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● Particle Data Group ( 2012 ) 
    Light scalar mesons (JP = 0+) :  

Structure	  of	  light	  scalar	  mesons?	

SCALAR Collaboration (Lattice 2013)	

What is the structure of 
the light scalar meson?	

•  σ or f0(500) :  
  I=0, mass = 400 - 550 MeV 
•  a0(980) :  
  I=1, mass = 980 ±  20 MeV 
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Mo4va4on	

SCALAR Collaboration (Lattice 2013)	

Using Lattice QCD, 

two-quark state ?	

molecular state ?	

tetra-quark state ?	
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Structure of the sigma meson ? 
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Previous	  works	  for	  the	  light	  scalar	  meson	  
from	  la9ce	  QCD	

SCALAR Collaboration (Lattice 2013)	

two-quark state for σ meson with full QCD 
SCALAR Collaboration, Phys. Rev. D70 (2004) 034504 
two-quark state for κ meson 
SCALAR Collaboration, Phys. Let. B652 (2007) 250 

two-quark state for σ meson with full QCD 
UKQCD Collaboration, Phys. Rev. D74 (2006) 114504 

two-quark state for κ and a0 mesons 
BGR Collaboration, Phys. Rev. D85 (2012) 034508 

tetra-quark state for σ, κ and a0 mesons 
S. Prelovsek et al, Phys. Rev. D79 (2009) 014503 

molecular and tetra-quark state for κ and a0 mesons 
ETM Collaboration, JHEP 1304 (2013) 137  

 two-quark, molecular, tetra-quark, mixing state ?	
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Analysis	  method	

SCALAR Collaboration (Lattice 2013)	
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tetra :	

molec :	

two :	

: tetra 	

: molec	

: two	

Prepared operators 
  two-quark state : two-quark operator 
  molecular state : two pion operators 
  tetra-quark state : (anti-) diquark operator	

Variational method 

For sigma meson, 
we consider all combinations of them. 
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Diquark operator for 3̄ of 3 ⊗ 3 = 3̄ ⊕ 6

[ud]aS(t) =
1
2

∑

x,y b,c,d
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[
uTb(t,x) Cγ5S

cd
t (x,y) dd(t,y) (55)

−dTb(t,x) Cγ5S
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t (x,y) ud(t,y)

]
(56)
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Nev : # of Eigen vector (62)

V : Variance of propagator (63)
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C2N : Cost for evaluation of propagators (66)
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Sab
t (x,y) : Smearing function at timeslice t (72)

S = 1 ⇒ Point Source (73)

S = 2 ⇒ Narrow Source (74)

S = 3 ⇒ Wide Source (75)

(76)
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two-‐quark	  operator	

SCALAR Collaboration (Lattice 2013)	

"   two-quark operator for σ meson 
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(t) =
〈
Otwo

S2
(t)Otet †

S1
(0)

〉
(45)

(46)

Gtwo−two
S1S2

(t), Gmol−mol
S1S2

(t), Gtet−tet
S1S2

(t),
Gmol−tet

S1S2
(t), Gmol−two

S1S2
(t), Gtet−two

S1S2
(t)

Gtwo−two
S1S2

(t), Gmol−mol
S1S2

(t), Gtet−tet
S1S2

(t), Gmol−tet
S1S2

(t), Gmol−two
S1S2

(t), Gtet−two
S1S2

(t)

Gtwo−two
S1S2

(t) = −Gconn
S1S2

(t) (47)

Gmol−mol
S1S2

(t) = 2 [DS1S2(t) − CS1S2(t)] (48)

Gtwo−two
S1S2

(t) = −Gconn
S1S2

(t) + 2Gdisc
S1S2

(t) (49)

Gmol−mol
S1S2

(t) = 2
[
DS1S2(t) +

1
2
CS1S2(t) − 3AS1S2(t) +

3
2
GS1S2(t)

]
(50)

Otwo
S (t) =

∑

x,y a,b α

q̄a
α(t,x)Sab

t (x,y)qb
α(t,y) (51)

