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OUTLINE 

   QUANTUM SIMULATION 

   COLD ATOMS IN OPTICAL LATTICES 

   HAMILTONIAN LGT  

    

    Q.  SIMULATION:  LGT  

– REQUIREMENTS  

– EXACT AND EFFECTIVE LOCAL GAUGE INVARIANCE 

– LINKS AND PLAQUETTES – Examples: cQED, Z(N), SU(2) 

   CURRENT EXPERIMENTS  AND LGT SIMULATIONS  

         OUTLOOK. 





QUANTUM SIMULATION 
ANALOG 



QUANTUM SIMULATION 
ANALOG 



COLD ATOMS 



COLD ATOMS 



COLD ATOMS 



COLD ATOMS  
OPTICAL LATTICES 



COLD ATOMS  
OPTICAL LATTICES 

In the presence  𝑬 𝑟, 𝑡  the atoms has a time dependent dipole moment  
𝑑 𝑡 = 𝛼 𝜔  𝑬 𝑟, 𝑡   of some non resonant excited states.  
Stark effect: 
 

V r ≡ ΔE r = 𝛼 𝜔 〈 𝑬 𝑟, 𝑡  𝑬 𝑟, 𝑡 〉/𝛿 
 

𝛿 
Atom  



COLD ATOMS  
OPTICAL LATTICES 

      (a)     2d array of effective 1d traps 
      (b)              3d square lattice 

M. Lewenstein et. al, Advances in Physics, 2010. 



COLD ATOMS  
OPTICAL LATTICES 



COLD ATOMS  
OPTICAL LATTICES 



COLD ATOMS 
QUANTUM SIMULATIONS 



COLD ATOMS  
QUANTUM SIMULATIONS 



LATTICE GAUGE THEORIES 
HAMILTONIAN FORMULATION 



LATTICE GAUGE THEORIES 
HAMILTONIAN FORMULATION 



Generators: 
 
 
 
 

Gauge transformation: 

Gauge group elements: 

Ur is an element of the gauge group (in the representation r), 
on each link  
 
Left and right generators: 
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Gauge transformation: 

Matter: 
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Matter dynamics: 

Gauge field dynamics (Kogut-Susskind Hamiltonian): 

 
 
 
 

Strong coupling limit: g >> 1 
Weak coupling limit: g << 1 
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HAMILTONIAN FORMULATION 



Compact QED (U(1)): 
 
 
 
 
 

 
 
 
HcQED =  

LATTICE GAUGE THEORIES 
EXAMPLE – cQED 

+ 
Electric energy 

Magnetic energy 

Gauge-Matter interaction 

+ 

Mass term 
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LATTICE GAUGE THEORIES 
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Detailed account 



QUANTUM SIMULATION 
GAUGE THEORIES 

• Continuum fields 

                   Thirring, Gross-Neveu,    I. Cirac, P. Maraner and J. K. Pachos, PRL, 105, 19403 (2010) 

                       Continuum QED, E. Kapit and E. Mueller, Phys. Rev. A 83, 033625 (2011) 
                                           

        Abelian local gauge symmetry 

                          2+1, (3+1),  U(1) Kogut-Susskind 
                   Pure gauge – E. Zohar and B. Reznik,  PRL 107, 275301 (2011) 

                   Pure gauge – truncated – E. Zohar, J. I. Cirac and B. R.,  PRL 109, 125302 (2012) 

                   Truncated with dynamic matter – E. Zohar, J. I. Cirac and B. R. PRL 110, 055302 (2013) 

                   Full cQED   – E. Zohar, J. I. Cirac and B. Reznik, arxiv 1303.5040,  Phys. Rev. A 

                   2+1 U(1) gauge magnets 
                              L. Tagliacozzo, A. Celi, A. Zamora and M. Lewenstein, Ann. Phys. 330, 160 (2013) (digital s.) 

        1+1   U(1) link models  

                             Cold Atoms – D. Banerjee, M. Dalmonte, M. Mueller, E. Rico, P. Stebler, U.-J. Wiese and                      
                       P.  Zoller, PRL 109, 175302 (2012)  (and 2+1 in the strong coupling) 

                 Superconducting qubits – D. Marcos, P. Rabl, E. Rico, P. Zoller, arxiv 1306.1674 

                 Ions – P. Hauke, D. Marcos, M. Dalmote and P. Zoller, arxiv 1306.2162 

 

Gauge symmetry connected with angular momentum conservation.  
  



