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strong conformal EWSB + flavour

strong interactions break SU(2)L, generate small W mass ⇒ break EW 
symmetry with some UV QCD-like dynamics: technicolour

potential to generate fermion masses and mixings, but realistic models require 
more elaborate dynamics (extended technicolour)  

[Weinberg, Susskind 78]
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acquire a mass proportional to the technipion decay constant, and therefore FT ∼ v ∼ 250 GeV,

where v denotes the Higgs condensate in the SM. This constraint sets the typical scale of the tech-

nihadronic spectrum, ΛTC. The rest of the technihadron spectrum depends on the specific theory

that is selected to mediate the new strong force. Being able to compute in the strongly-interacting

regime of the technicolor theories is the main ingredient to understand this mechanism.

Lattice simulations are a prime tool to investigate nonperturbative physics from first principles.

However numerical studies will play an important role in BSM studies only if we are able to identify

the questions that are relevant in order to achieve a quantitative understanding of DEWSB. In this

introduction we briefly review some of the problems that technicolor model building is confronted

to, and analyze the possibility to use numerical results to make progress in this area.

Constraints on technicolor. While technicolor provides a natural way to generate W and Z
masses, additional interactions must be introduced in order to describe the SM flavor sector. A sce-

nario that has been extensively studied involves “extended technicolor” gauge interactions (ETC) [9,

10]. The ETC gauge bosons couple to both the SM fermions and the technifermions. At some en-

ergy METC, larger than the TC scale, the extended gauge symmetry is then broken down to the

residual TC gauge symmetry, which remains intact. As a result, interactions between the tech-

nifermions and the ordinary standard model fermions are generated at low-energies. We have so

far introduced two new sectors, a TC one and an ETC one. Their connections and the energy scales

involved are summarized in Fig. 2. Note that below the ETC scale the TC theory and the flavor

sector of the SM are decoupled.
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Figure 2: A schematic representation of the technicolor (TC) and extended technicolor (ETC) theories,

and their connections with the standard model (SM). The interactions are characterized by different scales,

indicated on the right. Bounds on the ETC scale METC are set by SM precision measurements.

In current simulations, only the TC sector is simulated on the lattice. At energies of the

order of the TC scale, the ETC-mediated interactions are described by the effective lagrangian

obtained when the heavy ETC degrees of freedom are integrated out. This lagrangian includes

four-fermion operators, whose couplings are suppressed by inverse powers of the ETC scale. These

are dimension-six operators involving technifermions and SM fermions; denoting the SM and TC

fermion fields by ψ(x) and Q(x) respectively, the terms that are relevant for our discussion can be

3

[Dimopoulos, Susskind 79; Eichten, Lane 80]
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EWSB from strong dynamics
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well-defined scale, log running 
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FCNC needed



strong conformal EWSB + flavour

g∗

EWSB from strong dynamics

Higgs?

well-defined scale, log running 
⇒ flavour hierarchies unnatural

suppression mechanism for 
FCNC needed

EWSB from strong dynamics

composite Higgs: dilaton?

scale-invariant window ⇒ 
flavour hierarchies

flavour dynamics?

Λ
[Holdom 81, 85]

[Yamawaki et al. 86; Akiba, Yanagida 86] 
[Appelquist, Wijewardhana 87]

[Appelquist, Sannino 99]
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model building blocks

fermion masses

TC condensates ⇒ masses

(moderately large) anomalous dimensions + conformality ⇒ hierarchies

ψL ψRX

�Ψ̄Ψ�ETC mq ∼ c(µ/MX)
ΣETC(µ)

M2
X

ψL ψR
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Σ(ΛIR)

∼ log
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matrix elements ⇒ modify CKM (resp. PMNS), Higgs couplings, ...          

respect experimental constraints, suppress FCNC

anomalous dimensions ⇒ hierarchies

model building blocks

fermion couplings

LSM +
c(µ/MX)

M2
X

[ψ̄Γψ][ψ̄Γ�ψ](µ)

X
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∼ log
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non-flavour example: Higgs-Yukawa sector

[cf. Rattazzi, Rychkov, Tonni, Vichi 08]

≈ 1
16π2

λ
2
t Λ

2+2d−∆S
UV

�
d4

xH(x)†H(x)

LtH =
1

16π2
λtHQ̄LtR + h.c. +

�
1

16π2

�2

λ
2
t

�
d4

xd4
y H(x)†H(y)Q̄LtR(x)t̄RQL(y)

