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Introduction

Introduction

@ Toy model: two-dimensional QED on a | x 3 torus (I: circumference of spatial
circle; B: inverse temperature) with f flavors of massless Dirac fermions

@ Flavor-dependent chemical potentials i, ..., ts

@ Same gauge coupling for all f fermion flavors

@ Size [ used to set all scales; dimensionless parameters:

e:Zephys, ‘U':l.uphys/zn; T:l/ﬁ

@ Physics at zero temperature governed by toron variables —% <hp,< % in Hodge
decomposition of the U(1) gauge field on the torus:
mh, 21k

I + 31y (x1,%3) — By (X7, X,) — sz 5

21h,
Ay(xy,x5) = T + 8y ) (X1, %2) + 019 (X1, %)

Aq(xy,x) =

X : generates gauge transformations,

¢ periodic function on torus with no zero momentum mode,

k: integer-valued topological charge

(fermion determinant of a massless Dirac fermion is zero unless k = 0)

Robert Lohmayer Many-flavor Schwinger model at finite chemical potential Lattice 2013 4



Introduction

Factorization into bosonic (¢) partiton function and toronic (h) partition function
Z(py, s by, 7€) = Zy(T,€)Z (U, -5 Py, T)

f N2 .

Ny Ny

Z; :J,l dhy 5 ﬂ Z exp|:—7'r'r |:(n} +h, —l?]) + (ml +h, —1?]) i| +2mih, (n —mj)}
] nj.m;

After suitable variable changes, integration over toron fields h, , leads to

representation of Z, in the form of a (2f — 2)-dimensional theta function

Z, Z exp [—f(k Q 'k -2k z)] i exp |:—m: (n—i—iz)tﬂ(n—kiz)}

k=—o00 n=-o0o

t_(f 7 7 7 p o P

= By - By B~ o iy 0) L= -
2 1 1 1 0 0 0 1
1 2 1 1 0 0 0 1
1 1 2 1.0 0 -0 0 1
11 1 2 0 0 -0 0 1

0=

0 0 0 0 2 1 1 1
0 0 0o 0 1 2 1 1
0 0 0 0 1 1 2 1
11 11 1 1 1 2—%
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Introduction

@ Particle number densities N; = 4in aiu- InZ, and N, =N, — N;

@ No dependence on u; + ...+ Uy, therefore N; +... + Ny = O forall 7 as
expected (integration over toron fields projects on state with net zero charge).

@ Infinite-T limit: (2f — 2)-dimensional infinite sum dominated by n = 0, resulting in
lim N, = ii;

T—00

@ Z, at T = 0 determined by vectors k € Z% =2 minimizing k'Q "'k — 2k’z
(number densities N; at T = 0 as certain linear combinations of k;)

@ Phases with different N are separated by first-order phase transitions

@ Degenerate minima (with different corresponding Nl-’s): coexistence of multiple
phases at zero temperature

@ Quasi-periodicty (with my, ..., ms_,, %mf,l € Z) forall 7:
f 'S
Pl = P+ = Zmy_ + D m, 1<k<f-1,
i=1

i i f i
N, ,7T)=N, T)+me——me_+ ) m;
(U5 T) er1 (s T) kT 5 My ;
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e Zero-temperature phase structure for f = 2
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Theta-function representation reduces to

Y ke em)’
D

k=— - oo
2= - 2 Oy =Wy — Uy, N;=N;—N,
> e~ (k-ii2)
k=—00
N2
05
Fo

Reproducing results of arXiv:1210.3072 (R. Narayanan)
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Fluctuations around 1\72 = 2/5 at large 7 result in uniform I\_I2 =0at7t=0:

N(r=0)

0§

Fluctuations around N, = 1/2 at large T result in two coexisting phases at T = 0:

00l

Ny(r=co) N(r=0)

o
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e Zero-temperature phase structure for f =3
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f=3

Evolution with decreasing T

7=0.012
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N(r=0) N(r=0) N=0)

eat-1

o Left: Fluctuations around N = (N,, N;) = (%, i) at large T result in coexistence
of three phases with N = (0,0) (red), N = (%, 1) (blue), N = (1, %) (green) at

T =0.
@ Center: N ( ) at high 7 results in two coexisting phases (N = (1 1) and
N=(1,1) atT=0.

e Right: N = (3, ;) athigh 7 results in a single phase at t = 0.
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e Zero-temperature phase structure for f =4
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@ Convenient coordinates:
iy Uq
iy _1 1 1 ® 1 1 %)
iy |~ 2\1 -1 1 -1) s |
iy g

@ Phase structure is periodic under shifts

iy o 0 1 0
fg | = (s [+L |0 [+L|0[+]1 Los€Z
fiq fs 1 0

@ AtT =0, [iy34 space is divided into two types of three-dimensional cells
(characterized by identical N, 5 , inside each cell)

@ Different types of vertices: four and six phases can coexist
@ At all edges: three phases can coexist
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Cell types for f =4
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f=4

Coexisting phases at T =0 for f =4

N(r=0) N(r=0) N(r=0)

o Left: four phases coexist at T = 0 for fiy 34 = (8 3 g)

8’
@ Center: three phases coexist at T = 0 for fi,3 4 = (176 176 176
@ Right: six phases coexistat T =0 for iy, = (5,3, 3)
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e Zero-temperature phase structure for large f
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Large f

Phase structure for large f

e For f =3, f =4: [i; coordinates of all vertices are multiples of )%
@ Two special vertices for all f:
o f coexisting phases at i; =1 — % foral2<i<f
° (g) coexisting phases at ii; = 1 forall 2<i < f
@ Forf =5,upto (z) coexisting phases
@ Forf =6,upto (2) coexisting phases (for example at fi, ¢ = (1, %,0, 0,0))
@ Forf =8,upto (i) coexisting phases (for example at i, ¢ =1(1,1,1,1,1,1,0))
@ Conjecture: maximal number of coexisting phases is given by ([fj;zJ)’ increasing
exponentially for large f
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Chiral model

Chiral 1111-2 model

@ Four left-handed Weyl fermions with charge 1 and chemical potentials u; 55 4
@ One right-handed Weyl fermion with charge 2 and chemical potential 5
o Anomalies cancel, general condition: 3. q7 . = >, ¢z ;
@ Transformation for left-handed fermions:
iy Ha
i _1(1 1)®1 1) 125
ps ] 2\1 -1 1 -1 I
g Mg

@ Integration over toron-fields results in completely factorized partition function
Z, o e (A= s ( (r ) u,})
F[ 2.

@ No dependence on i, + s = (g + Uy + Us + gy +205)/2,
trivial dependence on fi; — [is

@ Zero-temperature phase structure in fi, 5 , space: cubic cells (up to 8 coexisting
phases at T = 0)

@ Work in progress: generalizations, e.g., to model with one right-handed fermion
with charge q and g* left-handed fermions with charge 1
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Summary

Summary

@ Multiflavor QED with flavor-dependent chemical potential on a two-dimensional
torus exhibits rich phase structure at zero temperature
@ Infinite number of phases, separated by first-order phase transitions

@ Toron variables completely dominante dependence on chemical potential;
resulting partition function has representation in form of multidimensional theta
function

@ We explicitly determined the phase structure for f = 3 (two or three coexisting
phases) and f = 4 (two, three, four or six coexisting phases)

@ Based on additional exploratory investigation of f = 5, 6, 8: conjecture that up to

(Lff/zj) phases can coexist in a theory with f flavors
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