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Outline

    Lattice QCD Gold-plated Observables
nucleon axial charge, e/m radii, magnetic moment, quark momentum fraction
and their systematic uncertainties

    Hadron Wave Functions
Nucleon and resonance wave functions and distribution amplitudes 

    Hadron Form Factors
Vector & axial nucleon form factors,
Delta axial form factors, Lambda electric form factor
timelike vector and scalar pion form factors

    Decomposition of the Proton Spin
contributions from light & strange quarks and glue

    Parton Distributions on a Lattice
PDFs and TMDs



Review of Hadron Structure Lattice 2013,  Mainz,  July 29-August 3, 2013        

Gold-plated observables

Sergey N. Syritsyn

Lattice QCD Gold-Plated Observables

Isovector (u-d)
• axial charge
• Dirac & Pauli (or electric & magnetic) radii
• magnetic moment
• quark momentum fraction

  Best stochastic precision (forward or near-forward kinematics
  No disconnected diagrams
  (typically) simple renormalization
  Well-known experimentally
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Gold-plated observables
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Drama of  the Axial Charge

Many lattice calculations underestimated         by 10-15%gA

gaveA = 1.2701(25)Experiment (W.A.) [PDG’12]
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�N(p)|q̄γµγ5q|N(p)� = gA ūpγ
µγ5up ,
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Gold-plated observables
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Nucleon Axial Charge: Excited State Effects?

[Ben Owen, et al. (CSSM) Phys.Lett. B 723 (2013) 217]
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Figure 1: A comparison of un-renormalized gA as a function
of sink time. The first two figures are using the traditional ap-
proach of smeared source→ point sink and, smeared source→
smeared sink, both for 35 sweeps of smearing. The final figure
is the result from a 4 × 4 correlation matrix.
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Figure 2: An overlay of the results from fig. 1. The data sets
have been offset from the time slice for clarity – the circles
(blue) are the results for the variational approach, the trian-
gles (purple) are the smeared source → smeared sink, while
the squares (red) are the smeared source→ point sink. The fit-
ted value from the variational approach has been included (blue
shaded region) to highlight where the traditional approach is
consistent with the improved method.

dominance. The systematic rise in the data is no longer present
and the onset of the plateau is within two time slices of the
current insertion.
In Fig. 2 we have overlaid the three datasets to highlight the

excited state behaviour between the traditional and variational
approach. If we look carefully at the variational approach, we
can see that some excited state contamination is present imme-
diately after the current, but this is short lived. It is worth noting
that this is a consequence of the limited size of our variational
basis. As is highlighted in [24], an n × n correlation matrix al-
lows one to isolate out the n lightest states in the given channel
and so the sub-leading contributions will come from the nth + 1
state. In the case of the ground state, these contributions will be
short-lived due to the large mass splitting between the ground
state and nth + 1 excited state. If one were to construct a basis
whose dimension was the number of states in the given channel,
then it would be possible to completely isolate each state.
What is of most concern in Fig. 2 is the lack of overlap be-

tween the results of the traditional approach and those of our
variational method at ts = 24 and 25 where good fits can be
made. In Table 2 we list those fits, for the three data sets with
the strict criterion that the χ2dof lies between 0.800 and 1.200.
In both data sets employing the traditional approach, we can
obtain good fits with small uncertainties if we choose to begin
fitting around tS = 25 or 26, but find that the results are sig-
nificantly small. As we move the fit window to later times, the
central value increases. Between 25–30 and 28–30 we observe
a systematic variation of 6% in the value gA. A consistent re-
sult can be extracted from these datasets if we choose to fit at
later time slices around tS = 28, but the resulting values have
unattractively large uncertainties, as they are close to the on-
set of noise. It is clear that in this case, we have little control
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Figure 2: Left panel: Results for gA for a range of source-sink separations obtained from the open sink
analysis on one Nf = 2+ 1+ 1 ensemble. The light gray band indicates the result obtained from the fixed
sink method using a source-sink separation of 12a and the dark gray band shows the experimental value.
Right panel: �x�u−d for a range of source-sink separations obtained by means of the open sink method.
The value (including errors) obtained from the fixed sink method using a source-sink separation of 12a is
indicated by the light gray band. The phenomenologically extracted value is shown with the dark gray band.
The blue solid line corresponds to a fit described in the text.

to the lattice results with a fixed t � = 11a. The result of this fit is �x�u−d = 0.22(1). This value
is 12% lower than the result of �x�u−d = 0.250(6), obtained using t = 12a in the fixed sink
method. We estimated the error of the fit by varying the fit range and by comparing the results
obtained by using a fixed parameter ∆M as well as by including ∆M in the fit. We have also
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Figure 3: Ratio of 3- to 2-point functions for gA (left) and �x�u−d (right) versus the time separation of the
operator insertion from the source. The sink-source time separation tsink = 12a. Nf = 2 gauge configurations
are used with pion mass ∼ 300 MeV and a = 0.089 fm.

used a generalized eigenvalue (GEV) approach as first suggested in [18] and further developed
and refined in Refs. [19, 20, 21]. We considered two variational basis: in the first, two inter-
polating fields are considered, namely the standard one JN(x) = εabc(dT a(x)Cγ5ub(x))uc(x) and
J�N(x) = εabc(dT a(x)Cub(x))γ5uc(x). The latter is known to have small overlap with the nucleon
state but a large one with the Roper. In Fig. 3 we compare the ratio of the three-point to the
two-point function arising when using the GEV approach to the one using just the standard JN(x)
interpolating field as we vary the time separation of the operator insertion form the source. As
can be seen, for both gA and �x�u−d the ratios are consistent and lead to the same value for these
observables. In the second, three different levels of smearing are employed to calculated a 3× 3
correlation matrix. In Fig. 4 we show the effective plateau matrix elements for fixed top = tsink/2
and various t0. From the preliminary results as shown in Fig. 4, we conclude that within the statis-
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mπ ≈ 380 MeV

mπ ≈ 290 MeV

[S.Dinter et al (ETMC) arXiv:1112.2931]
High-statistics study

mπ ≈ 220 MeV

mπ ≈ 310 MeV

2-state fits
[H.W.Lin et al (PNDME) arXiv:1306.5435]

[T.D.Rae (CLS-Mainz);
S.Capitani et al, Phys.Rev. D86 (2012) 074502]
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Nucleon Axial Charge: Lattice Size Effects?

FIG. 3: The bare axial charge gA and the bare pion decay constant afπ as a function of the spatial

extent of the lattice, together with the leading order finite size corrections of eqs. (5) and (6).
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mL→∞
π ≈ 130 MeV

mπL ≈ 2.7

[R.Horsley et al (QCDSF), 1302.2233][C.Alexandrou et al, 1303.5979]

multiple syst.effects?
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FIG. 2: The pion mass amπ as a function of lattice size for two ensembles at β = 5.29. The solid

line shows a fit of eq. (10) to the data. The dashed line shows the NLO result, eq. (7), fitted to

the smallest mass point.

pion mass extrapolates indeed to a finite value in the chiral limit, in good agreement with the

expected result (8). This also has an effect on mπ in the region of small, but nonvanishing,

quark masses [25]. We thus expect the finite size correction to be effectively given by

mπ(L) = mπ(∞) +
m3

π

16π2f 2
0

∑

n

|n|!=0

K1(λ|n|)

λ|n|
+

3 c(mπ)

2f 2
0L3(1 +∆)

(10)

with the parameter c(mπ) rapidly dropping to zero at larger pion masses.