� �� �

3 < ∆S < 4                  leads to relevant deformation of the CFT, strongly self-coupled Higgs 
at IR (EW) scale; scale dependence of  Veff determined by the value of ∆S

leading correction to CFT action in top-Higgs sector [SM + strongly coupled CFT 
with (composite               ) Higgs doublet]:H ∼ Ψ̄Ψ



renormalisation of four-fermion operators

4f operators (engineering dimension d=6) mix under renormalisation with all other 
d≤6 operators with same transformation properties under all symmetries

spin       flavour / colour

{Oi}   operator basis in given 
symmetry sector

[Testa 98]

Ōi(µ) =
�

j

Zij(µ)Oj

rules of the game (mass-independent schemes):

symmetries dictate mixing pattern

mixing due to symmetry breaking by regulator involves coefficients that 
depend on bare couplings only, not on renormalisation scale

spurionic symmetries allow to constrain mass dependence of mixing with 
lower-dimensional operators

O = (ψ̄ΓTψ)(ψ̄Γ�T �)



anomalous dimensions: QCD

scale dependence (anomalous dimensions) can be obtained by considering 
operators without subtractions ⟷ four distinct flavours in chiral limit

[Donini, Giménez, Martinelli, Talevi, Vladikas 99]

full basis (after Fierzing):

Q±1 = (ψ̄1γµ(1− γ5)ψ2)(ψ̄3γµ(1− γ5)ψ4)± (2↔ 4)

Q±2 = (ψ̄1(1− γ5)ψ2)(ψ̄3(1 + γ5)ψ4)± (2↔ 4)

Q±3 = (ψ̄1γµ(1− γ5)ψ2)(ψ̄3γµ(1 + γ5)ψ4)± (2↔ 4)

Q±4 = (ψ̄1(1− γ5)ψ2)(ψ̄3(1− γ5)ψ4)± (2↔ 4)

Q±5 = (ψ̄1σµν(1− γ5)ψ2)(ψ̄3σµν(1− γ5)ψ4)± (2↔ 4)



anomalous dimensions: QCD

scale dependence (anomalous dimensions) can be obtained by considering 
operators without subtractions ⟷ four distinct flavours in chiral limit

[Donini, Giménez, Martinelli, Talevi, Vladikas 99]

full basis (after Fierzing):

Q±1 = Q±VV+AA −Q±VA+AV

Q±2 = Q±VV−AA + Q±VA−AV

Q±3 = Q±SS−PP + Q±SP−PS

Q±4 = Q±SS+PP −Q±SP+PS

Q±5 = Q±TT + Q±
TT̄

parity-even              parity-odd



anomalous dimensions: QCD

scale dependence (anomalous dimensions) can be obtained by considering 
operators without subtractions ⟷ four distinct flavours in chiral limit

[Donini, Giménez, Martinelli, Talevi, Vladikas 99]

renormalisation pattern with Wilson fermions:

Q̄±i (µ) =
5�

j,k=1

Z±ij (µ)[δjk + ∆jk(g2
0)]Q±k (g2

0)





Z±11 0 0 0 0
0 Z±22 Z±32 0 0
0 Z±23 Z±33 0 0
0 0 0 Z±44 Z±45
0 0 0 Z±54 Z±55









0 ∆12 ∆13 ∆14 ∆15

∆21 0 0 ∆24 ∆25

∆31 0 0 ∆34 ∆35

∆41 ∆42 ∆43 0 0
∆51 ∆52 ∆53 0 0





≠0 in parity-even sector only!



anomalous dimensions: beyond QCD

scale dependence (anomalous dimensions) can be obtained by considering 
operators without subtractions ⟷ four distinct flavours in chiral limit

[Donini, Giménez, Martinelli, Talevi, Vladikas 99]

results can be extended to e.g. fermions in adjoint representation of SU(2):

Fierzing changes: real representation gives rise to Fierzing in both particle-
antiparticle and particle-particle channels

can show that no extra correlation functions are needed for SF 
renormalisation conditions

can check explicitly that anomalous dimensions of unflavoured operators 
(e.g.           ) are retrieved with the same formalism(ψ̄ψ)2

[Del Debbio, Keegan, CP in progress]



non-perturbative RG running

non-perturbative renormalisation: Schrödinger Functional in Euclidean space

e−Γ =
�

D[A, ψ̄,ψ] exp{−S[A, ψ̄,ψ]}

Dirichlet boundary conditions in time; abelian 
background gauge field controlled by parameter η

renormalised coupling: response to change in bkg field

ḡ2(µ = L−1) = k

�
∂Γ
∂η

�−1

[Lüscher, Jansen, Narayanan, Sint, Sommer, Weisz, Wolff 91-96]
[ALPHA, 96-]

tim
e

space

T

0

periodic boundary conditions in space (up to global 
phase)



running coupling

compute at fixed value of the coupling ⇔ L for several lattice spacings, take 
continuum limit

change coupling such that L changes in fixed steps of s and iterate

The step scaling function: σ(s, u) = ḡ 2(sL) with u = ḡ 2(L)
On the lattice:

additional dependence on the resolu-

tion a/L

g0 fixed, L/a fixed:

