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Outline

• Status of HISQ fluctuations data

• Freeze-out conditions from QCD thermodynamics

• Comparison with experimental data

• electric charge fluctuations (STAR, PHENIX)

• proton fluctuations (STAR)

• Summary
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Fluctuations from Lattice QCD
• expansion of the pressure in 

• B,Q,S conserved charges (baryon number, electric charge, strangeness)
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Fluctuations from Lattice QCD
• expansion of the pressure in 

• B,Q,S conserved charges (baryon number, electric charge, strangeness)

• generalized susceptibilities

• related to cumulants of net charge fluctuations, e.g.
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Status of lattice data
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• highly-improved staggered quarks HISQ, close to physical mass (                       )

• up to 12000 configurations for each beta

• measured with 500 up to 1500 (around     ) random sources

ml/ms = 1/20

Tc
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Comparison with HRG results

• low temperature described by hadron resonance gas

HotQCD, PRD86 (2012) 034509 
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Comparison with HRG results

• low temperature described by hadron resonance gas

• taste violations visible in charge sector

• use action with reduced taste splitting

HotQCD, PRD86 (2012) 034509 
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conclusion is that at a given ! they are, to a good
approximation, independent of the quark mass. Therefore,
for the HISQ/tree action we calculate them on 163 ! 32
lattices with ml=ms ¼ 0:2 (see Table V), and on four 324

ensembles with ml ¼ 0:05ms for sea quarks and ml=ms ¼
0:2 for valence quarks. (The lattice parameters for these
ensembles at ! ¼ 6:664, 6.8, 6.95, and 7.15 are given in
Table VI.) The corresponding results, plotted in Fig. 4,
show the expected "2

sa
2 scaling, similar to that observed

previously with the HISQ action in the quenched approxi-
mation [25] and in full QCD calculations with four flavors
[45,46]. In this analysis, following Ref. [56], we use
"Vðq ¼ 3:33=aÞ from the potential as an estimate of "s.
Linear fits in "2

sa
2 to the four points at the smallest lattice

spacings shown in Fig. 4 (left) extrapolate to zero within
errors in the continuum limit. The data also show the
expected approximate degeneracies between the multiplets
that are related by the interchange #i to #0 in the definition
of !F as predicted by staggered chiral perturbation theory
[63].
The splittings for the stout action, taken from Ref. [23],

for !F ¼ #i#5 and #i#j are also shown in Fig. 4 with open
symbols. We find that they are larger than those with the
HISQ/tree action for comparable lattice spacings.
To further quantify the magnitude of taste symmetry

violations, we define, in MeV, the root mean square
(RMS) pion mass as

MRMS
$ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

16
ðM2

#5
þM2

#0#5
þ 3M2

#i#5
þ 3M2

#i#j
þ 3M2

#i#0
þ 3M2

#i
þM2

#0
þM2

1Þ
s

; (5)

and plot the data in Fig. 4 (right) with MG tuned to
140 MeV. The data for the asqtad and stout actions were
taken from Refs. [24,56], respectively. As expected, the
RMS pion mass is the largest for the asqtad action and
smallest for the HISQ/tree action. However, for lattice
spacing a& 0:104 fm, which corresponds to the transition
region for N% ¼ 12, the RMS pion mass becomes compa-
rable for the asqtad and stout actions. The deviations from
the physical mass, M$ ¼ 140 MeV, become significant
above a ¼ 0:08 fm even for the HISQ/tree action. For
the lattice spacings &0:156 fm (a& 0:206 fm), corre-
sponding to the transition region on N% ¼ 8 (N% ¼ 6)
lattices, the RMS mass is a factor of 2 (3) larger.

Next, we analyze the HISQ/tree data for pion and kaon
decay constants, given in Appendix C, for ml=ms ¼ 0:05.
We also analyze the fictitious &s"s meson following
Ref. [60]. In Fig. 5, we show our results in units of r0

and r1 determined in Sec. II C as a function of the lattice
spacing together with a continuum extrapolation assuming
linear dependence on a2. We vary the range of the lattice
spacings used in the fit and take the spread in the extrapo-
lated values as an estimate of the systematic errors. These
extrapolated values agree with the experimental results
within our estimated errors (statistical and systematic er-
rors are added in quadrature) as also shown in Fig. 5. This
consistency justifies having used the continuum extrapo-
lated value of f$r1 from Ref. [59] to convert r1 to physical
units as discussed in Sec. II C. The deviation from the
continuum value in the region of the lattice spacings cor-
responding to our finite temperature calculations is less
than 8% for all the decay constants. We use these data to set
the fK scale and analyze thermodynamic quantities in
terms of it and to make a direct comparison with the stout
action data [22–24].
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FIG. 4 (color online). The splittingM2
$ 'M2

