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Introduction

Nf = 2 twisted mass term:

Advantages

Dirac operator bounded from below:

Twisted mass renormalizes multiplicatively only

Simplified renormalization in some cases

Automatic O(a) improvement at maximal twist

Drawbacks

Tuning to maximal twist needed

Parity and isospin breaking  ➞  leads to pion mass splitting
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Introduction

Splitting is of O(a2) and vanishes in the continuum limit

In practice rather large:

 Nf = 2+1+1

a ≈ 0.09 fm (A)
a ≈ 0.08 fm (B)
a ≈ 0.06 fm (D)

Herdoiza et al (ETMC)  2013
arXiv:1303.3516



Introduction

Modified quark mass dependence because of chiral logs involving the neutral 
pion mass

Enhanced FV corrections: 1-loop ChPT predicts FV corrections 
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Consequences of a large pion mass splitting:

fπ,NLO = f

(

1 −

1

32π2f2

(

M2
± ln

M2
±

Λ2
4

+ M2
0 ln

M2
0

Λ2
4

)

+ Cfa2

)

:  LECs of the NLO LagrangianΛ3,Λ4, CM± , Cf

OB 2010

∝ exp(−MπL)

Impact on the chiral extrapolation for  ➥ M0 � M±

Colangelo et al 2010,  OB 2010

Rule of thumb:  Corrections small for  MπL ≥ 4



Introduction

Significant FV corrections expected due to small Mπ0➥

Herdoiza et al (ETMC)  2013
arXiv:1303.3516



Introduction

Natural question: Impact of the pion mass splitting on other observables?

Rest of this talk:  Kaon mass 



ChPT for Nf  =2+1+1 flavors

Nf  = 2+1+1 tm QCD involves four flavors with mass term

Standard procedure to set up ChPT involves four flavors and treats
D and Ds mesons as pseudo Goldstone bosons

M =

�
Ml 0
0 Mh

�
4 x 4 matrix

light sector, up and down quark mass

heavy sector, strange and charm quark mass

MD = MK

MD � MK

Abdel-Rehim et al 2006

Münster and Sudmann 2011

➥ only valid for mc ≈ ms , i.e.

➥ not applicable to phenomenologically relevant case with MD � MK

Frezzotti and Rossi 2004

Ml = m+ iγ5σ3µl

Mh = m+ iγ5σ1µh + σ3δ



How to construct charmless ChPT ?

Σ(3) = exp
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drop the kaon and eta fields

Fields:

M =




mu 0 0
0 md 0
0 0 ms



Mass term:
the strange mass still appears !

Illustrative example: Pion physics from SU(3) ChPT 

Comparison with SU(2) ChPT gives relations between the LECs

f(2) = f(3)

�
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B(3)ms

f2
(3)

L4

�

Shows the leading ms dependence of f(2)
(chiral logs ignored)

Recall:
SU(3)
SU(2) ChPT expands around

ms = 0
ms ≠ 0

Gasser and Leutwyler 1985



How to construct charmless ChPT ?

Starting point:  Chiral lagrangian for Nf  = 2+1+1 tm QCD 

Drop the heavy D and Ds meson fields 

Absorb the remaining mc dependence in the LECs, e.g.

Final result reads (schematically)

Follow the same strategy to construct charmless tm WChPT:

f(3) = f(4)
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as on slide before

W0,(3) = W0,(4)
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1 + 8

B(4)mc

f2
(4)

W6

�

LECs associated with 
nonzero lattice spacing

W0, W6 :

Rupak and Shoresh 2002 

LSU(4)(f(4), B(4),W0,(4),mc) LSU(3)(f(3), B(3),W0,(3))→

no explicit mc dependence !

OB and B. Hörz
in preparation



Application: The kaon mass in the LCE regime

LO Lagrangian: 
Note:

We assume maximal twist →  no O(a) terms

LCE regime

Tree level masses: 

Key features of computation of MK to NLO:

Additional vertices from 

Keep track of                    in pion propagators

LLO = L2 + L
a
2

charged pion

neutral pion

 all kaons
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0 = 2Bµl + 2c2a

2

M2
K = B(µl + µh − δ){ms

M2
± �= M2

0

La2



Application: The kaon mass in the LCE regime

Converges to the known Gasser-Leutwyler result in the continuum limit a → 0

a ≠ 0:  Two additonal chiral logs involving the kaon and neutral pion mass

Neutral pion log contains no unknown LECs, size determined by mass splitting

Neutral pion logs is prone to large FV effects
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How large is this correction ?

Pion log correction: 

Estimates from data:
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Herdoiza et al (ETMC)  2013,  Baron et al (ETMC) 2010



Conclusions and Outlook

Current twisted mass simulations have a sizable pion mass splitting

WChPT can accomodate the large splitting and provides 
(modified) ChPT formulae

Presented here: 

“Charmless” chiral Lagrangian for Nf  = 2+1+1 tm QCD

Kaon mass to NLO (in the LCE regime)

Next step: Kaon decay constant fK
(requires “charmless” expression of the axial vector current ... )



η8 mass to NLO 
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The kaon mass to NLO
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The charmless chiral lagrangian (in physical basis)
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