ḡ2
(L) = u, ḡ2

(sL) = u� ,

Σ(s, u, a/L) = u�

continuum limit:

Σ(s, u, a/L) = σ(s, u) + O(a/L)

in the following always s = 2

everywhere: m = 0 (PCAC mass defined in (L/a)4 lattice)

Rainer Sommer Fundamental parameters of Nf = 2 QCD

UV → IR

co
nt

in
uu

m
 li

m
it

step-scaling function:

σ(s, ḡ2(L−1)) = ḡ2((sL)−1)

�

log s =
� σ(s,g 2(L−1))

g 2(L−1)
dg2 1

β(g2)



RG evolution of composite operators

compute at fixed value of the coupling ⇔ L for several lattice spacings, take 
continuum limit

change coupling such that L changes in fixed steps of s and iterate

The step scaling function: σ(s, u) = ḡ 2(sL) with u = ḡ 2(L)
On the lattice:

additional dependence on the resolu-

tion a/L

g0 fixed, L/a fixed:

ḡ2
(L) = u, ḡ2

(sL) = u� ,

Σ(s, u, a/L) = u�

continuum limit:

Σ(s, u, a/L) = σ(s, u) + O(a/L)

in the following always s = 2

everywhere: m = 0 (PCAC mass defined in (L/a)4 lattice)

Rainer Sommer Fundamental parameters of Nf = 2 QCD

UV → IR
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it f±k (x0) = �Ob Õb Q±k (x)O�

b� f1 = �ObO
�
b�

Z±k (L−1)
f±k (T/2)

f3/2
1

=
f±k (T/2)
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1
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tree level

σ±k (s, g 2(L−1)) = lim
a→0

Z±k (g2
0 , a/(sL))

Z±k (g2
0 , a/L)

= exp

�� g 2((sL)−1)

g 2(L−1)
dg2 γ±k (g2)

β(g2)
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Figure C.3: Left column: The step scaling function σ+
VA+AV;s(u) (discrete points) as

obtained non-perturbatively from combined fits to Clover and Wilson data. The
shaded area is the result of fit D to the points (see text). The dotted (dashed) line is
the LO (NLO) perturbative result. Right column: RG running of O+

VA+AV obtained
non-perturbatively (discrete points) at specific values of the renormalization scale µ,
in units of Λ (taken from ref. [4]). The lines are perturbative results at the indicated
order for the Callan-Symanzik β-function and the operator anomalous dimension γ.

41 Figure 8: RG-running of of the four-quark operators obtained non-perturbatively (discrete
points) at specific values of the renormalisation scale µ, in units of Λ. The lines are per-
turbative results at the order shown for the Callan-Symanzik β function and the operator
anomalous dimension γ.

22

[ALPHA 05-07]

RG evolution of composite operators



proof of concept in minimal walking technicolour

6

FIG. 1: Phase diagram for theories with fermions in the (from
top to bottom in the plot; colour online): i) fundamental
representation (grey), ii) two-index antisymmetric (blue), iii)
two-index symmetric (red), iv) adjoint representation (green)
as a function of the number of flavours and the number of
colours. The shaded areas depict the corresponding conformal
windows. The upper solid curve represents N

I
f [R(N)] (loss of

asymptotic freedom), the lower N
II
f [R(N)] (loss of chiral sym-

metry breaking). The dashed curves show N
III
f [R(N)] (exis-

tence of a Banks–Zaks fixed point). Note how consistently
the various representations merge into each other when, for a
specific value of N , they are actually the same representation.

groups in a larger extended technicolour gauge group.
The gauge bosons of the extended technicolour model
couple the fermions of the standard model to the techni-
quarks and their condensate, which renders the standard
model fermions massive.

Like all other mechanisms for electroweak symmetry
breaking, technicolour has to face constraints derived
from experimental data. In the case of technicolour
the two main aspects are additional contributions to
the vacuum polarisation of the electroweak gauge bosons
(oblique parameters) and flavour changing neutral cur-
rents as well as lepton number violation due to the ex-
tended technicolour dynamics. These issues have been
discussed in great detail in the literature (see, for example
[20, 21]). Experimental data (see, for example [22, 23])
tells us that the above mentioned contributions must be
small. Here, let us only recall that flavour changing neu-
tral currents and lepton number violation are suppressed
in walking technicolour theories, that is technicolour the-
ories with nearly conformal dynamics. Through non-
perturbative effects, quasi-conformality also helps reduc-
ing the techniquarks’ contribution to the oblique param-
eters [11, 12, 13, 14, 24]. (In the absence of quasi-

conformal dynamics the S parameter can be larger than
its perturbative value.) On top of that, potential ad-
ditional Goldstone bosons, beyond the three which are
absorbed as the longitudinal degrees of freedom of the
electroweak gauge bosons, become very heavy, thereby
alleviating bounds set by them not having been detected
to date. Therefore, candidates for realistic technicolour
theories should feature quasi-conformal dynamics and
should contribute little to the oblique parameters already
at the perturbative level. In what follows, we will quan-
tify these criteria.

