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•  The	 motivation	 of	 this	 study	 is	 to	 search	 the	 gauge	 system	 which	 
breaks	 EW	 symmetry,	 so-called	 technicolor.

•  We	 focus	 here	 on	 a	 series	 of	 	 	 	 	 	 	 	 	 	 	 	 	 gauge	 theories.

•  	 	 	 	 	 	 	 	 	 	 	 gauge	 theory	 is	 one	 of	 	 	 	 	 	 	 	 	 	 	 gauge	 theories,	 not	 	 	 	 	 	 	 	 	 	 	 .	 
•  Fundamental	 representation	 is	 pseudo-real.
•  Chiral	 symmetry	 is	 enhanced	 to	 	 	 	 	 	 	 	 	 	 	 	 	 	 .
•  Plausible	 breaking	 pattern	 is	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 .
•  The	 chiral	 dynamics	 of	 two-color	 QCD	 is	 different	 from	 those	 of	 
three-color	 QCD.

•  From	 the	 point	 of	 view	 of	 the	 application	 to	 the	 dynamical	 
realization	 of	 the	 EW	 breaking,	 the	 effective	 Higgs	 sector	 of	 	 	 	 	 	 	 	 	 
is	 different	 from	 those	 of	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 .

•  This	 fact	 also	 motivates	 us	 to	 perform	 lattice	 simulation	 to	 grasp	 
the	 properties	 of	 its	 quantum-mechanical	 dynamics	 such	 as	 
spectra	 of	 bound	 states.
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✰ What	 	 	 	 	 	 	 	 	 for	 	 	 	 	 	 	 	 	 	 	 ?
•  To	 break	 EW	 symmetry,	 it	 needs	 the	 chiral	 symmetry	 breaking.	 
•  	 	 	 	 	 	 	 is	 the	 largest	 	 	 	 	 	 where	 the	 system	 breaks	 the	 chiral	 symmetry.
Ø  Perturbative	 approaches	 suggest	 
Ø  Some	 study	 by	 other	 groups



Ø  We	 report	 our	 preliminary	 results	 about	 chiral	 dynamics	 of	 gauge	 
system	 with	 two-color	 and	 six-flavors	 by	 showing	 the	 quark	 mass	 
dependence	 of	 some	 quantities.
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coupling phase intrinsic to the lattice action with Wilson fermions. For that purpose, it is

invevitable to study more or less the phase structure of 6 Wilson fermions.
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FIG. 11: 〈W (!)〉 (left pannel) and PCAC mass amPCAC (right pannel) as a function of 1/κ. The

results of 83 × 24 and 83 × 32 are plotted on the same footing for mPCAC at β = 1.5. Lines are

added just to guide eyes.
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FIG. 12: 〈W (!)〉 (empty circle dot) and PCAC mass amPCAC (filled square dot) versus 1/κ on

l = 8 (dashed blue line) and l = 12 (straight black line).

Contrary to the work [22], which surveys the phase structure of many flavor Wilson

lattice gauge theories to explore the dynamical aspects, the aim here is very restrictive; we

circumvent the parameters corresponding to the strong coupling phase which is separated

21

✰ What	 	 	 	 should	 we	 choose?
Ø  We	 studied	 phase	 structure	 of	 6	 Wilson	 fermions	 by	 surveying	 	 	 	 -
dependence	 of	 averaged	 plaquettes	 	 	 	 	 	 	 	 and	 PCAC	 mass	 	 	 	 	 	 	 	 	 
for	 some	 	 	 ;	 1.5	 to	 1.9

Ø  We	 chose	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 where	 the	 system	 seems	 not	 to	 occur	 the	 
bulk	 phase	 transition.
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　This	 is	 PCAC	 mass	 for	 	 	 	 	 	 	 	 	 	 	 	 as	 a	 function	 of


•  There	 is	 no	 visible	 volume	 dependence.
•  It	 depends	 linearly(and	 monotonically)	 on	 	 	 	 	 	 .

Ø  We	 can	 convert	 the	 dependence	 of	 various	 observable	 on	 	 	 	 	 to	 that	 
on	 PCAC	 mass,	 which	 is	 often	 referred	 to	 as	 the	 quark	 mass.
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FIG. 13: amPCAC versus the inverse of the hopping parameter in six-flavor theory.

subtracted chiral condensate and fP .

Another noteworthy feature found in Fig. 14 is the approximate degeneracy of the vector

meson with the pseudoscalar meson in mass. This fact prevents us to try to fit the data

using chiral perturbation theory. Such a degeneracy at first sight reminds us the heavy

quark limit in which they form a multiplet.