Omolec
S (t) =

1√
3

[
Oπ+

S (t)Oπ−
S (t) −Oπ0

S (t)Oπ0

S (t) + Oπ−
S (t)Oπ+

S (t)
]

(52)

Otetra
S (t) =

∑

a

[ud]aS(t)[ūd̄]aS(t) (53)

Oπ+

S (t) = −
∑

x,y a,b

d̄a(t,x)γ5S
ab
t (x,y)ub(t,y)

Oπ−
S (t) =

∑

x,y a,b

ūa(t,x)γ5S
ab
t (x,y)db(t,y)

Oπ0

S (t) =
1√
2

∑

x,y a,b

[
ūa(t,x)γ5S

ab
t (x,y)ub(t,y)

−d̄a(t,x)γ5S
ab
t (x,y)db(t,y)

]
(54)
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molecular	  operator	  

SCALAR Collaboration (Lattice 2013)	

"   pion operator 

"   molecular operator 

Gtwo−two
S1S2

(t) = −Gconn
S1S2

(t) (40)

Gmol−mol
S1S2

(t) = 2 [DS1S2(t) − CS1S2(t)] (41)

Gtwo−two
S1S2

(t) = −Gconn
S1S2

(t) + 2Gdisc
S1S2

(t) (42)

Gmol−mol
S1S2

(t) = 2
[
DS1S2(t) +

1
2
CS1S2(t) − 3AS1S2(t) +

3
2
GS1S2(t)

]
(43)

Otwo
S (t) =

∑

x,y a,b α

q̄a
α(t,x)Sab

t (x,y)qb
α(t,y) (44)

Omol
S (t) =

1√
3

[
Oπ+

S (t)Oπ−
S (t) −Oπ0

S (t)Oπ0

S (t) + Oπ−
S (t)Oπ+

S (t)
]

(45)

Otet
S (t) =

∑

a

[ud]aS(t)[ūd̄]aS(t) (46)

Oπ+

S (t) = −
∑

x,y a,b

d̄a(t,x)γ5S
ab
t (x,y)ub(t,y)

Oπ−
S (t) =

∑

x,y a,b

ūa(t,x)γ5S
ab
t (x,y)db(t,y)

Oπ0

S (t) =
1√
2

∑

x,y a,b

[
ūa(t,x)γ5S

ab
t (x,y)ub(t,y)

−d̄a(t,x)γ5S
ab
t (x,y)db(t,y)

]
(47)

Diquark operator for 3̄ of 3 ⊗ 3 = 3̄ ⊕ 6

[ud]aS(t) =
1
2

∑

x,y b,c,d

εabc
[
uTb(t,x) Cγ5S

cd
t (x,y) dd(t,y) (48)

−dTb(t,x) Cγ5S
cd
t (x,y) ud(t,y)

]
(49)

Anti-diquark operator for 3 of 3̄ ⊗ 3̄ = 3 ⊕ 6̄

[ūd̄]aS(t) =
1
2

∑

x,y b,c,d

εabc
[
ūb(t,x) Cγ5S

cd
t (x,y) d̄Td(t,y) (50)

−d̄b(t,x) Cγ5S
cd
t (x,y) ūTd(t,y)

]
(51)

N : # of noise (52)

Nev : # of eigen vector (53)

V : Variance of propagator (54)

C : Total cost (55)

C0 + C1Nev : Cost for evaluation of eigen vectors (56)

C2N : Cost for evaluation of propagators (57)

(58)

12

δEα = Eα − 2m =
Tα

L3

[
1 + 2.84

(
mTα

4πL

)
+ 6.38

(
mTα

4πL

)2
]

+ O
(
L−6

)
(23)

δEI = EI − 2mπ =
TI

L3

[
1 + 2.84

(
mπTI

4πL

)
+ 6.38

(
mπTI

4πL

)2
]

+ O
(
L−6

)
(24)