QUANTUM SIMULATION 
GAUGE THEORIES 

      Discrete groups:   2+1, 3+1  Z(N) 

                            L. Tagliacozzo, A. Celi, A. Zamora and M. Lewenstein,  

                                                  Ann. Phys. 330, 160 (2013) , (Z(2) digital s.) 

                                      E. Zohar, J. I. Cirac and B. Reznik, arxiv 1303.5040,  Phys. Rev. A 

 

                   Non-abelian 

                          Kogut-Susskind SU(2) Yang Mills , 1+1,  (2+1) D  

                                 E. Zohar, J. I. Cirac and B. Reznik, Phys. Rev. Lett. 110,   25304 (2013) 

                            E. Zohar, J. I. Cirac and B. Reznik, arxiv 1303.5040,  Phys. Rev. A 

                   Non-abelian link models, 1+1 D 

                                 D. Banerjee, M.Bögli, M. Dalmonte, E. Rico, P. Stebler,  

                                                                           U.-J. Wiese, P.  Zoller, Phys. Rev. Lett. 110 125303 (2013) 

                      SU(2) gauge magnets, 2+1, digital simulation 

                                 L. Tagliacozzo, A. Celi, P. Orland, M. Lewenstein, arxiv 1211.2704  

 

                Quantum computation   

                            Scattering probabilities for scalar fields:    S. P. Jordan, K. S. M. Lee and J. Preskill,          
                                                                                                                           Science 336, 1130 (2012) 
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Requirements:  HEP models 

Fields 

 Fermion Matter fields 

 Bosonic  gauge fields 

  

Local gauge invariance 
 Exact, or low energy, effective  

 

Relativistic invariance 
 Causal structure, in the continuum limit 

             

 

 



QUANTUM SIMULATION 
COLD ATOMS 

 Fermion matter fields 

 Bosonic gauge fields 

 

 

 Superlattices: 

  

 

 

Atom internal levels 
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• Generators of gauge transformations: 
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QUANTUM SIMULATION 
LOCAL GAUGE INVARIANCE 

• Generators of gauge transformations: 

… 

…
 

Gauge invariance – 
• Low energy, effective 
• Exact symmetry 



QUANTUM SIMULATION 
 LOCAL GAUGE INVARIANCE 

 

 

 
• Links   atomic scattering : gauge invariance  is a fundamental symmetry 

 

 

 

 
• Plaquettes  gauge invariant links  virtual loops of ancillary fermions. 
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REALIZATION OF LINKS 
EXAMPLE : cQED 

F-B Scattering 



𝜓𝑑  

Φ𝑎, Φ𝑏  

 

F 

Fermion 

𝜓𝑐  



F 

Fermion 

𝜓𝑑  

Φ𝑎, Φ𝑏  

 

𝜓𝑐  

LZ      LZ - 1 



F 

Fermion 

𝜓𝑑  

Φ𝑎, Φ𝑏  

 

𝜓𝑐  



F 

Fermion 

𝜓𝑑  

Φ𝑎, Φ𝑏  

 

𝜓𝑐  

LZ      LZ + 1 



Fermionic atoms Bosonic atoms 

ANGULAR MOMENTUM CONSERVATION 
ATOMIC SCATTERING 

t 
(or –t) 

𝜓 

Φ 

Hyperfine angular momentum conservation 
in atomic scattering.  