IV. EXTRAPOLATION TO INFINITE VOLUME

In the following fits we take f0 = 86MeV [26]. There is some freedom in the value of

the pion mass mπ to take in eqs. (5), (6) and (10). We choose mπ = mπ(∞) in λ, λ(y) and

c(mπ), and mπ = mπ(L) otherwise.

Let us first consider the pion mass. In Fig. 2 we show the fits of eq. (10) to mπ for two

of our lattice ensembles. The corrections to mπ are well described by this equation. Apart

from mπ(∞), we have one free parameter, c(mπ), only. Equally good fits are obtained for

β = 5.40, κ = 0.13660 and 0.13640. The parameter c(mπ) is found to vanish with a large

inverse power of the pion mass.The finite size corrections predicted by the NLO expression

8

δgA(mπL ≈ 2.7) ≈ 3(±3)%

g(mπLs=4)
A − g∞A = −0.009(54)

g(mπLt=4)
A − g∞A = −0.016(39)

mπ ≈ 250 MeVAt

gA(Ls, Lt) = g∞A +Be−mπLs + Ce−mπLtFit

:
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Nucleon Dirac Radius
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Dirac Radius: Excited States
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[J.R.Green et al (LHPC), 1209.1687]

[T.D.Rae (CLS-Mainz)]2-state fits
[H.W.Lin et al (PNDME) arXiv:1306.5435]

Excited states problem:
Worse below 200 MeV?

mπ = 220 MeV

mπ = 310 MeV
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Radius: Finite Volume Corrections

(data : [S.Collins et al(QCDSF), 1106.3580])

FVE correction at kmin

radius corrected for FVE

FVE corrections to nucleon electric radius
[J.M.Hall et al, arXiv:1210.6124 (to appear in PLB)]
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Gold-plated observables
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Anomalous Magnetic Moment
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Quark Momentum Fraction
�x�u−d =

�
dx x

�
u(x) + ū(x)− d(x)− d̄(x)

�
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�N(p)|q̄γ{µ
↔
Dν}q|p� = �x�q ūpγ{µpν}up

�x�MS(2 GeV)
u−d = 0.155(5)Phenomenology:
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Quark Momentum Fraction: Excited States
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[S.Dinter et at (ETMC) arXiv:1112.2931]
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Fit compared to data: C3pt(tins , tsink)/(A0e−m0tsink ) compared to

F = B0 + B1[e−∆m(tsink −tins ) + e−∆mtins ] + B2e−∆mtsink

+ additional factors.
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Excited state contribution to gA cancels in C3pt/C2pt .

[S.Collins et al (U.Regensburg), Sec.3B
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(Sub)Summary: Gold-plated observables

★  (finally) Exciting developments at the physical pion mass

★  Removing excited states is necessary in most cases

★  Agreement is reassuring, but much more work is required
       to ensure quality control.



Review of Hadron Structure Lattice 2013,  Mainz,  July 29-August 3, 2013        

Hadron Wave Functions
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Hadron Wave Functions

• Wave functions of the Roper state and n=2 radial nucleon excitation

• LC Wave functions (distribution amplitudes) of the nucleon and 
   negative parity excitations
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Hadron Wave Functions
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Nucleon & Radial Resonance Wave Funcions
[D.Roberts et al (CSSM), arXiv:1304.0325 (to appear in Phys.Lett.B)]

Variational method in a basis of 4 nucleon operators

χ1(�x, �z) = �abc
�
uTa(�x)Cγ5 d

b(�x+ �z)
�
uc(�x)

Calculate w.f. of d-quark w.r.t. 2 u quarks:

χ(S)
1 (�x) = �abc

��
ũTa
(S) Cγ5 d̃

b
(S)

�
ũc
(S)

�

�x

with varying smearing radius S = 0.21, 0.32, 0.54 and 0.78 fm
and find energy eigenvectors 

Nf=2+1 dynamical O(a)-improved Wilson fermions, mπ = 156 MeV

ψd
α(�p, t; �z) = const ·

�

�x

e−i�p·�x�χ1(�x, �z, t)χ
(S)
1 (t) �v(S)

α
(assuming Landau gauge)
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Hadron Wave Functions
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Nucleon & Radial Resonance Wave Funcions
[D.Roberts et al (CSSM), arXiv:1304.0325 (to appear in Phys.Lett.B)]

n = 0 n = 1 n = 2
“Roper”Nucleon

mπ = 156 MeV
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Hadron Wave Functions
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Nucleon and N* Distribution Amplitudes

[R.Schiel (QCDSF)  Sec.3B]

ϕlmn =

�
[dx]xl

1x
m
2 xn

3 ϕ(x1, x2, x3)

Compute moments of DA on a lattice:

LC Fock valence state of a Baryon
|N (∗), ↑� = const

�
[dx]ϕ(∗)(xi)

2
√
24x1x2x3

�
|u↑(x1)u

↓(x2)d
↑(x3)� − |u↑(x1)d

↓(x2)u
↑(x3)�

�

ϕ(xi;µ
2) =120x1x2x3

�
1 + c10(x1 − 2x2 + x3)

� αS(µ)

αS(µ0)

� 8
3β0 + c11(x1 − x3)

� αS(µ)

αS(µ0)

� 20
9β0 + . . .

�

�
c1j , c2j

�
←→

�
ϕlmn | l +m+ n = 1, 2

�

1/Ls

mπ = 290 MeV, a = 0.072 fm

{        }  :  local 3-quark operators with up to 2 derivativesO(x)

x1 + x2 + x3 = 1

N∗(1650?) N∗(1535?)N

�Oαβγ(x)N(0)� −→ �Ω|Oαβγ(x)|N�



Review of Hadron Structure Lattice 2013,  Mainz,  July 29-August 3, 2013        

Hadron Form Factors
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Select Hadron Form Factor Results

• Vector form factors of the nucleon
• Axial form factors of the nucleon
• Strange quark contributions to the nucleon form factors
• Axial form factors of Delta(1232)
• Electric form factor of Lambda(1405)
• Timelike vector form factor of the pion
• Scalar form factor and radius of the pion
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Hadron Form Factors
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Nucleon Vector Form Factors (u-d)

GE = F1 −
Q2

(2MN )2
F2

GM = F1 + F2

Nf=2+1+1 Twisted mass fermions
& earlier works: QCDSF, LHP, RBC

[C.Alexandrou et al (ETMC), 
arXiv:1303.5979]

mπ= 354 and 210 MeV

�P + q| q̄γµq |P � = ŪP+q

�
F1(Q

2) γµ + F2 (Q
2)
iσµνqν
2MN

�
UP
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Hadron Form Factors
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Nucleon Vector Form Factors (u-d)