δEI = EI − 2mπ =
TI

L3

[
1 + 2.8

(
mπTI

4πL

)
+ 6.4

(
mπTI

4πL

)2
]
+ O

(
L−6

)
· · · (∗) (25)

δEα = Eα − 2m =
Tα

L3

[
1 + 2.8373

mTα

4πL

]
+ O

(
L−5

)
(26)

1q̄⊗q = 1 (27)

1q̄⊗q ⊗ 1q̄⊗q = 1 (28)

3̄q⊗q ⊗ 3q̄⊗q̄ = 1 ⊕ 8 (29)

1q̄⊗q = 1 (30)

1q̄⊗q ⊗ 1q̄⊗q = 1 (31)

3̄q⊗q ⊗ 3q̄⊗q̄ = 1 ⊕ 8 (32)

Gtwo−two
S1S2

(t) =
〈
Otwo

S2
(t)Otwo †

S1
(0)

〉
= −Gconn

S1S2
(t) + 2Gdisc

S1S2
(t) (33)

Gmol−mol
S1S2

(t) =
〈
Omol

S2
(t)Omol †

S1
(0)

〉
(34)

Gtet−tet
S1S2

(t) =
〈
Otet

S2
(t)Otet †

S1
(0)

〉
(35)

Gmol−tet
S1S2

(t) =
〈
Otet

S2
(t)Omol †

S1
(0)

〉
(36)

Gmol−two
S1S2

(t) =
〈
Otwo

S2
(t)Omol †

S1
(0)

〉
(37)

Gtet−two
S1S2

(t) =
〈
Otwo

S2
(t)Otet †

S1
(0)

〉
(38)

(39)

Gtwo−two
S1S2

(t), Gmol−mol
S1S2

(t), Gtet−tet
S1S2

(t),
Gmol−tet

S1S2
(t), Gmol−two

S1S2
(t), Gtet−two

S1S2
(t)
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Gtwo−two
S1S2

(t) =
〈
Otwo

S2
(t)Otwo †

S1
(0)

〉
= −Gconn

S1S2
(t) + 2Gdisc

S1S2
(t) (40)

Gmol−mol
S1S2

(t) =
〈
Omol

S2
(t)Omol †

S1
(0)

〉
(41)

Gtet−tet
S1S2

(t) =
〈
Otet

S2
(t)Otet †

S1
(0)

〉
(42)

Gmol−tet
S1S2

(t) =
〈
Otet

S2
(t)Omol †

S1
(0)

〉
(43)

Gmol−two
S1S2

(t) =
〈
Otwo

S2
(t)Omol †

S1
(0)

〉
(44)

Gtet−two
S1S2

(t) =
〈
Otwo

S2
(t)Otet †

S1
(0)

〉
(45)

(46)

Gtwo−two
S1S2

(t), Gmol−mol
S1S2

(t), Gtet−tet
S1S2

(t),
Gmol−tet

S1S2
(t), Gmol−two

S1S2
(t), Gtet−two

S1S2
(t)

Gtwo−two
S1S2

(t), Gmol−mol
S1S2

(t), Gtet−tet
S1S2

(t), Gmol−tet
S1S2

(t), Gmol−two
S1S2

(t), Gtet−two
S1S2

(t)

Gtwo−two
S1S2

(t) = −Gconn
S1S2

(t) (47)

Gmol−mol
S1S2

(t) = 2 [DS1S2(t) − CS1S2(t)] (48)

Gtwo−two
S1S2

(t) = −Gconn
S1S2

(t) + 2Gdisc
S1S2

(t) (49)

Gmol−mol
S1S2

(t) = 2
[
DS1S2(t) +

1
2
CS1S2(t) − 3AS1S2(t) +

3
2
GS1S2(t)

]
(50)

Otwo
S (t) =

∑

x,y a,b α

q̄a
α(t,x)Sab

t (x,y)qb
α(t,y) (51)

Omolec
S (t) =

1√
3

[
Oπ+

S (t)Oπ−
S (t) −Oπ0

S (t)Oπ0

S (t) + Oπ−
S (t)Oπ+

S (t)
]