Angular Momentum conservation  Local gauge invariance 

𝜓𝑐
†Φ𝑎

†Φ𝑏𝜓𝑑 + 𝜓𝑑
†Φ𝑏

†Φ𝑎𝜓𝑐 

mF (c) 

mF (d) 

mF (a) 

mF (b) 

𝜓𝑑  

Φ𝑎, Φ𝑏  
 

𝜓𝑐  



Angular Momentum conservation  Local gauge invariance 

mF (c) 

mF (d) 

mF (a) 

mF (b) 

𝜓𝑑  

Φ𝑎, Φ𝑏  
 

𝜓𝑐  

𝜓𝑐
†Φ𝑎

†Φ𝑏𝜓𝑑 + 𝜓𝑑
†Φ𝑏

†Φ𝑎𝜓𝑐 



Angular Momentum conservation  Local gauge invariance 

mF (c) 

mF (d) 

mF (a) 

mF (b) 

𝜓𝑑  

Φ𝑎, Φ𝑏  
 

𝜓𝑐  

𝜓𝑐
†Φ𝑎

†Φ𝑏𝜓𝑑 + 𝜓𝑑
†Φ𝑏

†Φ𝑎𝜓𝑐 



Gauge bosons: Schwinger algebra 

𝐿+ = Φ𝑎
†Φ𝑏  ; 𝐿− = Φ𝑏

†Φ𝑎  

𝐿𝑧 =
1

2
𝑁𝑎 − 𝑁𝑏  ;𝑙 =

1

2
𝑁𝑎 + 𝑁𝑏  

 

Φ𝑎 , Φ𝑏  
 



Gauge bosons: Schwinger algebra 

and thus what we have is 

𝜓𝑐
†𝐿+𝜓𝑑~𝜓𝑐

†𝑒𝑖𝜃𝜓𝑑 

𝜓𝑐
†Φ𝑎

†Φ𝑏𝜓𝑑 + 𝜓𝑑
†Φ𝑏

†Φ𝑎𝜓𝑐 

𝐿+ = Φ𝑎
†Φ𝑏  ; 𝐿− = Φ𝑏

†Φ𝑎  

𝐿𝑧 =
1

2
𝑁𝑎 − 𝑁𝑏  ;𝑙 =

1

2
𝑁𝑎 + 𝑁𝑏  

 

 where for large 𝑙  , 𝑚 ≪ 𝑙  

𝐿+~𝑒𝑖 𝜙1−𝜙2 ≡ 𝑒𝑖𝜃  

Φ𝑎 , Φ𝑏  
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QUANTUM SIMULATION 
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1d elementary link interactions – already gauge invariant  
building blocks of effective plaquettes 

 
Auxiliary fermions := 
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1d elementary link interactions – already gauge invariant  
building blocks of effective plaquettes 

 
Auxiliary fermions 

– virtual processes 

- plaquettes. 

OKAY for:    discrete,  abelian  
     & non-abelian  groups 
 



QUANTUM SIMULATION 
Example: U(1) PLAQUETTES 

𝜆  is the “energy penalty” of the auxiliary fermion 
𝜖 is the “link tunneling energy”. 



QUANTUM SIMULATION 
Example: Z(N) PLAQUETTES 

• Abelian discrete gauge theory: the gauge field 
degrees of freedom operate in a finite Hilbert space 

 

𝑃 ∼ 𝑒𝑖𝐸  

𝑄 ∼ 𝑒𝑖𝐴 



QUANTUM SIMULATION 
PLAQUETTES – effective 

Gauss’s law is added as a constraint. Leaving the gauge invariant sector of 
Hilbert space costs too much Energy. 

 

 

Low energy sector with a effective gauge invariant  Hamiltonian. 
 

E. Zohar, B. R.,   Phys. Rev. Lett. 107, 275301 (2011)  
 

Δ ≫ 𝛿𝐸 

…
 

..
 

𝛿𝐸 

Gauge invariant sector 

Not Gauge invariant 



NON ABELIAN MODELS 
YANG MILLS 



QUANTUM SIMULATIONS OF NONABELIAN MODELS 
GENERAL STRUCTURE 

Ur is an element of the gauge group (in the 
representation r) 



SCHWINGER REPRESENTATION:   SU(2)  
PRE-POTENTIAL  APPROACH 

On each link – a1,2 bosons on the left, b1,2 bosons on the right 

In the fundamental representation -  



SCHWINGER REPRESENTATION:   SU(2)  
REALIZATION 

On each link – a1,2 bosons on the left, b1,2 bosons on the right 

Ancillary Fermion state 



QUANTUM SIMULATION 
EXAMPLE: SU(2) IN 1+1 

Fermions L & R “gauge” bosons 

Superlattices 



QUANTUM SIMULATIONS OF NONABELIAN MODELS 
GENERAL STRUCTURE 

Each link has left and right degrees of freedom – forming 
together SU(N) elements. The “relative rotation” corresponds 
to the non-abelian charge on the link. 