Already taking into account the experimental limits
on the S-parameter [26] severely constrains the set of
candidates. Perturbatively, it is given by

S =
1

6π

Nf

2
d(R). (17)

The values for S are given in Table I. Drawing the line at
S < π−1—somewhat arbitrarily but in accordance with
the experimental limits [22, 23]—leaves us with three
candidates which, characterised by their Dynkin indices
are: (1) with six flavours, (2) with two flavours, and (20)
with two flavours. Doubling the value of the cut on the S
parameter (S < 2π−1) would admit two more: (11) with
two flavours and (200) with two flavours.

The estimate for the lower bound (critical number of
flavours) of the conformal window is based on the point
where the critical coupling and the fixed point value co-
incide. This critical number of flavours is, in general, not
an even integer. A quasi-conformal physical realisation
of a technicolour theory is, however, constructed from
complete families of techniquarks.5

From the difference of the two scales, the amount of
walking, that is the ratio of the scale can be estimated
[8, 11],

λ∗ ≈ exp(π/
√

α∗/αc − 1). (18)

λ∗ is the ratio of the scale from which onwards the cou-
pling constant stays approximately constant divided by
the scale for which it starts running again. For this walk-
ing mechanism to be effective it must typically cover sev-
eral decades. Setting the cut at λ∗ > 103 leaves (2) with
two flavours (see Table I). [If the weaker bound on the S
parameter is chosen also (11) with two flavours survives.]
Weakening the requirement on the range of the walking
to λ∗ > 102 leads to no supplementary candidates.

1. Two flavours, SU(2), adjoint representation: (2)

The technicolour theory with two techniquarks in the
two-index symmetric/adjoint representation of SU(2),

5 Generalisations with an odd number of Dirac or even Weyl
flavours are conceivable. A corresponding example is given in
Sect. IIIC.

[sketch from Dietrich, Sannino 06]

perturbative parameter space for walking theories:

MWTC: 2 Dirac fermions in 
adjoint of gauge group

extensively studied for SU(2) 
gauge group

extensive (conclusive?) evidence 
of conformal behaviour

mass anomalous dimension likely 
on the small side for successful 
phenomenology

[Bursa et al., Del Debbio et al. 09-10]
[Hietanen, Rummukainen, Tuominen 09] 

[Catterall, Del Debbio, Giedt, Keegan 10-11]
[DeGrand, Shamir, Svetitsky 11]

[Giedt, Weinberg 11-12]
[Patella 12]

[Karavirta et al. 12]



preliminary results MWTC

determine four-fermion operator anomalous dimensions via SF non-
perturbative RG running

Wilson fermion regularisation ⇒ explicit breaking of chiral symmetry, work in 
parity-odd sector

define several renormalisation schemes ― scheme independence of 
anomalous dimensions at fixed point provides strong constraint



preliminary results MWTC

determine four-fermion operator anomalous dimensions via SF non-
perturbative RG running

Wilson fermion regularisation ⇒ explicit breaking of chiral symmetry, work in 
parity-odd sector

define several renormalisation schemes ― scheme independence of 
anomalous dimensions at fixed point provides strong constraint

2

gauge action with adjoint Wilson fermions and an RHMC

algorithm with two pseudofermions. This is exactly the

same setup as was used in Ref. [1] to study the mass

anomalous dimension of this theory, except that here we

use a non–zero spatial twist θ = 0.5 to improve the per-

formance of the algorithm, and implement additional 4–

fermion corrrelators.

VII. MEASURED OBSERVABLES

We measure the 2–fermi observable

ZP (β, L) =
�

3f1(β, L)/fP (β, L), (7.1)

as in Ref. [1], and the ten different 4–fermi observables

Z±
i (β, L) =

�
F±
i (β, L)/f3/2

1 (β, L)
����

g0=0

F±
i (β, L)/f3/2

1 (β, L)
, (7.2)

where i = 1..5.
For each of these observables we construct the lattice

step scaling function

ΣX(s, a/L, u) =
ZX(a/sL, u)

ZX(a/L, u)
, (7.3)

which in principle we would then extrapolate to the con-

tinuum limit,

σX(s, u) = lim
a/L→0

ΣX(s, a/L, u). (7.4)

At an IRFP the anomalous dimension is then given by

γX(u) ≡ ln |σX(s, u)|
ln |s| . (7.5)

VIII. RESULTS

Table I shows the number of thermalised configurations

generated for each β and L, and the HMC acceptance

rate for each. For each run the bare mass is tuned such

that the PCAC mass is zero, in practice we achieve a

PCAC mass of |am| � 0.005, as shown in Fig. 1.