Nf=2+1+1 HISQ + Clover(v) fermions
2-state fits to suppress exc.states
[T.Bhattacharya et al (PNDME)]

mπ =310 and 220 MeV

GE = F1 −
Q2

(2MN )2
F2

mπ =310 and 220 MeV

GM = F1 + F2

Nf=2+1+1 Twisted mass fermions
& earlier works

[C.Alexandrou et al (ETMC), 
arXiv:1303.5979]

mπ= 354 and 210 MeV

�P + q| q̄γµq |P � = ŪP+q

�
F1(Q

2) γµ + F2 (Q
2)
iσµνqν
2MN

�
UP
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Nucleon Vector Form Factors (u-d)

Nf=2+1 clover-imp.Wilson,
“summation” to suppress 
excited states 
[J.R.Green et al (LHPC)]
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Nf=2+1+1 HISQ + Clover(v) fermions
2-state fits to suppress exc.states
[T.Bhattacharya et al (PNDME)]

mπ =310 and 220 MeV
mπ=149 MeV

GE = F1 −
Q2

(2MN )2
F2

mπ=149 MeVmπ =310 and 220 MeV

GM = F1 + F2

Nf=2+1+1 Twisted mass fermions
& earlier works

[C.Alexandrou et al (ETMC), 
arXiv:1303.5979]

mπ= 354 and 210 MeV

�P + q| q̄γµq |P � = ŪP+q

�
F1(Q

2) γµ + F2 (Q
2)
iσµνqν
2MN

�
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Nucleon Axial & Pseudoscalar Form Factors
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Dipole fit
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(1 + 1
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2Q2)2

�P + q| q̄γµγ5q |P � = ŪP+q

�
GA(Q

2) γµγ5 + GP (Q
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2MN

�
UP

[C.Alexandrou (ETMC), 1303.5979]
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Nucleon S-Quark VectorForm Factors
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[R.Babich et al, (DISCO Collab.) 
Phys.Rev.D85, 054510]

[T.Doi (ChiQCD), 1010.2834]
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Delta(1232) Axial & Pseudoscalar Form Factors
[C.Alexandrou et al (ETMC), 1304.4614]
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Delta(1232) Axial & Pseudoscalar Form Factors
[C.Alexandrou et al (ETMC), 1304.4614]
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                 Electric Form FactorΛ(1405)

I(JP ) = 0
�1
2
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!"! !"# !"$ !"% !"& !"'
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!"()

!"(*

!"*!

!"*$

!"*&

!"*)

! $ +,-.$/

"
#

01234
546782-

01234
546782-

I(JP ) = 0
�1
2

+�

[B.Menadue et al, (CSSM); Sec.8B(Thu)]

6x6 Variational analysis: 2 octets + 1 singlet       N=16,100 smearing⊗

GE(Q
2 = 0.16 GeV2)

Λ(1405) ←→ K̄N K̄ = (s q̄light)In                            , virtual cloud of 
�r2�s �r2�u,denhances            and shrinks 
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Timelike Pion Form Factor

2+1 dyn.Overlap  fermions Experiment

60

120

180

(E
)

m =380 MeV

60

120

180
m =290 MeV

60

120

180
m =140 MeV

0.8 0.9 1 1.1 1.2
0

10

20

30

40

F
(E

)

0.6 0.7 0.8 0.9 1 1.1
E  [GeV]

0

5

10

15

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

2

4

6

Vector-meson dominance fits [Xu Feng (JLQCD); Poster sessn.]

[H.B.Meyer, PRL 107:072002(2011); arxiv:1105.1892]

|�Ω | Jµ | (π+π−)l=1�|2 −→ |Fπ(t = E2
ππ)|2
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Scalar Radius of  the Pion
[V.Guelpers, H.Wittig, G.von Hippel]

Large disconnected contributions

〈

r
2
〉

s
[f
m

2
]

m2
π
[GeV2]

l4 = 4.76± 0.13
〈

r2
〉

s
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this work connected
this work

ππ scattering
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mπ = 280 . . . 650 MeV
a = 0.063 fm

Nf=2 O(a)-improved  Wilson Fermions

Agreement with phenomenology
[Colangelo et al, Nucl.Phys.B603,125] :

�r2�πs = 0.61(4) fm2

Fs(Q
2) = �π+(p+ q)|muūu+mdd̄d|π+(p)�
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[S.Aoki et al(JLQCD & TWQCD) PRD80:034508]

mπ = 300 . . . 520 MeV
a = 0.12 fm
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Origin of  the Nucleon Spin

1989 EMC experiment finds ∆Σ =
�

q

(∆q +∆q̄) = 0.2 . . . 0.3

Proton spin puzzle:

Jglue +
�

q

Jq =
1

2
,

Jq =
1

2
∆Σq + Lq

�N(p)|q̄γµγ5q|N(p)� = (∆Σq)
�
ūpγ

µγ5up

�
Quark Spin: 

Angular momentum (Jq): 

Spin sum rule:

where A20 , B20 are E.-M. tensor form factors:

Jq,glue =
1

2

�
Aq,glue

20 (0) +Bq,glue
20 (0)

�

T q
µν = q̄ γ{µ

↔
Dν} q

T glue
µν = Ga

µλG
a
νλ − 1

4
δµν(Gµν)

2
�N(p+ q)|T q,glue

µν |N(p)� →
�
A20, B20, C20

�
(Q2)
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Quark Angular Momentum and Spin (Connected)

Ju ≈ 40− 50%
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Disconnected Quark Angular Momentum
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T1(q2)+T2(q2) 
[T1+T2](q2)

T1(0)

Strangeness and glue in the nucleon from lattice QCD Takumi Doi

3. First moment of parton distribution

Quark contribution to the first moment of the parton distribution in the nucleon, 〈x〉q, can be
obtained by using the following energy-momentum tensor operator [12],

T4i = (−1)∗
i
4

[

q̄!4
−→Diq+ q̄!i

−→D 4q− q̄!4
←−Diq− q̄!i

←−D 4q
]

, (3.1)

and by taking the following ratio of three point to two point function,

Tr
[

"e ·#3ptT4i (!p, t2; !0, t1; !p,!x0, t0)
]

× e−i!q·!x0

(2pi)×Tr ["e ·#2pt(!p, t2; !x0, t0)]× e+i!q·!x0
= 〈x〉q, (3.2)

where "e ≡

(

1 0
0 0

)

in spinor space (for the Dirac representation.) In order to improve the S/N,

we further take the summation for the operator insertion time t1 for the range t1 = [t0+ 1, t2− 1],
where t0(t2) is the nucleon source (sink) time, respectively.

In Fig. 1, we plot the ratio of three point to two point functions for the strangeness, 〈x〉s, in
terms of t2. Because of the summation of operator insertion time t1, the linear slope corresponds to
〈x〉s. Blue points denote the result for Nsrc = 1 and red points for Nsrc = 32. One can clearly see
that increasing Nsrc reduces the error significantly (by about a factor of

√
Nsrc), and a clear signal

can be extracted from the Nsrc = 32 data.
In Fig. 2, we plot the ratio of 〈x〉s/〈x〉ud(DI) for each quark mass. By taking the linear chiral

extrapolation in terms of m2$ , we obtain a preliminary result

〈x〉s/〈x〉u,d(DI) = 0.857(40), (3.3)

in the chiral limit. Although it is necessary to consider the renormalization factor, this result shows
that the statistical error is well under control and reliable lattice QCD calculation is possible even
for the DI.
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Figure 1: The ratio of three point to two point func-
tions plotted in terms of the nucleon sink time t2 for
dynamical configurations with % = 0.13760. The
linear slope corresponds to 〈x〉s.
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Figure 2: Ratio 〈x〉s/〈x〉ud(DI) plotted in terms of
m2$ for dynamical configurations. Blue line corre-
sponds to the linear chiral extrapolation.