G of pseudoscalar meson multiplets calculated with the HISQ/tree and stout actions as a
function of "2

Va
2 (left). The right panel shows the RMS pion mass with MG ¼ 140 MeV as a function of the lattice spacing for the

asqtad, stout, and HISQ/tree actions. The band for the asqtad and stout actions shows the variation due to removing the fourth point at
the largest a in the fit. These fits become unreliable for a * 0:16 fm and are, therefore, truncated at a ¼ 0:16 fm. The vertical arrows
indicate the lattice spacing corresponding to T ( 160 MeV for N% ¼ 6, 8, and 12.

CHIRAL AND DECONFINEMENT ASPECTS OF THE QCD . . . PHYSICAL REVIEW D 85, 054503 (2012)
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HotQCD, PRD 85 (2012) 054503
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Freeze-out curve from heavy-ion collision
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Freeze-out curve from heavy-ion collision
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Freeze-out curve from heavy-ion collision
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Freeze-out curve from heavy-ion collision
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Fig. 10. The χ2 distribution and hadron yield ratios with best fit at
√

sNN=130 GeV. Here, the
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MeV, µb = 38 ± 11 MeV, χ2/Ndf=4.1/11.

Although the fit is good for all cases (and even if the minimal χ2 is obtained for case i), we
consider the intermediate case iii) as the most likely situation, as it could be an implicit
result of the reconstruction in the experiment. The outcome of the fit is shown in Fig. 10.
The very good fit is also apparent in the comparison of the hadron ratios: essentially all
the experimental ratios are well reproduced by the model, including those involving φ and
K∗ resonances.

At
√

sNN=200 GeV only a limited set of yields of identified hadrons is available to date.
The yields of π±, K±, p, and p̄ are published by PHENIX [76], STAR [77], and BRAHMS
[78] and the values agree within the quoted systematic errors. In addition, available are
the yields of φ [79,80], K(892)∗ [81], d and d̄ [82]. We use the hadron ratios with the
corresponding errors whenever provided by the experiments [76,79,80,81] or otherwise
calculate the ratios using the published yields quoted above. Further ratios are available
as preliminary data on strange hyperon ratios [83], ∆++/p [84], p̄/π−, Λ̄/π−, Ξ/π−, Ω/π−,
and Λ∗/Λ[85]. Unless specified, our fits do not include the ratios involving resonances
(∆++/p, K(892)∗, and Λ∗).

We consider the following cases for the fits:
i) a combined fit of all available data, with the exception of strongly decaying resonances:
T = 155 ± 2 MeV, µb = 26 ± 5 MeV, χ2/Ndf = 34.1/23 (with δ2 minimization: T=164
MeV, µb=24 MeV, δ2=0.40). If we include in the fit the three ratios involving resonances
(K∗/K−, Λ∗/Λ, and ∆++/p), the results are the same within the errors, T = 155 ± 2
MeV, µb = 25 ± 5 MeV, but with a worse χ2/Ndf = 41.8/26 (T=162 MeV, µb=22 MeV,
δ2=0.82).
ii) as i), but excluding from the fit the ratios p̄/π− and φ/K− from PHENIX. The result-
ing parameters are: T = 160.5± 2 MeV, µb = 20± 4 MeV, with χ2/Ndf=16.0/21 (T=166
MeV, µb=26 MeV, δ2=0.19). Including the resonances the outcome of the fit is identical,
T = 160 ± 2 MeV, µb = 20 ± 4 MeV, with a reasonable χ2/Ndf = 25.2/24 (T=164 MeV,

Hadron abundances
from HRG model 
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Freeze-out curve from heavy-ion collision
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Constraining isospin and strangeness

• strangeness neutrality: hNSi = 0

• isospin asymmetry: hNQi = r hNBi

Assume: homogenous model in thermal equilibrium

Exploit: initial conditions

⇣
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Constraining isospin and strangeness