As a consistency check, the 2–fermion mass anomalous

dimension is shown in fig 3. This shows the quantity

ln |ΣP (s = 2, a/L = 1/8, u)|/ ln |2|, which is the 2–fermi

anomalous dimension (at a single a/L with no continuum

extrapolation). The values of β have been converted to

values of g2 based on L = 8 running coupling data. For

comparison the 1–loop value is also shown, and is in good

agreement with the data.

The same quantity for the ten four–fermion operators

follows in Fig. 4, and it is clear that the observables are

much more noisy than the two–fermion operator. How-

ever it is encouraging both γ+
and γ−

are in agreement

with the 1–loop perturbative prediction at small values of
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FIG. 2. Measured bare PCAC masses at each timeslice - at

strong coupling we see large finite size effects.

the coupling. There is also good agreement between the

five different renormalisation schemes, which is the be-

haviour expected at a fixed point where the anomalous

dimensions are scheme independent quantities.

In contrast with the mass anomalous dimension, the

four–fermion anomalous dimensions rapidly deviate from

β L = 8 L = 10 L = 12 L = 16

2.05 20k (88%) 20k (87%) 20k (85%) 20k (86%)

2.20 20k (88%) 20k (86%) 20k (86%) 20k (85%)

2.50 20k (90%) 20k (88%) 20k (89%) 20k (83%)

3.00 20k (95%) 20k (89%) 20k (88%) 20k (86%)

3.50 20k (95%) 20k (89%) 20k (86%) 20k (87%)

4.50 20k (96%) 20k (91%) 20k (88%) 20k (85%)

8.00 20k (96%) 20k (92%) 20k (90%) 20k (87%)

16.00 20k (96%) 20k (90%) 20k (87%) 20k (83%)

TABLE I. The number of thermalised configurations for each

β and L, and the HMC acceptance rate for each.

Technicolor
Schrodinger Functional

Monte Carlo Renormalisation Group
Status of the Field

Large–N
/////////

Schrodinger Functional
Scales on the lattice
Mass Anomalous Dimension Results
Running Coupling Results
SF Conclusion

Interpolation Method

u

L

sL

β
Liam Keegan Walking Technicolor on the Lattice

alleviate numerical cost by using mild scale 
dependence to perform interpolations

[cf. Appelquist et al. 09]

γX(g 2(L−1)) ≈ log[σX(s, g 2(L−1))]
log s



mass anomalous dimension redux

3

the 1–loop perturbative prediction for u � 1. Although
the errors are large, there seems to be a qualitative dif-
ference between γ+ � 0 and γ+ � 0.4.

Although we are not able to perform a continuum ex-
trapolation, in Fig. 5 we show the anomalous dimensions
found using different pairs of lattice sizes. Instead of us-
ing L = 8 and sL = 16 as we did for Fig. 4, we use
L/sL = 10/16, and L/sL = 8/12. The smaller step size
s increases the relative size of our statistical errors, but
within these errors the three different pairs of lattice sizes
give consistent results.
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FIG. 3. 2–fermi mass anomalous dimension: γ =

ln |ΣP (s, a/L, u)|/ ln |s|. (Single a/L, no continuum extrap-

olation.)
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i (s =

2, a/L = 1/8, u)|/ ln |2|, i = 1..5. (Single a/L, no continuum

extrapolation.)

IX. CONCLUSION

So what can we say of phenomenological interest from
these four–fermion anomalous dimensions? Our results
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suffer from an unknown systematic error due to not tak-
ing the continuum limit, a significant statistical error,
and a further systematic error due to the possibilty of
the FP not lying within the range of couplings we are
able to study.
Nonetheless our results seem to show that the anoma-

lous dimension of the plus operators, which correspond to
∆F = 2 flavor changing processes, remains small and es-
sentially zero throughout the range of couplings we have
access to. The minus operators on the other hand, which
correspond to ∆F = 1 flavor changing processes, have
a clearly non–zero value of the order of 0.3-0.4. This
difference in the anomalous dimensions will correspond
to different TC contributions to ∆F = 1 and ∆F = 2
processes - which should lead to flavor–dependent pre-
dictions that can contribute to ruling out MWT.
This is a first attempt at non–perturbatively measur-

ing these phenomenologically important quantities, and
has shown that such a measurement is possible. We in-
tend to repeat this study using an improved action and
greater computational resources to enable us to take the
continuum limit and have control over the statistical and
systematic errors.
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Appendix A: Autocorrelations