4

[K.F.Liu (ChiQCD), arXiv:1203.6388]

�x�u+d,(DI) = 0.076(14) �x�s = 0.024(6)

2Ju+d,(DI) = 0.072(14) 2Js = 0.023(7)

mπ = 478 . . . 650 MeV strange quark �x�

(chiral extrapolation values)
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Gluon Momentum and Angular Momentum
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mπ = 478 . . . 650 MeV

(Quenched fermions)
[K.F.Liu (ChiQCD), arXiv:1203.6388]

�x�glue = T1(0) = 0.313(56)

2Jglue = T1(0) + T2(0) = 0.254(76)

Background “field” :

[QCDSF (R. Horsley et al) Phys.Lett.B714:312 ]

Sgauge −→ Sgauge� �� �
1
2

�
(Ea)2+(Ba)2

�
−λa ·

�
T00 −

1

3
Tii

�

� �� �
1
2

�
−(Ea)2+(Ba)2

�

�x�glue = − 2

3mN

∂mN

∂λ

�x�glue = 0.43(7)(5)

mπ = 314 . . . 555 MeV

(Quenched fermions)
Suppress UV fluctuations 
with the overlap operator:
Ĝµν =

1

cTa2
Trspin

�
σµνDov(x, x)

�
+O(a)

See also [C.Wiese et al, Sec.3B]
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Angular momentum: Quenched studies
[K.F.Liu et al, ‘95]
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(∆Σ)udisc = (∆Σ)ddisc ≈ (∆Σ)sdisc ≈ −0.12(1)

2Lu+d ≈ 0.49 = 0.0
��
conn

+ 0.49
��
disc

2Lq = 2Jq −∆Σq
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(Disconnected) Light Quarks Spin
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mπ ≈ 317 MeV

[S.Meinel ’13 (LHPC)]
(Using hierarchical probing 

[K.Orginos 1302.4018])

[C.Alexandrou et al 
(ETMC), 1211.0126]

Isoscalar axial charge

Disconnected contribution
Nf = 2 = 1 + 1 TMF, a = 0.082 fm, 323×64, mπ = 373 MeV, 150000 statistics (on 4700 confs)

Disconnected isoscalar, agrees with Bali et al. (QCDSF),
Phys.Rev.Lett. 108 (2012) 222001

Strange quark loop

C. Alexandrou (Univ. of Cyprus & Cyprus Inst.) Scale July 23, 2013 4 / 8
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[C.Alexandrou et al 
(ETMC), 2013]

mπ = 373 MeV

mπ = 373 MeV

Where is the nucleon spin?

Connected contributions except the open triangle, which shows the change to the filled blue triangle if you

include the disconnected contributions
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consistent with experimental values

Ld ∼ −Lu

However, more statistics and checks of systematics are needed for final results at the physical point

C. Alexandrou (Univ. of Cyprus & Cyprus Inst.) Scale July 23, 2013 5 / 8

[C.Alexandrou et al (ETMC), 2013]

|(∆Σu,d)disc| � 0.06

with disc.
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Strange Quark Spin

mπ = 293 . . . 495 MeV

[M.Engelhardt, 
Phys.Rev.D86, 114510]
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Calculation of ∆s

QCDSF Collaboration

To compute flavor singlet matrix elements, we employ a new method based on the Feynman-
Hellmann theorem, which eliminates the issue of disconnected contributions at the expense of
generating additional ensembles of gauge field configurations. This involves computing two-
point correlators in the presence of generalized background fields, which arise from introducing
an additional operator O into the action,

S → S + λO . (1)

Taking the partial derivative of the resulting energy, we then have

∂ EH
∂ λ
= 〈p, s|O|p, s〉 , EH =

√

p2 + m2H . (2)

The method has been successfully employed in [1] to compute the first moment 〈x〉g of the
gluon distribution function of the nucleon.

Here we compute ∆s of the nucleon with Nf = 2 + 1 flavors of SLiNC fermions [2] at β = 5.5,
corresponding to a lattice spacing of a ≈ 0.08 fm. The action we simulate with is

S = S SLiNC + λ
∑

x

s̄(x) γ3γ5 s(x) . (3)

1

[QCDSF, ’13]

∂EH

∂λ
= �N |s̄γ3γ5s|N�

Background “field”

S = SSLiNC + λ
�

x

[s̄γ3γ5s]x

Stochastic estimation of the quark loop
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[G.Bali et al (QCDSF)
PRL 108, 222001]

[R.Babich et al, (DISCO Collab.) 
Phys.Rev.D85, 054510]
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|(∆Σs)disc| � 0.03
∆Σs = 0.005(24)

http://arxiv.org/ct?url=http%3A%2F%2Fdx.doi.org%2F10%252E1103%2FPhysRevD%252E86%252E114510&v=66ade82d
http://arxiv.org/ct?url=http%3A%2F%2Fdx.doi.org%2F10%252E1103%2FPhysRevD%252E86%252E114510&v=66ade82d
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(Sub)Summary: Nucleon Spin

★  Quark spin from connected contractions agrees with phenomenology

★  Total quark orbital angular momentum is consistent with zero 
      (using only connected data for Jq and Sq)
      although individual Lu and Ld are not zero

★  Older quenched calculations indicate Lu+d ~ 50%
      (mostly due to disconnected contractions)

★  Newer dynamic fermion calculations yield much smaller values 
      and imply Lu+d ~ 20-30%

★  Need update for gluon angular momentum with dynamical fermions
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Parton Distribution Functions on a Lattice

1. (TMD) PDFs = Quark-bilinear correlators separated by 
    a light-cone shift

2. Relax the LC condition: slightly spacelike 4-vector n

3. Boost the system:
    Spatial separation is suitable for lattice QCD

4. Recover LC physics in                                limitn · P → ∞
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TMDs from Lattice: Formalism
Transverse momentum-dependend (TMD) parton distributions
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Ph

Q

LC limit: Collins-Soper parameter 

Cb    is process-
dependentΦ̃[Γ](x,�b⊥;P, S, ...) =

�
db−

4π
eix(b

−P+) �P, S| q̄(0)ΓU(Cb) q(b) |P, S�
{soft factor}

Φ[Γ](x,�k⊥;P, S, ...) =

�
d2�b⊥
(2π)2

Φ̃[Γ](x,�b⊥;P, S, ...)