(52)

Otetra
S (t) =

∑

a

[ud]aS(t)[ūd̄]aS(t) (53)

Oπ+

S (t) = −
∑

x,y a,b

d̄a(t,x)γ5S
ab
t (x,y)ub(t,y)

Oπ−
S (t) =

∑

x,y a,b

ūa(t,x)γ5S
ab
t (x,y)db(t,y)

Oπ0

S (t) =
1√
2

∑

x,y a,b

[
ūa(t,x)γ5S

ab
t (x,y)ub(t,y)

−d̄a(t,x)γ5S
ab
t (x,y)db(t,y)

]
(54)

12

a (du) a (ud)+a 

+

Y

Iz

uu+dd
2

=

a uu dd
2

=

0
0

0

0

0

-

f (ss)0

C : Charge conjugate matrix (77)

Lattice size = 123 × 24 (78)

β = 1.8 (79)

κ = 0.143 (80)

Csw = 1.6 (81)

a = 0.2150(22) [fm] (82)

mπ/mρ = 0.753(1) (83)

mπ = 578.6(8) [MeV] (84)

# of Noise = 5 × 4 × 3 (85)

# of Eigenvector = 12 (86)
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tetra-‐quark	  operator	

SCALAR Collaboration (Lattice 2013)	

"   tetra-quark operator 

"   diquark operator for σ meson 

"   anti-diquark operator for σ meson 

Gtwo−two
S1S2

(t) = −Gconn
S1S2

(t) (40)

Gmol−mol
S1S2

(t) = 2 [DS1S2(t) − CS1S2(t)] (41)

Gtwo−two
S1S2

(t) = −Gconn
S1S2

(t) + 2Gdisc
S1S2

(t) (42)

Gmol−mol
S1S2

(t) = 2
[
DS1S2(t) +

1
2
CS1S2(t) − 3AS1S2(t) +

3
2
GS1S2(t)

]
(43)

Otwo
S (t) =

∑

x,y a,b α

q̄a
α(t,x)Sab

t (x,y)qb
α(t,y) (44)

Omol
S (t) =

1√
3

[
Oπ+

S (t)Oπ−
S (t) −Oπ0

S (t)Oπ0

S (t) + Oπ−
S (t)Oπ+

S (t)
]

(45)

Otet
S (t) =

∑

a

[ud]aS(t)[ūd̄]aS(t) (46)

Oπ+

S (t) = −
∑

x,y a,b

d̄a(t,x)γ5S
ab
t (x,y)ub(t,y)

Oπ−
S (t) =

∑

x,y a,b

ūa(t,x)γ5S
ab
t (x,y)db(t,y)

Oπ0

S (t) =
1√
2

∑

x,y a,b

[
ūa(t,x)γ5S

ab
t (x,y)ub(t,y)

−d̄a(t,x)γ5S
ab
t (x,y)db(t,y)

]
(47)

Diquark operator for 3̄ of 3 ⊗ 3 = 3̄ ⊕ 6

[ud]aS(t) =
1
2

∑

x,y b,c,d

εabc
[
uTb(t,x) Cγ5S

cd
t (x,y) dd(t,y) (48)

−dTb(t,x) Cγ5S
cd
t (x,y) ud(t,y)

]
(49)

Anti-diquark operator for 3 of 3̄ ⊗ 3̄ = 3 ⊕ 6̄

[ūd̄]aS(t) =
1
2

∑

x,y b,c,d

εabc
[
ūb(t,x) Cγ5S

cd
t (x,y) d̄Td(t,y) (50)

−d̄b(t,x) Cγ5S
cd
t (x,y) ūTd(t,y)

]
(51)

N : # of noise (52)

Nev : # of eigen vector (53)

V : Variance of propagator (54)

C : Total cost (55)

C0 + C1Nev : Cost for evaluation of eigen vectors (56)

C2N : Cost for evaluation of propagators (57)