Observables are measured every 2 trajectories, and
then averaged over blocks of 25 observables (50 trajecto-
ries) in order to give uncorrelated measurements. Errors
are then computed from these blocked observables using
the bootstrap method. Fig 6 shows the jacknife error of
the observable F−

2 for all L and β as a function of the
size of the block over which values are averaged before
calculating the error. The errors are normalised to the
naive error with no blocking of the data, and all the ob-
servables have a very similar behaviour, with the errors
reaching a plateau for blocks of size ∼ 25 measurements.
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trapolation, in Fig. 5 we show the anomalous dimensions
found using different pairs of lattice sizes. Instead of us-
ing L = 8 and sL = 16 as we did for Fig. 4, we use
L/sL = 10/16, and L/sL = 8/12. The smaller step size
s increases the relative size of our statistical errors, but
within these errors the three different pairs of lattice sizes
give consistent results.

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  1  2  3  4  5  6

γ

u

2-fermi Anomalous Dimension

L/a=8, sL/a=16
L/a=10, sL/a=16

L/a=8, sL/a=12
1-loop

FIG. 3. 2–fermi mass anomalous dimension: γ =

ln |ΣP (s, a/L, u)|/ ln |s|. (Single a/L, no continuum extrap-

olation.)

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  1  2  3  4  5  6

γ

u

4-fermi Anomalous Dimensions

γ1
+

γ2
+

γ3
+

γ4
+

γ5
+

γ1
-

γ2
-

γ3
-

γ4
-

γ5
-

1 loop γ-

1 loop γ+

FIG. 4. 4–fermi anomalous dimensions: γ±
i = ln |Σ±

i (s =

2, a/L = 1/8, u)|/ ln |2|, i = 1..5. (Single a/L, no continuum

extrapolation.)

IX. CONCLUSION

So what can we say of phenomenological interest from
these four–fermion anomalous dimensions? Our results

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  1  2  3  4  5  6

γ

u

4-fermi Anomalous Dimensions

γ1
+

γ2
+

γ3
+

γ4
+

γ5
+

γ1
-

γ2
-

γ3
-

γ4
-

γ5
-

1 loop γ-

1 loop γ+

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  1  2  3  4  5  6

γ

u

4-fermi Anomalous Dimensions

γ1
+

γ2
+

γ3
+

γ4
+

γ5
+

γ1
-

γ2
-

γ3
-

γ4
-

γ5
-

1 loop γ-

1 loop γ+

FIG. 5. 4–fermi anomalous dimensions as in Fig.4, but using

different pairs of lattices. On the left L/a = 10, sL/a = 16;

on the right L/a = 8, sL/a = 12.

suffer from an unknown systematic error due to not tak-
ing the continuum limit, a significant statistical error,
and a further systematic error due to the possibilty of
the FP not lying within the range of couplings we are
able to study.
Nonetheless our results seem to show that the anoma-

lous dimension of the plus operators, which correspond to
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sentially zero throughout the range of couplings we have
access to. The minus operators on the other hand, which
correspond to ∆F = 1 flavor changing processes, have
a clearly non–zero value of the order of 0.3-0.4. This
difference in the anomalous dimensions will correspond
to different TC contributions to ∆F = 1 and ∆F = 2
processes - which should lead to flavor–dependent pre-
dictions that can contribute to ruling out MWT.
This is a first attempt at non–perturbatively measur-
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2 for all L and β as a function of the
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processes - which should lead to flavor–dependent pre-
dictions that can contribute to ruling out MWT.
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determine anomalous dimensions of four-fermion operators non-perturbatively 
in candidate conformal strong EWSB models for model building

feasibility tested in MWTC ― so far results for multiplicatively renormalisable 
left current-left current operator, remarkable scheme independence

anomalous dimensions for other operators being worked out, easy to extend 
to other models of interest (with vector couplings)

many improvements possible for better precision: 

more statistics, finer lattices

O(a) improvement for milder cutoff effects (chirally rotated SF?)

gradient flow may simplify life enormously....

conclusions and outlook

[talk by M Lüscher]

[various parallel talks...]
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Figure 8: Finite size scaling curves for the pseudoscalar decay constant. The four plots, clockwise from the

top left corner, correspond to scaling exponents γ∗ = 0.1,0.2,0.5,0.4 respectively.

an IRFP is signalled by the condition σ(u)/u = 1. The plot on the right is simply the difference

of the renormalized couplings at scales L1 and L2; with the latter choice of variables the IRFP is

identified by the difference of the two couplings, ∆(L1,L2), changing sign. Note that in this second

way of presenting the data, the continuum limit is not taken, but the lattices with larger values of

L1 are closer to the continuum limit. In both cases, we see that the data are compatible with the

existence of a fixed point. However the current error on the data (especially when performing the

continuum extrapolation) is too large to locate precisely the critical value g∗. This is not surprising

if the theory is really conformal, or near the edge of the conformal window. When the running

of the coupling becomes very slow, the SF simulations have to resolve a very small signal that is

easily obscured by the statistical and systematic errors. This is a common problem of all the studies

of the running coupling for conformal theories.
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plot, and Ref. [67] for the right one. The large error bands in the plot on the left are due to the continuum

extrapolation of the step scaling function.