ζ̂ =
P · v
mN |v| → ∞

[M.Engelhardt, B.Mush, A.Shaefer, Ph.Hagler]
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TMDs from Lattice: T-odd momentum shift (1)

x-integrated TMDs (moments) with finite            as an UV-regulator�b2⊥ �= 0

Sivers Shift:
avg. quark y-momentum in 

a transversely polarized proton

�ky�Sivers(�b2T ) ≡ mN
f̃⊥[1](1)
1T (�b2T )

f̃ [1](0)
1 (�b2T )

�b2T→0−→
�
dx

�
d2�k⊥ · ky · Φ[γ+](x,�k⊥)�

dx
�
d2�k⊥ · 1 · Φ[γ+](x,�k⊥)

[M.Engelhardt, B.Mush, A.Shaefer, Ph.Hagler]
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FIG. 3: Extraction of the generalized Sivers shift on the lattice with mπ = 518MeV using a lattice nucleon momentum
|P lat| = 2π/(aL̂) ≈ 500MeV at the corresponding maximal Collins-Soper evolution parameter ζ̂ = 0.39. The continuous
horizontal lines are obtained from two independent averages of the data points with staple extents in the ranges η|v| = 7a..12a
and η|v| = −12a.. − 7a, respectively. The outer data points shown with empty symbols have been obtained from an anti-
symmetrized mean value of these averages, i.e., the expected T-odd behavior of the Sivers shift has been put in explicitly.
These outer data points are our estimates for the asymptotic values at η|v| → ±∞ and thus represent the generalized Sivers
shifts for SIDIS and DY. Error bars show statistical uncertainties only. Figures (a) and (b) have been obtained with rather
small quark field separations |bT| = 1a and 2a. Therefore, they might be affected by significant lattice cutoff effects.

plateau values. Apart from finite volume effects, in particular wrap-around effects due to the periodic boundary

conditions on the lattice, we see no reason to expect that once a plateau has been reached, the value of the shift

would significantly change as |η||v| → ∞. To obtain first estimates for staple-shaped Wilson lines that have an

infinite extent in v-direction, we therefore choose to average the shifts in the plateau regions |η||v| = 7a . . . 12a, as
illustrated by the straight lines. Clearly, as |bT| increases from 0.12 fm in Fig. 3a to 0.47 fm in Fig. 3d, the signal-

to-noise ratio decreases as we approach larger values of |η||v|. For smaller |η||v| the statistical uncertainties are

much smaller, and the corresponding values tend to dominate the averages when the errors are taken into account as

weights. At the same time, however, these statistically dominating data points are more likely to introduce systematic

uncertainties related to the (unknown) onset of the “true” plateau region and the corresponding starting value for

the averaging procedure. Therefore, in order to avoid a too strong bias from the data at smaller |η||v|, we do not use

the respective statistical errors as weights in the averaging. Our final estimates for the Sivers shift are obtained from

the mean value of the SIDIS and DY averages and by imposing antisymmetry in η|v|. The results are displayed as

open diamonds at η|v| = ±∞ in Fig. 3. The dependence of these results on |bT| is shown in Fig. 4. In summary,

for ζ̂ = 0.39 and |bT| = 0.12 . . . 0.47 fm, we find a sizeable negative Sivers shift for u − d quarks in the range of

�ky�Sivers,SIDIS
u−d = −0.3 . . .− 0.15GeV.

Next, we turn to the dependence of our results on the Collins-Soper evolution parameter ζ̂. In Fig. 5, we consider two

“extreme” cases, namely, a vanishing ζ̂ as well as the largest ζ̂ = 0.78 that we could access in this study. While we find
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FIG. 3: Extraction of the generalized Sivers shift on the lattice with mπ = 518MeV using a lattice nucleon momentum
|P lat| = 2π/(aL̂) ≈ 500MeV at the corresponding maximal Collins-Soper evolution parameter ζ̂ = 0.39. The continuous
horizontal lines are obtained from two independent averages of the data points with staple extents in the ranges η|v| = 7a..12a
and η|v| = −12a.. − 7a, respectively. The outer data points shown with empty symbols have been obtained from an anti-
symmetrized mean value of these averages, i.e., the expected T-odd behavior of the Sivers shift has been put in explicitly.
These outer data points are our estimates for the asymptotic values at η|v| → ±∞ and thus represent the generalized Sivers
shifts for SIDIS and DY. Error bars show statistical uncertainties only. Figures (a) and (b) have been obtained with rather
small quark field separations |bT| = 1a and 2a. Therefore, they might be affected by significant lattice cutoff effects.

plateau values. Apart from finite volume effects, in particular wrap-around effects due to the periodic boundary

conditions on the lattice, we see no reason to expect that once a plateau has been reached, the value of the shift

would significantly change as |η||v| → ∞. To obtain first estimates for staple-shaped Wilson lines that have an

infinite extent in v-direction, we therefore choose to average the shifts in the plateau regions |η||v| = 7a . . . 12a, as
illustrated by the straight lines. Clearly, as |bT| increases from 0.12 fm in Fig. 3a to 0.47 fm in Fig. 3d, the signal-

to-noise ratio decreases as we approach larger values of |η||v|. For smaller |η||v| the statistical uncertainties are

much smaller, and the corresponding values tend to dominate the averages when the errors are taken into account as

weights. At the same time, however, these statistically dominating data points are more likely to introduce systematic

uncertainties related to the (unknown) onset of the “true” plateau region and the corresponding starting value for

the averaging procedure. Therefore, in order to avoid a too strong bias from the data at smaller |η||v|, we do not use

the respective statistical errors as weights in the averaging. Our final estimates for the Sivers shift are obtained from

the mean value of the SIDIS and DY averages and by imposing antisymmetry in η|v|. The results are displayed as

open diamonds at η|v| = ±∞ in Fig. 3. The dependence of these results on |bT| is shown in Fig. 4. In summary,

for ζ̂ = 0.39 and |bT| = 0.12 . . . 0.47 fm, we find a sizeable negative Sivers shift for u − d quarks in the range of

�ky�Sivers,SIDIS
u−d = −0.3 . . .− 0.15GeV.

Next, we turn to the dependence of our results on the Collins-Soper evolution parameter ζ̂. In Fig. 5, we consider two

“extreme” cases, namely, a vanishing ζ̂ as well as the largest ζ̂ = 0.78 that we could access in this study. While we find
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FIG. 3: Extraction of the generalized Sivers shift on the lattice with mπ = 518MeV using a lattice nucleon momentum
|P lat| = 2π/(aL̂) ≈ 500MeV at the corresponding maximal Collins-Soper evolution parameter ζ̂ = 0.39. The continuous
horizontal lines are obtained from two independent averages of the data points with staple extents in the ranges η|v| = 7a..12a
and η|v| = −12a.. − 7a, respectively. The outer data points shown with empty symbols have been obtained from an anti-
symmetrized mean value of these averages, i.e., the expected T-odd behavior of the Sivers shift has been put in explicitly.
These outer data points are our estimates for the asymptotic values at η|v| → ±∞ and thus represent the generalized Sivers
shifts for SIDIS and DY. Error bars show statistical uncertainties only. Figures (a) and (b) have been obtained with rather
small quark field separations |bT| = 1a and 2a. Therefore, they might be affected by significant lattice cutoff effects.