• strangeness neutrality: hNSi = 0

• isospin asymmetry: hNQi = r hNBi

Assume: homogenous model in thermal equilibrium

Exploit: initial conditions

⇣
T f , µf

B, µf
Q, µf

S

⌘

for Au-Au or Pb-Pb:
r = 0.4
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Constraining isospin and strangeness

• strangeness neutrality: hNSi = 0

• isospin asymmetry: hNQi = r hNBi

Assume: homogenous model in thermal equilibrium

Exploit: initial conditions

expand in powers of 
solve for 
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Constraining isospin and strangeness

• strangeness neutrality: hNSi = 0

• isospin asymmetry: hNQi = r hNBi

Assume: homogenous model in thermal equilibrium

Exploit: initial conditions
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Constraining isospin and strangeness
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Constraining isospin and strangeness
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Isospin and strangeness constrained
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• consistent with STAR data

µS/µB ⇡ 0.24
F. Zhao, CPOD 2013
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Isospin and strangeness constrained
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deviations from HRG < 5 - 15 %

• consistent with STAR data
µS/µB ⇡ 0.24

F. Zhao, CPOD 2013
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Pinning down the freeze-out parameters

• need two experimental quantities to determine

• ratios eliminate (unknown) volume factor

• only proton (not baryon!) number fluctuations are experimentally available

• use electric charge fluctuations
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Determination of freeze-out temperature

• small cutoff effects

• small NLO corrections (<10%) for μ/T < 1.3
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Determination of freeze-out temperature

• small cutoff effects

• small NLO corrections (<10%) for μ/T < 1.3
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Determination of freeze-out temperature

• small cutoff effects

• small NLO corrections (<10%) for μ/T < 1.3
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Determination of freeze-out temperature

• small cutoff effects

• small NLO corrections (<10%) for μ/T < 1.3
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Extraction of energy dependence of T not possible from preliminary data !
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Determination of freeze-out chemical potential

• small cutoff effects at NLO

• small NLO corrections (<10%) for μ/T < 1.3
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Determination of freeze-out chemical potential

• small cutoff effects at NLO

• small NLO corrections (<10%) for μ/T < 1.3
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Determination of freeze-out chemical potential
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Determination of freeze-out chemical potential
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Determination of freeze-out chemical potential
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Preliminary data from PHENIX and STAR are not in agreement !
With preliminary data LQCD and HRG do not agree !

S. Mukherjee, MW, CPOD 2013, arXiv:1307.6255

http://arxiv.org/abs/1307.6255
http://arxiv.org/abs/1307.6255


Lattice 2013 | Mathias Wagner | BNL-Bielefeld collaboration | 29.07.2013

Thermodynamic consistency

• cross-check: compare with measurements of proton fluctuations

0.08

0.10

0.12

0.14

0.16

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

µB/T

R12
Q /R12

B

HRG

T = 150 MeV

T = 160 MeV

T = 170 MeV



Lattice 2013 | Mathias Wagner | BNL-Bielefeld collaboration | 29.07.2013

Thermodynamic consistency

• cross-check: compare with measurements of proton fluctuations

0.08

0.10

0.12

0.14

0.16

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

µB/T

R12
Q /R12

B

HRG

T = 150 MeV

T = 160 MeV

T = 170 MeV

S. Mukherjee, MW, CPOD 2013, arXiv:1307.6255

http://arxiv.org/abs/1307.6255
http://arxiv.org/abs/1307.6255


Lattice 2013 | Mathias Wagner | BNL-Bielefeld collaboration | 29.07.2013

Thermodynamic consistency

• cross-check: compare with measurements of proton fluctuations
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Thermodynamic consistency

• cross-check: compare with measurements of proton fluctuations
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inconsistent! But proton number fluctuations ≠ baryon number fluctuations
(see Asakawa-Kitazawa; Bzdak-Koch-Skokov)
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Summary
• Introduction of model-independent determination of freeze-out parameters

• based on fluctuations of conserved charges up to 4th order

• Fix isospin and strangeness chemical potential to initial conditions
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Summary: Freeze-out parameters 

LQCD: Tc(µB)

STAR + HRG: PRC 79, 034909 (2009)

STAR charge flucn. (prelim.) + LQCD

PHENIX charge flucn. (prelim.) + LQCD

STAR proton flucn. (prelim.) + LQCD baryon flucn.