If the quark mass is heavy enough, the meson mass should vary almost linearly. However,

Fig. 14 shows that this possibility is unlikely. To examine this point more closely, the ratio

X1/2 ≡
aMP

(amPCAC)1/2
, (17)

is shown in Fig. 15. In what follows, the dependence of a on the quark mass is assumed to

be small enough that it does not to affect to the observation. From Fig. 15, aMP seems to

vary with the power 0.5 in the region amPCAC ! 0.35. The ratio X1/2 in that figure starts

to increase at some quark mass depending on the size of lattice, and then diverges towrard

mPCAC → 0, since MP eventually stops to decrease at finite volume. We consider that such

parameters do not offer any knowledges on the dynamics of the theory. Rather, the most

important point to notice is the following point; if we look at the data toward smaller quark

28
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　We	 first	 survey	 the	 quark	 mass	 dependence	 of	 the	 mass	 of	 the	 
lightest	 pseudoscalar	 meson,	 	 	 	 	 	 .

✰  The	 mass	 is	 bounded	 from	 below	 and	 cannot	 approach	 to	 0	 for	 	 
as	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 because	 of	 the	 finite	 size	 effect	 (	 FSE	 )
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	 	 	 	 	 	 	 	 	 	 	 The	 quark	 mass	 dependence	 of



u  It	 starts	 to	 increase	 at	 some	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 
quark	 	 	 depending	 on	 	 	 	 	 	 	 ,	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 
and	 diverges	 in	 the	 chiral	 limit	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 
due	 to	 FSE	 on	 	 	 	 	 	 .	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 
We	 ignore	 these	 data.
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	 	 	 	 	 	 	 	 	 	 	 The	 quark	 mass	 dependence	 of



u  It	 starts	 to	 increase	 at	 some	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 
quark	 	 	 depending	 on	 	 	 	 	 	 	 ,	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 
and	 diverges	 in	 the	 chiral	 limit	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 
due	 to	 FSE	 on	 	 	 	 	 	 .	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 
We	 ignore	 these	 data.



u  It	 implies	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 in	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 
the	 region	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 .	 

u  	 	 	 	 	 	 	 	 /	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 in	 the	 region	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 .	 

•  If	 the	 system	 breaks	 the	 chiral	 symmetry
　	 	 	 ⇒	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 for	 smaller	 	 	 	 	 	 ,	 predicted	 by	 ChPT.

Ø  It	 implies	 the	 system	 does	 not	 break	 the	 chiral	 symmetry.
	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 ⇒	 conformal	 dynamics	 in	 the	 IR	 limit!�
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The	 quark	 mass	 dependence	 of	 　　	 (	 left	 panel	 ),	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 
(	 right	 panel	 )	 in	 two-flavor	 theory

•  All	 data	 seem	 not	 to	 suffer	 FSE.
•  The	 value	 of	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 is	 approximately	 constant.
⇒	 This	 result	 is	 compatible	 with	 the	 expectation	 from	 ChPT.
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•  Next,	 we	 focus	 on	 the	 decay	 constant	 	 	 	 	 of	 the	 lightest	 pseudo-
scalar	 meson.

•  We	 define	 	 	 	 	 by	 considering	 PCAC	 relation	 :

　	 　　	 	 	 is	 amplitude	 of	 space	 summed	 PP	 correlator	 :

•  According	 to	 this	 definition,	 	 	 	 	 	 must	 vanish	 in	 the	 massless	 quark	 
limit	 even	 if	 the	 system	 breaks	 the	 chiral	 symmetry	 because	 of	 the	 
finite	 size	 effect	 on	 	 	 	 	 	 	 .
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•  If	 the	 system	 breaks	 the	 chiral	 symmetry,	 FSE	 on	 	 	 	 	 behaves	 like	 
below,	 expected	 by	 ChPT.


•  This	 FSE	 is	 demonstrated	 for	 the	 case	 of	 
	  	  Gilberto Colangelo, Nucl. Phys. B (Proc. Suppl.) 140 (2005) 120	

	 	 S. Aoki and H. Fukaya, Phys. Rev. D84 (2011) 014501 	

•  We	 presume	 this	 FSE	 is	 true	 even	 for	 	 	 	 	 	 	 	 	 	 	 .
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•  For	 the	 conformal	 dynamics	 with	 IR	 fixed	 point,	 there	 are	 two	 
possibilities	 about	 FSE	 on	 	 	 	 .	 One	 decreases	 	 	 	 	 and	 another	 
increases	 	 	 	 .