plateau values. Apart from finite volume effects, in particular wrap-around effects due to the periodic boundary

conditions on the lattice, we see no reason to expect that once a plateau has been reached, the value of the shift

would significantly change as |η||v| → ∞. To obtain first estimates for staple-shaped Wilson lines that have an

infinite extent in v-direction, we therefore choose to average the shifts in the plateau regions |η||v| = 7a . . . 12a, as
illustrated by the straight lines. Clearly, as |bT| increases from 0.12 fm in Fig. 3a to 0.47 fm in Fig. 3d, the signal-

to-noise ratio decreases as we approach larger values of |η||v|. For smaller |η||v| the statistical uncertainties are

much smaller, and the corresponding values tend to dominate the averages when the errors are taken into account as

weights. At the same time, however, these statistically dominating data points are more likely to introduce systematic

uncertainties related to the (unknown) onset of the “true” plateau region and the corresponding starting value for

the averaging procedure. Therefore, in order to avoid a too strong bias from the data at smaller |η||v|, we do not use

the respective statistical errors as weights in the averaging. Our final estimates for the Sivers shift are obtained from

the mean value of the SIDIS and DY averages and by imposing antisymmetry in η|v|. The results are displayed as

open diamonds at η|v| = ±∞ in Fig. 3. The dependence of these results on |bT| is shown in Fig. 4. In summary,
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�ky�Sivers,SIDIS
u−d = −0.3 . . .− 0.15GeV.
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FIG. 3: Extraction of the generalized Sivers shift on the lattice with mπ = 518MeV using a lattice nucleon momentum
|P lat| = 2π/(aL̂) ≈ 500MeV at the corresponding maximal Collins-Soper evolution parameter ζ̂ = 0.39. The continuous
horizontal lines are obtained from two independent averages of the data points with staple extents in the ranges η|v| = 7a..12a
and η|v| = −12a.. − 7a, respectively. The outer data points shown with empty symbols have been obtained from an anti-
symmetrized mean value of these averages, i.e., the expected T-odd behavior of the Sivers shift has been put in explicitly.
These outer data points are our estimates for the asymptotic values at η|v| → ±∞ and thus represent the generalized Sivers
shifts for SIDIS and DY. Error bars show statistical uncertainties only. Figures (a) and (b) have been obtained with rather
small quark field separations |bT| = 1a and 2a. Therefore, they might be affected by significant lattice cutoff effects.

plateau values. Apart from finite volume effects, in particular wrap-around effects due to the periodic boundary

conditions on the lattice, we see no reason to expect that once a plateau has been reached, the value of the shift

would significantly change as |η||v| → ∞. To obtain first estimates for staple-shaped Wilson lines that have an

infinite extent in v-direction, we therefore choose to average the shifts in the plateau regions |η||v| = 7a . . . 12a, as
illustrated by the straight lines. Clearly, as |bT| increases from 0.12 fm in Fig. 3a to 0.47 fm in Fig. 3d, the signal-

to-noise ratio decreases as we approach larger values of |η||v|. For smaller |η||v| the statistical uncertainties are

much smaller, and the corresponding values tend to dominate the averages when the errors are taken into account as

weights. At the same time, however, these statistically dominating data points are more likely to introduce systematic

uncertainties related to the (unknown) onset of the “true” plateau region and the corresponding starting value for

the averaging procedure. Therefore, in order to avoid a too strong bias from the data at smaller |η||v|, we do not use

the respective statistical errors as weights in the averaging. Our final estimates for the Sivers shift are obtained from

the mean value of the SIDIS and DY averages and by imposing antisymmetry in η|v|. The results are displayed as

open diamonds at η|v| = ±∞ in Fig. 3. The dependence of these results on |bT| is shown in Fig. 4. In summary,
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“extreme” cases, namely, a vanishing ζ̂ as well as the largest ζ̂ = 0.78 that we could access in this study. While we find

15

(a)

SIDIS�� DY

Sivers�Shift, u�d � quarks

Ζ
�
� 0.39,�bT � � 0.12 fm,

mΠ � 518 MeV

�10 �5 0 5 10 ���
�0.6

�0.4

�0.2

0.0

0.2

0.4

0.6

Η�v� �lattice units�

m
N
f� 1T�
�1��1

� �f� 1�1��0
� �Ge

V
�

(b)

SIDIS�� DY

Sivers�Shift, u�d � quarks

Ζ
�
� 0.39,�bT � � 0.24 fm,

mΠ � 518 MeV

�10 �5 0 5 10 ���
�0.6

�0.4

�0.2

0.0

0.2

0.4

0.6

Η�v� �lattice units�

m
N
f� 1T�
�1��1

� �f� 1�1��0
� �Ge

V
�

(c)

SIDIS�� DY

Sivers�Shift, u�d � quarks

Ζ
�
� 0.39,�bT � � 0.36 fm,

mΠ � 518 MeV

�10 �5 0 5 10 ���
�0.6

�0.4

�0.2

0.0

0.2

0.4

0.6

Η�v� �lattice units�

m
N
f� 1T�
�1��1

� �f� 1�1��0
� �Ge

V
�

(d)

SIDIS�� DY

Sivers�Shift, u�d � quarks

Ζ
�
� 0.39,�bT � � 0.47 fm,

mΠ � 518 MeV

�10 �5 0 5 10 ���
�0.6

�0.4

�0.2

0.0

0.2

0.4

0.6

Η�v� �lattice units�

m
N
f� 1T�
�1��1

� �f� 1�1��0
� �Ge

V
�

FIG. 3: Extraction of the generalized Sivers shift on the lattice with mπ = 518MeV using a lattice nucleon momentum
|P lat| = 2π/(aL̂) ≈ 500MeV at the corresponding maximal Collins-Soper evolution parameter ζ̂ = 0.39. The continuous
horizontal lines are obtained from two independent averages of the data points with staple extents in the ranges η|v| = 7a..12a
and η|v| = −12a.. − 7a, respectively. The outer data points shown with empty symbols have been obtained from an anti-
symmetrized mean value of these averages, i.e., the expected T-odd behavior of the Sivers shift has been put in explicitly.
These outer data points are our estimates for the asymptotic values at η|v| → ±∞ and thus represent the generalized Sivers
shifts for SIDIS and DY. Error bars show statistical uncertainties only. Figures (a) and (b) have been obtained with rather
small quark field separations |bT| = 1a and 2a. Therefore, they might be affected by significant lattice cutoff effects.

plateau values. Apart from finite volume effects, in particular wrap-around effects due to the periodic boundary

conditions on the lattice, we see no reason to expect that once a plateau has been reached, the value of the shift

would significantly change as |η||v| → ∞. To obtain first estimates for staple-shaped Wilson lines that have an

infinite extent in v-direction, we therefore choose to average the shifts in the plateau regions |η||v| = 7a . . . 12a, as
illustrated by the straight lines. Clearly, as |bT| increases from 0.12 fm in Fig. 3a to 0.47 fm in Fig. 3d, the signal-

to-noise ratio decreases as we approach larger values of |η||v|. For smaller |η||v| the statistical uncertainties are

much smaller, and the corresponding values tend to dominate the averages when the errors are taken into account as

weights. At the same time, however, these statistically dominating data points are more likely to introduce systematic

uncertainties related to the (unknown) onset of the “true” plateau region and the corresponding starting value for

the averaging procedure. Therefore, in order to avoid a too strong bias from the data at smaller |η||v|, we do not use

the respective statistical errors as weights in the averaging. Our final estimates for the Sivers shift are obtained from

the mean value of the SIDIS and DY averages and by imposing antisymmetry in η|v|. The results are displayed as

open diamonds at η|v| = ±∞ in Fig. 3. The dependence of these results on |bT| is shown in Fig. 4. In summary,

for ζ̂ = 0.39 and |bT| = 0.12 . . . 0.47 fm, we find a sizeable negative Sivers shift for u − d quarks in the range of

�ky�Sivers,SIDIS
u−d = −0.3 . . .− 0.15GeV.