140
145
150
155
160
165
170

  0   5  10  15  20  25  30

Tf [MeV]

√ sNN = 200 GeV

 40  50  60  70  80  90 100 110 120 130

 140
 145
 150
 155
 160
 165
 170

√ sNN = 62.5 GeV

µB
f  [MeV]



Lattice 2013 | Mathias Wagner | BNL-Bielefeld collaboration | 29.07.2013

Summary: Freeze-out parameters 

• all observed freeze-out temperatures fall in the crossover region of QCD
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Summary: Freeze-out parameters 

• all observed freeze-out temperatures fall in the crossover region of QCD

• preliminary data from STAR (charge, proton) and PHENIX (charge) are not in agreement

• need to check grand canonical approach (finite size effects, acceptance cuts)

• addressed in the experimental analysis
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Charge Fluctuations as Thermometer 
for Heavy-Ion Collisions

Bielefeld-BNL collaboration:
A. Bazavov, H.-T. Ding, P. Hegde, O. Kaczmarek, F. 
Karsch, E. Laermann, S. Mukherjee, P. Petreczky, C. 
Schmidt, D. Smith, W. Soeldner, M. Wagner
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Charge chemical potential
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Strangeness

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35 s1(T)

Nt=8
Nt=10
Nt=12
Nt=16

WB continuum limit
BNL-Bielefeld [1208.1220]

HRG

-0.05

 0

 0.05

 0.1

 140  160  180  200  220  240
T [MeV]

s3(T)/s1(T)

LO
No=6
No=8
No=12

 0.15

 0.20

 0.25

 0.30

 0.35
s1

HRG

free

NLO

-0.04

 0.00

 0.04

 0.08

 0.12

140 150 160 170 180 190 200 210 220 230 240

T [MeV]

s3/s1

HRG

free

BNL-BI, PRL 109 (2012) 192302 WB,  arXiv:1305.5161 



Lattice 2013 | Mathias Wagner | BNL-Bielefeld collaboration | 29.07.2013

Freeze-out temperature
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Freeze-out baryon chemical potential

WB,  arXiv:1305.5161 4

√
s[GeV ] µf

B [MeV]

62.4 44(3)(1)(2)

39 75(5)(1)(2)

27 95(6)(1)(5)

()δT()lat()exp

TABLE I. Freeze-out baryon chemical potentials vs. the cor-
responding collision energy of the three STAR measurements
from Ref. [6]. The errors come from the uncertainty of the
freeze-out temperature, the lattice statistics and the experi-
mental error, respectively. Notice that from Fig. 3 we were
only able to obtain an upper limit on Tf . The values of µB

and the error-bars in this table assume that Tf is between 145
and 160 MeV, this uncertainty dominates the overall errors.
(Doubling the experimental as well as lattice errors would
increase full error only by a factor of 1.5.)

Note that these chemical potentials differ from the re-
sults of the statistical hadronization model [20, 21]. Also
the typical freeze-out temperatures from the statistical
fits lie above the upper bound found in this work.
In Fig. 5 we show our results for RB

31 as a function
of the temperature, while in Fig. 6 we show RB

12 for
different temperatures, as a function of µB. Their Taylor
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FIG. 5. RB
31: the colored symbols correspond to lattice QCD

simulations at finite-Nt. The black points correspond to the
continuum extrapolation.
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12: the colored symbols show the continuum extrap-

olated data at various temperatures. This quantity might also
be used for µB measurement in the future.
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FIG. 7. RB
42 as a function of the temperature. The black sym-

bols correspond to the continuum extrapolation, the colored
ones to the finite-Nt simulations.

Therefore, similarly to the electric charge fluctuations,
RB

31 allows to extract Tf and from RB
12 we can then ob-

tain µB. This will allow to independently extract the
freeze-out temperature and chemical potential by com-
paring them to the corresponding experimental values,
once they become available. Notice that the ordering of
the temperatures in Fig. 4 and Fig. 6 is opposite. RB

12

might in future be used to set an upper bound for µB.
This cross-check is of fundamental importance: an in-
consistency between the two sets of freeze-out parame-
ters obtained from the electric charge and baryon num-
ber fluctuations might signal that it is not possible to
treat the experimental system in terms of lattice QCD
simulations in thermal equilibrium.
In Fig. 7 we show the ratio RB

42 =
χB
4 (T, µB)/χB

2 (T, µB) as a function of the temper-

T ⇡ 145� 160MeV
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