•  If	 we	 observed	 FSE	 as	 right	 panel,	 we	 can	 judge	 the	 system	 is	 
conformal	 dynamics	 in	 IR	 limit.
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The	 quark	 mass	 dependence	 of	 a	 fit

u  In	 this	 definition,	 FSE	 on	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 
decreases	 	 	 	 .



u  But,	 the	 data	 of	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 
around	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 are　　　　　　　　　　　　　　	 	 	 	 	 	 	 	 	 	 
seen	 to	 be	 increased	 by	 the	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 
other	 FSE.



•  This	 FSE	 is	 seen	 to	 be	 FSE	 on	 	 	 	 	 itself.
•  This	 FSE	 is	 opposite	 to	 the	 expectation	 in	 	 /	 case.

Ø  It	 also	 implies	 the	 system	 does	 not	 break	 the	 chiral	 symmetry.
	 	 	 	 	 	 	 	 	 	 ⇒	 conformal	 dynamics	 in	 IR	 limit.
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•  Lastly,	 we	 focus	 on	 the	 order	 parameter	 of	 chiral	 symmetry	 
breaking	 “chiral	 condensate”.

•  Since	 we	 use	 Wilson	 fermion,	 VEV	 of	 	 	 	 	 	 	 suffers	 hard	 UV	 
divergence	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 .

⇒	 We	 employ	 “subtracted	 chiral	 condensate”	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 as	 	 
calculated	 by	 time-space	 summed	 Word-Takahashi	 identity:
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•  We	 survey	 the	 behavior	 of	 	 	 	 	 	 	 	 	 	 	 	 	 	 in	 two-flavor	 theory



•  The	 data	 in	 the	 figure	 do	 not	 suffer	 the	 visible	 FSE.	 
•  By	 extrapolating	 from	 these	 data,	 we	 confirm	 the	 chiral	 limit	 of	 	 	 	 	 	 	 	 
a	 	 	 	 	 	 	 	 	 	 	 	 	 	 is	 nonzero	 and	 well	 below	 	 	 	 	 	 	 	 while	 chiral	 limit	 of	 
ordinal	 condensate	 of	 Wilson	 fermion	 	 	 	 	 	 	 	 	 	 	 	 is	 	 	 	 	 	 	 	 in	 lattice	 unit.

Ø  We	 judge	 	 	 	 	 	 	 	 	 	 	 	 	 	 can	 be	 regarded	 to	 as	 the	 counterpart	 of	 the	 
chiral	 condensate.
LATTICE	 2013	 in	 Mainz	 	 	 	 	 	 	 	 	 	 	 	 	 July	 29,	 2013	 	 	 	 	 	 	 	 	 	 	 	 Masaaki	 Tomii,	 Nagoya	 University 14

large flucuation at t greater than 8 ∼ 10 2. Thus, the masses of these channels are obtained

by fit at lesser t and the limited range if required.
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FIG. 5: fP (left) and Chiral condensate (right) in two-flavor theory at β = 2.0 and two different

volumes, 163 (blue cross dots) and 243 (black circle dots). In the left figure, no detectable finite

size effect is observed, and the linear fit (dotted line) to the data of quark masses amPCAC < 0.1

and the quadratic fit to all data are performed. In the right figure, the line is written just to guide

eyes to the plots of L/a = 16.

Figure 5 shows the quark mass dependence of decay constant fP and subtracted chiral

condensate. At present, no expicit analysis for the finite size effect on fP is available ac-

cording to the chiral perturbation theory for the breaking pattern SU(2NF ) → Sp(2NF )

anticipated in the SU(2)C gauge theory. In the left figure of Fig. 5 the finite size effect is

small but seems to tend to decrease fP . This is compatible with the schematic behavior in

Fig. 2 predicted from the chiral perturbation theory for SU(NF )L × SU(NF )R → SU(NF )V

in the SU(3)C gauge theory with chiral symmetry breaking.

As mentioned in Subsec. IID, we will use the subtracted chiral condensate
〈
ψψ

〉
subt

in

Eq. (11) as one of the quantities to examine the occurence of spontaneous chiral symmetry

breaking in the foregoing analysis. Here, we pose to discuss the utility of
〈
ψψ

〉
subt

.

The subtracted chiral condensate
〈
ψψ

〉
subt

is dominated by the term linear in mPCAC and

its chiral limit seems to be well below O(1) in the lattice unit. The result for
〈
ψψ

〉
subt

at

2 Such large fuctuation does not appear for small quark both at weak coupling in NF = 2 theory and at β

in NF = 6 theory.
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•  We	 extrapolate	 the	 chiral	 limit	 of	 	 	 	 	 	 	 	 	 	 	 	 	 	 by	 performing	 various	 fit.