Finally, as discussed in the previous Section, the SF can be used to study the running of
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the mass and therefore deduce the anomalous dimension γ [23]. Data for σP(u) are displayed in
Fig. 10. Note that the step scaling function σP is not small for a conformal theory, and therefore
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Figure 10: Running of the mass computed from the SF [23].

can be measured with better accuracy. Interestingly its value does not display any statistically
significant deviation from the one-loop prediction.

The anomalous dimension γ∗ can be read from the curve in Fig. 10, as long as the value of the
gauge coupling at the fixed point is precisely known. Unfortunately, as discussed above, the latter
cannot be located precisely; the uncertainty on the value of g∗ is the main source of uncertainty in
the determination of the mass anomalous dimension. With the current data the best estimate is:

0.05 < γ∗ < 0.56 . (3.3)

Preliminary results using the MCRG technique seem to confirm this estimate.
Results from different methods are consistent with the existence of an IRFP for these theory,

with a small value of the anomalous dimension.

3.3 SU(3) with sextet fermions

Results have also been obtained for the SU(3) gauge theory with n f = 2 in the two-index
symmetric representation, i.e. the sextet representation of SU(3). This model has also been pro-
posed for phenomenological applications under the name of Next to Minimal Walking Technicolor
(NMWT).

Results for the spectrum and the eigenvalues of the Dirac operator have been presented in
Refs. [68, 69, 70].

Results for the SF lattice step scaling function Σ(u) have been presented at this Conference,
showing evidence of a slow running of the coupling. Different discretizations yield statistically
inconsistent estimates for the location of the fixed point coupling g∗, emphasizing the importance
of controlling the size of lattice artefacts in these studies. The difference

B(u,2) =−1/g2(L)+1/g2(2L) (3.4)

is displayed on the left-hand side in Fig. 11, computed using thin links (�) and fat links (�) respec-
tively. The difference between the diamond curve and the square curve shows the effect of lattice
artefacts.
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determination of chiral point for mass-independence 2

gauge action with adjoint Wilson fermions and an RHMC

algorithm with two pseudofermions. This is exactly the

same setup as was used in Ref. [1] to study the mass

anomalous dimension of this theory, except that here we

use a non–zero spatial twist θ = 0.5 to improve the per-

formance of the algorithm, and implement additional 4–

fermion corrrelators.

VII. MEASURED OBSERVABLES

We measure the 2–fermi observable

ZP (β, L) =
�

3f1(β, L)/fP (β, L), (7.1)

as in Ref. [1], and the ten different 4–fermi observables

Z±
i (β, L) =

�
F±
i (β, L)/f3/2

1 (β, L)
����

g0=0

F±
i (β, L)/f3/2

1 (β, L)
, (7.2)

where i = 1..5.
For each of these observables we construct the lattice

step scaling function

ΣX(s, a/L, u) =
ZX(a/sL, u)

ZX(a/L, u)
, (7.3)

which in principle we would then extrapolate to the con-

tinuum limit,

σX(s, u) = lim
a/L→0

ΣX(s, a/L, u). (7.4)

At an IRFP the anomalous dimension is then given by

γX(u) ≡ ln |σX(s, u)|
ln |s| . (7.5)

VIII. RESULTS

Table I shows the number of thermalised configurations

generated for each β and L, and the HMC acceptance

rate for each. For each run the bare mass is tuned such

that the PCAC mass is zero, in practice we achieve a

PCAC mass of |am| � 0.005, as shown in Fig. 1.

As a consistency check, the 2–fermion mass anomalous

dimension is shown in fig 3. This shows the quantity

ln |ΣP (s = 2, a/L = 1/8, u)|/ ln |2|, which is the 2–fermi

anomalous dimension (at a single a/L with no continuum

extrapolation). The values of β have been converted to

values of g2 based on L = 8 running coupling data. For

comparison the 1–loop value is also shown, and is in good

agreement with the data.

The same quantity for the ten four–fermion operators

follows in Fig. 4, and it is clear that the observables are

much more noisy than the two–fermion operator. How-

ever it is encouraging both γ+
and γ−

are in agreement

with the 1–loop perturbative prediction at small values of
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FIG. 2. Measured bare PCAC masses at each timeslice - at

strong coupling we see large finite size effects.

the coupling. There is also good agreement between the

five different renormalisation schemes, which is the be-

haviour expected at a fixed point where the anomalous

dimensions are scheme independent quantities.