Next, we turn to the dependence of our results on the Collins-Soper evolution parameter ζ̂. In Fig. 5, we consider two

“extreme” cases, namely, a vanishing ζ̂ as well as the largest ζ̂ = 0.78 that we could access in this study. While we find
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FIG. 3: Extraction of the generalized Sivers shift on the lattice with mπ = 518MeV using a lattice nucleon momentum
|P lat| = 2π/(aL̂) ≈ 500MeV at the corresponding maximal Collins-Soper evolution parameter ζ̂ = 0.39. The continuous
horizontal lines are obtained from two independent averages of the data points with staple extents in the ranges η|v| = 7a..12a
and η|v| = −12a.. − 7a, respectively. The outer data points shown with empty symbols have been obtained from an anti-
symmetrized mean value of these averages, i.e., the expected T-odd behavior of the Sivers shift has been put in explicitly.
These outer data points are our estimates for the asymptotic values at η|v| → ±∞ and thus represent the generalized Sivers
shifts for SIDIS and DY. Error bars show statistical uncertainties only. Figures (a) and (b) have been obtained with rather
small quark field separations |bT| = 1a and 2a. Therefore, they might be affected by significant lattice cutoff effects.

plateau values. Apart from finite volume effects, in particular wrap-around effects due to the periodic boundary

conditions on the lattice, we see no reason to expect that once a plateau has been reached, the value of the shift

would significantly change as |η||v| → ∞. To obtain first estimates for staple-shaped Wilson lines that have an

infinite extent in v-direction, we therefore choose to average the shifts in the plateau regions |η||v| = 7a . . . 12a, as
illustrated by the straight lines. Clearly, as |bT| increases from 0.12 fm in Fig. 3a to 0.47 fm in Fig. 3d, the signal-

to-noise ratio decreases as we approach larger values of |η||v|. For smaller |η||v| the statistical uncertainties are

much smaller, and the corresponding values tend to dominate the averages when the errors are taken into account as

weights. At the same time, however, these statistically dominating data points are more likely to introduce systematic

uncertainties related to the (unknown) onset of the “true” plateau region and the corresponding starting value for

the averaging procedure. Therefore, in order to avoid a too strong bias from the data at smaller |η||v|, we do not use

the respective statistical errors as weights in the averaging. Our final estimates for the Sivers shift are obtained from

the mean value of the SIDIS and DY averages and by imposing antisymmetry in η|v|. The results are displayed as

open diamonds at η|v| = ±∞ in Fig. 3. The dependence of these results on |bT| is shown in Fig. 4. In summary,

for ζ̂ = 0.39 and |bT| = 0.12 . . . 0.47 fm, we find a sizeable negative Sivers shift for u − d quarks in the range of

�ky�Sivers,SIDIS
u−d = −0.3 . . .− 0.15GeV.

Next, we turn to the dependence of our results on the Collins-Soper evolution parameter ζ̂. In Fig. 5, we consider two

“extreme” cases, namely, a vanishing ζ̂ as well as the largest ζ̂ = 0.78 that we could access in this study. While we find
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FIG. 3: Extraction of the generalized Sivers shift on the lattice with mπ = 518MeV using a lattice nucleon momentum
|P lat| = 2π/(aL̂) ≈ 500MeV at the corresponding maximal Collins-Soper evolution parameter ζ̂ = 0.39. The continuous
horizontal lines are obtained from two independent averages of the data points with staple extents in the ranges η|v| = 7a..12a
and η|v| = −12a.. − 7a, respectively. The outer data points shown with empty symbols have been obtained from an anti-
symmetrized mean value of these averages, i.e., the expected T-odd behavior of the Sivers shift has been put in explicitly.
These outer data points are our estimates for the asymptotic values at η|v| → ±∞ and thus represent the generalized Sivers
shifts for SIDIS and DY. Error bars show statistical uncertainties only. Figures (a) and (b) have been obtained with rather
small quark field separations |bT| = 1a and 2a. Therefore, they might be affected by significant lattice cutoff effects.

plateau values. Apart from finite volume effects, in particular wrap-around effects due to the periodic boundary

conditions on the lattice, we see no reason to expect that once a plateau has been reached, the value of the shift

would significantly change as |η||v| → ∞. To obtain first estimates for staple-shaped Wilson lines that have an

infinite extent in v-direction, we therefore choose to average the shifts in the plateau regions |η||v| = 7a . . . 12a, as
illustrated by the straight lines. Clearly, as |bT| increases from 0.12 fm in Fig. 3a to 0.47 fm in Fig. 3d, the signal-

to-noise ratio decreases as we approach larger values of |η||v|. For smaller |η||v| the statistical uncertainties are

much smaller, and the corresponding values tend to dominate the averages when the errors are taken into account as

weights. At the same time, however, these statistically dominating data points are more likely to introduce systematic

uncertainties related to the (unknown) onset of the “true” plateau region and the corresponding starting value for

the averaging procedure. Therefore, in order to avoid a too strong bias from the data at smaller |η||v|, we do not use

the respective statistical errors as weights in the averaging. Our final estimates for the Sivers shift are obtained from

the mean value of the SIDIS and DY averages and by imposing antisymmetry in η|v|. The results are displayed as

open diamonds at η|v| = ±∞ in Fig. 3. The dependence of these results on |bT| is shown in Fig. 4. In summary,

for ζ̂ = 0.39 and |bT| = 0.12 . . . 0.47 fm, we find a sizeable negative Sivers shift for u − d quarks in the range of

�ky�Sivers,SIDIS
u−d = −0.3 . . .− 0.15GeV.

Next, we turn to the dependence of our results on the Collins-Soper evolution parameter ζ̂. In Fig. 5, we consider two

“extreme” cases, namely, a vanishing ζ̂ as well as the largest ζ̂ = 0.78 that we could access in this study. While we find
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FIG. 3: Extraction of the generalized Sivers shift on the lattice with mπ = 518MeV using a lattice nucleon momentum
|P lat| = 2π/(aL̂) ≈ 500MeV at the corresponding maximal Collins-Soper evolution parameter ζ̂ = 0.39. The continuous
horizontal lines are obtained from two independent averages of the data points with staple extents in the ranges η|v| = 7a..12a
and η|v| = −12a.. − 7a, respectively. The outer data points shown with empty symbols have been obtained from an anti-
symmetrized mean value of these averages, i.e., the expected T-odd behavior of the Sivers shift has been put in explicitly.
These outer data points are our estimates for the asymptotic values at η|v| → ±∞ and thus represent the generalized Sivers
shifts for SIDIS and DY. Error bars show statistical uncertainties only. Figures (a) and (b) have been obtained with rather
small quark field separations |bT| = 1a and 2a. Therefore, they might be affected by significant lattice cutoff effects.