•  The	 eq.	 implies	 FSE	 vanishes	 	 	 	 	 	 	 	 	 	 	 	 	 linearly	 in	 the	 chiral	 limit.
Ø  We	 should	 not	 extrapolate	 from	 the	 data	 which	 suffer	 FSE.

•  	 	 	 	 	 	 of
	 	 	 	 	 	 	 	 

　do	 not	 suffer	 FSE.


•  	 	 	 	 	 	 of	 	 	 	 	 	 	 	 	 	 	 	 	 	 ,	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 
a	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 suffers	 FSE	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 
sufficiently.	 But	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 
does	 not.


Ø  We	 decided	 to	 extrapolate	 	 the	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 
chiral	 limit	 of	 	 	 	 	 	 	 	 	 	 	 	 	 	 from	 data	 including	 the	 smallest	 quark	 mass.
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The	 result	 of	 the	 chiral	 extrapolation	 by	 linear	 fit	 and	 quadratic	 fit
²  data	 set	 to	 be	 fit

u  Linear	 fit	 

Linear	 fit	 will	 overestimate	 	 	 	 	 because	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 
the	 quark	 mass	 dependence	 of	 	 	 	 	 	 	 	 	 	 	 	 	 seems	 to	 be	 convex	 upward.


u  Quadratic	 fit	 

•  	 	 	 	 is	 consistent	 with	 0	 within	 available	 precision.
Ø  It	 implies	 the	 system	 is	 a	 conformal	 dynamics	 with	 IR	 limit.
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TABLE XVI: Result for the fit to the subtracted chiral condensate by the quadratic fit, where b0

is the value in chiral limit. S1′ is obtained by discarding the data with amPACA ≤ 0.03 in S1.

data set b0 b1 b2

S1 −0.00003 (12) 2.4030 (35) −0.927 (21)

S2 0.00017 (20) 2.3897 (97) −0.76 (10)

S3 0.00142 (76) 2.382 (13) −0.849 (53)

S1′ −0.00021 (24) 2.4068 (59) −0.947 (31)

will tend to overestimate the value in the massless limit. If it turns out to vanish within

the available precision, the result will support absence of chiral symmetry breaking. This

motivates us to do the linear fit first, but Tab. XV shows that the answer is not affirmative.
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FIG. 21: The results of fit to the data set S1 (left) by the linear function (dotted line) and

quadratic function (red curve), and that of the fit using the quadratic function to the data set S1′

(right) obtained from S1 by discarding the data with amPCAC ≤ 0.03. (Only the fit curves with

the central values for the coefficients are drawn.) The comparison of the two figures indicates that

the chiral extrapolation in the quadratic fit does not come from the data with very quark masses,

which are slightly separated from the line determined by the linear fit.

Table XVI shows the result of the fit with the quadratic function (14). The quadratic

function consists of the leading and the next-to-leading (NLO) analytic corrections, but with

no non-analytic term such as chiral logarithm, since the vector meson mass is close to MP .

We regard it as being one of the trial functions to examine the consistency of the presence of

37

(S1)	  data	  with	  	  
(S2)	  data	  with	

amPCAC  0.2

amPCAC  0.1

f1(x) = a0 + a1x

f1(x) = b0 + b1x + b2x
2

data set b0 b1 b2
S1 �0.00003 (12) 2.4030 (35) �0.927 (21)
S2 0.00017 (20) 2.3897 (97) �0.76 (10)

a0

h  isubt

b0

data set a0 a1
S1 0.00406 (78) 2.2499 (86)
S2 0.00137 (27) 2.3191 (58)
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•  We	 performed	 lattice	 simulation	 for	 the	 system	 with	 two-color,	 six	 
fundamental	 fermions.

u  The	 fact	 	 	 	 	 	 	 	 /	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 for	 small	 	 	 	 	 	 	 	 	 	 	 	 is	 not	 compatible	 with	 
the	 expectation	 by	 	 /-theory.

u  The	 fact	 finite	 size	 effect	 on	 	 	 	 	 seems	 to	 increase	 	 	 	 	 is	 not	 
consistent	 with	 the	 expectation	 by	 	 /-theory.

u  Chiral	 limit	 of	 	 	 	 	 	 	 	 	 	 	 	 	 	 seems	 to	 be	 consistent	 with	 0	 within	 
available	 precision

✰  From	 these	 results,	 we	 conclude	 this	 system	 is	 a	 conformal	 
dynamics	 with	 IR	 limit.
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