⇒ 3-pt Green’s function: extremely complicated!
(Even in massless case: Spence fn’s of qs, qd, qA)
Still working on this ???

• Easy way out: Evaluate 3-pt Green’s function making any
(nondegenerate) choice of qs, qd, qA , for example:

Democratic choice: qs−qd+qA=0, q2s=q
2
d=q

2
A=µ̄2 X



Results for Z
L,MS
i

• From 2-pt Green’s function: [g̃2 ≡ (g2CF )/(16π2)]

O1=g ψsσµνGµνψd Z1=???

O2=(m2
d+m

2
s)ψsψd Z2=g̃2(2.7677+6 log(a2µ̄2))

O3=mdmsψsψd Z3=0

O4=ψs
←−
Dµ
−→
Dµψd Z4=0

O5=ψs(−6
←−
D+ms)( 6

−→
D+md)ψd Z5=???

O6=ψs( 6
−→
D+md)

2ψd+ψs(−6
←−
D+ms)

2ψd Z6=???

O7=msψs( 6
−→
D+md)ψd+mdψs(−6

←−
D+ms)ψd Z7=−Z5/2

O8=mdψs( 6
−→
D+md)ψd+msψs(−6

←−
D+ms)ψd Z8=g̃2(−3.9654)−Z6

O9=ψs 6
←−
∂ ( 6
−→
D+md)ψd−ψs(−6

←−
D+ms) 6

−→
∂ ψd Z9=Z5/2

O10=ψs 6
−→
∂ ( 6
−→
D+md)ψd−ψs(−6

←−
D+ms) 6

←−
∂ ψd Z10=g̃2(5.5060−3 log(a2µ̄2))−Z6

O11=i rd ψsγ5( 6
−→
D+md)ψd+i rs ψs(−6

←−
D+ms)γ5ψd Z11=a−1g̃2(−4.0309)

O12=i (rdmd+rsms)ψsγ5ψd Z12=a−1g̃2(+4.0309)

O13=ψs ψd Z13=a−2g̃2(47.793)

• From 3-pt Green’s function: 3 independent conditions⇒ fix
the 3 remaining unknowns

• Z3, Z4 : nonzero beyond 1-loop



Results for Z
L,MS
i

• Mixing with lower dimensional operators:

O11=i rd ψsγ5( 6
−→
D+md)ψd+i rs ψs(−6

←−
D+ms)γ5ψd Z11=a−1g̃2(−4.0309)

O12=i (rdmd+rsms)ψsγ5ψd Z12=a−1g̃2(+4.0309)

O13=ψs ψd Z13=a−2g̃2(47.793)

• Perturbation theory: Only a ballpark estimate in such cases

• Non-perturbative estimates: Impose conditions such as

lim
ms , md→0

〈π(0)|Osub
1 |K(0)〉 = lim

ms , md→0
〈π(0)|O1+

c1
a2
O13|K(0)〉 = 0

〈0|Osub
1 |K(0)〉ms , md = 〈0|O1 +

c1
a2
O13 +

c2
a
O12|K(0)〉ms , md = 0

• O11 will vanish on shell



PRELIMINARY Results for c1 , at various g
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• The estimates fit quite well a g2 dependence

• ⇒ NP mixing of O13 = ψs ψd : Z13 = a−2 g̃2 (33.7)

• Compare with perturbative result: Z13 = a−2 g̃2 (47.793)

• As close as it gets for power divergent coefficients



Checks — Extensions

• Compare Renormalized Green’s Functions in different
Regularizations

• Check Consistency with 4-pt Green’s functions
• Estimate Renormalization Coefficients Non-perturbatively

• Power-divergent coefficients
• Coefficients of dimension-5 operators

• Improved Perturbation theory (”boosted”, ”cactus”, ...)

• Compute O(a2g2) corrections to Green’s functions
⇒ Improve Non-perturbative estimates
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