plateau values. Apart from finite volume effects, in particular wrap-around effects due to the periodic boundary

conditions on the lattice, we see no reason to expect that once a plateau has been reached, the value of the shift

would significantly change as |η||v| → ∞. To obtain first estimates for staple-shaped Wilson lines that have an

infinite extent in v-direction, we therefore choose to average the shifts in the plateau regions |η||v| = 7a . . . 12a, as
illustrated by the straight lines. Clearly, as |bT| increases from 0.12 fm in Fig. 3a to 0.47 fm in Fig. 3d, the signal-

to-noise ratio decreases as we approach larger values of |η||v|. For smaller |η||v| the statistical uncertainties are

much smaller, and the corresponding values tend to dominate the averages when the errors are taken into account as

weights. At the same time, however, these statistically dominating data points are more likely to introduce systematic

uncertainties related to the (unknown) onset of the “true” plateau region and the corresponding starting value for

the averaging procedure. Therefore, in order to avoid a too strong bias from the data at smaller |η||v|, we do not use

the respective statistical errors as weights in the averaging. Our final estimates for the Sivers shift are obtained from

the mean value of the SIDIS and DY averages and by imposing antisymmetry in η|v|. The results are displayed as

open diamonds at η|v| = ±∞ in Fig. 3. The dependence of these results on |bT| is shown in Fig. 4. In summary,

for ζ̂ = 0.39 and |bT| = 0.12 . . . 0.47 fm, we find a sizeable negative Sivers shift for u − d quarks in the range of
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u−d = −0.3 . . .− 0.15GeV.

Next, we turn to the dependence of our results on the Collins-Soper evolution parameter ζ̂. In Fig. 5, we consider two

“extreme” cases, namely, a vanishing ζ̂ as well as the largest ζ̂ = 0.78 that we could access in this study. While we find
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FIG. 3: Extraction of the generalized Sivers shift on the lattice with mπ = 518MeV using a lattice nucleon momentum
|P lat| = 2π/(aL̂) ≈ 500MeV at the corresponding maximal Collins-Soper evolution parameter ζ̂ = 0.39. The continuous
horizontal lines are obtained from two independent averages of the data points with staple extents in the ranges η|v| = 7a..12a
and η|v| = −12a.. − 7a, respectively. The outer data points shown with empty symbols have been obtained from an anti-
symmetrized mean value of these averages, i.e., the expected T-odd behavior of the Sivers shift has been put in explicitly.
These outer data points are our estimates for the asymptotic values at η|v| → ±∞ and thus represent the generalized Sivers
shifts for SIDIS and DY. Error bars show statistical uncertainties only. Figures (a) and (b) have been obtained with rather
small quark field separations |bT| = 1a and 2a. Therefore, they might be affected by significant lattice cutoff effects.

plateau values. Apart from finite volume effects, in particular wrap-around effects due to the periodic boundary

conditions on the lattice, we see no reason to expect that once a plateau has been reached, the value of the shift

would significantly change as |η||v| → ∞. To obtain first estimates for staple-shaped Wilson lines that have an

infinite extent in v-direction, we therefore choose to average the shifts in the plateau regions |η||v| = 7a . . . 12a, as
illustrated by the straight lines. Clearly, as |bT| increases from 0.12 fm in Fig. 3a to 0.47 fm in Fig. 3d, the signal-

to-noise ratio decreases as we approach larger values of |η||v|. For smaller |η||v| the statistical uncertainties are

much smaller, and the corresponding values tend to dominate the averages when the errors are taken into account as

weights. At the same time, however, these statistically dominating data points are more likely to introduce systematic

uncertainties related to the (unknown) onset of the “true” plateau region and the corresponding starting value for

the averaging procedure. Therefore, in order to avoid a too strong bias from the data at smaller |η||v|, we do not use

the respective statistical errors as weights in the averaging. Our final estimates for the Sivers shift are obtained from

the mean value of the SIDIS and DY averages and by imposing antisymmetry in η|v|. The results are displayed as

open diamonds at η|v| = ±∞ in Fig. 3. The dependence of these results on |bT| is shown in Fig. 4. In summary,

for ζ̂ = 0.39 and |bT| = 0.12 . . . 0.47 fm, we find a sizeable negative Sivers shift for u − d quarks in the range of

�ky�Sivers,SIDIS
u−d = −0.3 . . .− 0.15GeV.

Next, we turn to the dependence of our results on the Collins-Soper evolution parameter ζ̂. In Fig. 5, we consider two

“extreme” cases, namely, a vanishing ζ̂ as well as the largest ζ̂ = 0.78 that we could access in this study. While we find

|�bT |

�
dx −→ b · P = 0To compute an x-moment, specify kinematics:

To compute a ky-moment, select Lorentz structure [B.Mush, Phys.Rev.D85, 094510]

avg. quark y-momentum in 
a transversely polarized proton



Review of Hadron Structure Lattice 2013,  Mainz,  July 29-August 3, 2013        

Parton distribution functions on a lattice

Sergey N. Syritsyn

TMDs from Lattice: T-odd momentum shift (1)
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TMDs from Lattice: T-odd momentum shift (2)
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Dependence of SIDIS limit on ζ̂

mπ
˜A4B/ ˜A2B

(GeV)

up-quarks
|bT | = 0.34 fm
mπ = 518 MeV

P ∼ (1, 0, 0)
P ∼ (1, 1, 0)
P ∼ (1, 1, 1)
Contribution ˜A4 only

ζ̂

mΠ�369MeV 283
mΠ�369MeV 203
mΠ�518MeV 203

Boer�Mulders Shift �SIDIS�, u�d � quarks
�bT � � 0.36 fm

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
�0.3

�0.2

�0.1

0.0

0.1

Ζ
�

m
N
h� 1��1��

1� �f�
1�1��0

� �GeV
�

ζ̂ → ∞Light-cone limit: 

x-integrated TMDs (moments) with finite            as an UV-regulator�b2⊥ �= 0

Boer-Mulders Shift: avg. y-momentum of transv. polarized 
quarks in an unpolarized proton



Review of Hadron Structure Lattice 2013,  Mainz,  July 29-August 3, 2013        

Parton distribution functions on a lattice

Sergey N. Syritsyn

PDFs From Lattice: Spatial Quark Correlations

Definition of a parton distribution function:

Instead, boost the hadron and make gauge link spatial

q(x, µ) =

�
dx

4π
eix(z−P+) �P |q̄(z−) γ+ exp

�
− ig

� z−

0
dtA+(t)

�
q(0)|P �

q̃(x, µ, Pz) =

�
dx

4π
eix(zPz) �P |q̄(z) γ+ exp

�
− ig

� z

0
dtAz(t)

�
q(0)|P �+O

�Λ2
QCD

P 2
z

,
M2

P 2
z

�

Equivalent to “static” virtual photon qµ = (0, �Q) and boosted hadron 

[X.-D. Ji, arXiv:1305.1539]

Pz =
Q

2x
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PDFs From Lattice: Preliminary Results
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[H.W.Lin, S.Cohen, J.-W.Chen, X.Ji]
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PDFs From Lattice: Preliminary Results
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PDFs From Lattice: Preliminary Results
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Summary

    Encouraging Hadron Structure results at the physical pion mass
                  axial charge, radius, vector form factors
        ... although clearing up systematic effects is still to be done

    Excited states require close attention
                  variational methods look most promising

    Background field methods
              potential demonstrated for glue momentum fraction

    New approach to computing parton distribution functions on a lattice
                  the first results look promising
                  theory side needs more work