In contrast with the mass anomalous dimension, the

four–fermion anomalous dimensions rapidly deviate from

β L = 8 L = 10 L = 12 L = 16

2.05 20k (88%) 20k (87%) 20k (85%) 20k (86%)

2.20 20k (88%) 20k (86%) 20k (86%) 20k (85%)

2.50 20k (90%) 20k (88%) 20k (89%) 20k (83%)

3.00 20k (95%) 20k (89%) 20k (88%) 20k (86%)

3.50 20k (95%) 20k (89%) 20k (86%) 20k (87%)

4.50 20k (96%) 20k (91%) 20k (88%) 20k (85%)

8.00 20k (96%) 20k (92%) 20k (90%) 20k (87%)

16.00 20k (96%) 20k (90%) 20k (87%) 20k (83%)

TABLE I. The number of thermalised configurations for each

β and L, and the HMC acceptance rate for each.



determination of chiral point for mass-independence

2

gauge action with adjoint Wilson fermions and an RHMC

algorithm with two pseudofermions. This is exactly the

same setup as was used in Ref. [1] to study the mass

anomalous dimension of this theory, except that here we

use a non–zero spatial twist θ = 0.5 to improve the per-

formance of the algorithm, and implement additional 4–

fermion corrrelators.

VII. MEASURED OBSERVABLES

We measure the 2–fermi observable

ZP (β, L) =
�

3f1(β, L)/fP (β, L), (7.1)

as in Ref. [1], and the ten different 4–fermi observables

Z±
i (β, L) =

�
F±
i (β, L)/f3/2

1 (β, L)
����

g0=0

F±
i (β, L)/f3/2

1 (β, L)
, (7.2)

where i = 1..5.
For each of these observables we construct the lattice

step scaling function

ΣX(s, a/L, u) =
ZX(a/sL, u)

ZX(a/L, u)
, (7.3)

which in principle we would then extrapolate to the con-

tinuum limit,

σX(s, u) = lim
a/L→0

ΣX(s, a/L, u). (7.4)

At an IRFP the anomalous dimension is then given by

γX(u) ≡ ln |σX(s, u)|
ln |s| . (7.5)

VIII. RESULTS

Table I shows the number of thermalised configurations

generated for each β and L, and the HMC acceptance

rate for each. For each run the bare mass is tuned such

that the PCAC mass is zero, in practice we achieve a

PCAC mass of |am| � 0.005, as shown in Fig. 1.

As a consistency check, the 2–fermion mass anomalous

dimension is shown in fig 3. This shows the quantity

ln |ΣP (s = 2, a/L = 1/8, u)|/ ln |2|, which is the 2–fermi

anomalous dimension (at a single a/L with no continuum

extrapolation). The values of β have been converted to

values of g2 based on L = 8 running coupling data. For

comparison the 1–loop value is also shown, and is in good

agreement with the data.

The same quantity for the ten four–fermion operators

follows in Fig. 4, and it is clear that the observables are

much more noisy than the two–fermion operator. How-

ever it is encouraging both γ+
and γ−

are in agreement

with the 1–loop perturbative prediction at small values of

-0.01

-0.005

 0

 0.005

 0.01

 2  4  6  8  10  12  14  16

b
a
re

 P
C

A
C

 m
a
s
s

beta

PCAC masses

L=8
L=10
L=12
L=16

FIG. 1. Measured bare PCAC masses, in all cases |am| �
0.005
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FIG. 2. Measured bare PCAC masses at each timeslice - at

strong coupling we see large finite size effects.

the coupling. There is also good agreement between the

five different renormalisation schemes, which is the be-

haviour expected at a fixed point where the anomalous

dimensions are scheme independent quantities.

In contrast with the mass anomalous dimension, the

four–fermion anomalous dimensions rapidly deviate from

β L = 8 L = 10 L = 12 L = 16

2.05 20k (88%) 20k (87%) 20k (85%) 20k (86%)

2.20 20k (88%) 20k (86%) 20k (86%) 20k (85%)

2.50 20k (90%) 20k (88%) 20k (89%) 20k (83%)

3.00 20k (95%) 20k (89%) 20k (88%) 20k (86%)

3.50 20k (95%) 20k (89%) 20k (86%) 20k (87%)

4.50 20k (96%) 20k (91%) 20k (88%) 20k (85%)

8.00 20k (96%) 20k (92%) 20k (90%) 20k (87%)

16.00 20k (96%) 20k (90%) 20k (87%) 20k (83%)

TABLE I. The number of thermalised configurations for each

β and L, and the HMC acceptance rate for each.