QUANTUM SIMULATION OF NON ABELIAN THEORIES 
CHALLANGES 

• The link’s J quantum number (SU2) representation) is a dynamical 
quantity. 

 

 

 

 

 

 

• How to obtain links enabling large values of J? 

• How to obtain plaquettes when one truncates J?  

 

So far only methods for strong limit simulations are known – including the 
1+1 non-abelian generalization of the Schwinger model. 

Kogut and Susskind, PRD 1975 
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QUANTUM SIMULATIONS 
MEASUREMENTS 

• Preparation of initial states 
– Various regimes and charge distributions 
(single addressing) 

 

• Tunable parameters 
– (Feshbach resonances, tunneling rates, 

Raman lasers) 
 

• Dynamical real time evolution 
– Confinement of dynamic charges 
– Flux tubes/loops breaking 
– Pair production, vacuum instability 
– ...  

 

• Non-perturbative physics 
• Probing phase transitions 
• Finite chemical potential, Finite temperature,… 

Color superconductivity, Quark-Gluon plasma?? 



EXAMPLE 
WILSON LOOP MEASUREMENTS 

Detecting Wilson Loop’s area law by 
          interference of “Mesons”. 

This is equivalent to Ramsey Spectroscopy in quantum optics!  

E. Zohar , BR, New J. Phys. 15 (2013) 043041 
 

Stationary “quark” 

Two-path interfering “quark” 



Theory 1+1 with matter d+1 Pure d+1 with 
matter 

U(1) - 
cQED 

K.S. 
(or truncated) 

K.S. 
(or truncated) 

K.S. 
(or truncated) 

Z(N) 
 

 

SU(2) –
Yang Mills 

Low energy states 

 
Strong limit 

 
Strong limit 

 

 
 

K.S.  := Kogut Susskind  Hamiltonian  LGT formalism 

QUANTUM SIMUTIONS 
OUR PROPOSALS 

 



CONFINEMENT  
TOY MODELS 

• 1+1D:  Schwinger’s model.   
 

• cQED:   2+1D: no phase transition  
     Instantons give rise to confinement  at 𝑔 < 1  (Polyakov). 
     (For T > 0: there is a phase transition also in 2+1D.) 

 
• cQED:  3+1D:  phase transition between a strong coupling  

confining phase, and a weak coupling  coulomb phase.  
 

• Z(N):   for N ≥ 𝑁𝑐:    Three phases:   electric confinement,      
  magnetic confinement, and non confinement. 

 



OUTLOOK 

Decoherence,  superlattices, scattering parameters control… 

cQED 
Non-

Abelian 

cQED ZN 

Non-
Abelian 

? 

“Proof of principle” 1+1 toy models  
Numerical comparison with DMRG 

Plaquettes in  2+1 and 3+1 
Abelian , cQED and Z(N)   

  

Non Abelian in Higher Dimensions  



SUMMARY 

 

Lattice gauge theories can be mapped to 
an analog cold atom simulator. 

 

 

 

Atomic conservation laws give rise 
to exact gauge symmetry. 

 

 

Near future experiments may be able 
to realize first steps in this direction,  
and offer a new types of LGT simulations. 

 

 

Weitenberg et. al., Nature, 2011 
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ZN Gauge theory 

• Abelian discrete gauge theory: the gauge field 
degrees of freedom operate in a finite Hilbert 
space 

• Three phases in 3+1 dimensions 

Non-Conf. 

Electric Conf. Magnetic 
Conf. 

l 

N 

1 

Nc 

Adapted from Horn et. al., PRD 19, 3715, 1979 

𝑃 ∼ 𝑒𝑖𝐸  

𝑄 ∼ 𝑒𝑖𝐴 



Simulating ZN Gauge theory 

• Finite Hilbert spaces on links: one can realize unitary 
operators in the elementary link interactions, 
obtained using hybridized levels 

• In a pure gauge theory, plaquettes are obtained 
similarly, using the “loop method” 