(58)
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Gtwo−two
S1S2

(t) = −Gconn
S1S2

(t) (40)

Gmol−mol
S1S2

(t) = 2 [DS1S2(t) − CS1S2(t)] (41)

Gtwo−two
S1S2

(t) = −Gconn
S1S2

(t) + 2Gdisc
S1S2

(t) (42)

Gmol−mol
S1S2

(t) = 2
[
DS1S2(t) +

1
2
CS1S2(t) − 3AS1S2(t) +

3
2
GS1S2(t)

]
(43)

Otwo
S (t) =

∑

x,y a,b α

q̄a
α(t,x)Sab

t (x,y)qb
α(t,y) (44)

Omol
S (t) =

1√
3

[
Oπ+

S (t)Oπ−
S (t) −Oπ0

S (t)Oπ0

S (t) + Oπ−
S (t)Oπ+

S (t)
]

(45)

Otet
S (t) =

∑

a

[ud]aS(t)[ūd̄]aS(t) (46)

Oπ+

S (t) = −
∑

x,y a,b

d̄a(t,x)γ5S
ab
t (x,y)ub(t,y)

Oπ−
S (t) =

∑

x,y a,b

ūa(t,x)γ5S
ab
t (x,y)db(t,y)

Oπ0

S (t) =
1√
2

∑

x,y a,b

[
ūa(t,x)γ5S

ab
t (x,y)ub(t,y)

−d̄a(t,x)γ5S
ab
t (x,y)db(t,y)

]
(47)

Diquark operator for 3̄ of 3 ⊗ 3 = 3̄ ⊕ 6

[ud]aS(t) =
1
2

∑

x,y b,c,d

εabc
[
uTb(t,x) Cγ5S

cd
t (x,y) dd(t,y) (48)

−dTb(t,x) Cγ5S
cd
t (x,y) ud(t,y)

]
(49)

Anti-diquark operator for 3 of 3̄ ⊗ 3̄ = 3 ⊕ 6̄

[ūd̄]aS(t) =
1
2

∑

x,y b,c,d

εabc
[
ūb(t,x) Cγ5S

cd
t (x,y) d̄Td(t,y) (50)

−d̄b(t,x) Cγ5S
cd
t (x,y) ūTd(t,y)

]
(51)

N : # of noise (52)

Nev : # of eigen vector (53)

V : Variance of propagator (54)

C : Total cost (55)

C0 + C1Nev : Cost for evaluation of eigen vectors (56)

C2N : Cost for evaluation of propagators (57)

(58)

12

δEα = Eα − 2m =
Tα

L3

[
1 + 2.84

(
mTα

4πL

)
+ 6.38

(
mTα

4πL

)2
]

+ O
(
L−6

)
(23)

δEI = EI − 2mπ =
TI

L3

[
1 + 2.84

(
mπTI

4πL

)
+ 6.38

(
mπTI

4πL

)2
]

+ O
(
L−6

)
(24)

δEI = EI − 2mπ =
TI

L3

[
1 + 2.8

(
mπTI

4πL

)
+ 6.4

(
mπTI

4πL

)2
]
+ O

(
L−6

)
· · · (∗) (25)

δEα = Eα − 2m =
Tα

L3

[
1 + 2.8373

mTα

4πL

]
+ O

(
L−5

)
(26)

1q̄⊗q = 1 (27)

1q̄⊗q ⊗ 1q̄⊗q = 1 (28)

3̄q⊗q ⊗ 3q̄⊗q̄ = 1 ⊕ 8 (29)

1q̄⊗q = 1 (30)

1q̄⊗q ⊗ 1q̄⊗q = 1 (31)

3̄q⊗q ⊗ 3q̄⊗q̄ = 1 ⊕ 8 (32)

Gtwo−two
S1S2

(t) =
〈
Otwo

S2
(t)Otwo †

S1
(0)

〉
= −Gconn

S1S2
(t) + 2Gdisc

S1S2
(t) (33)

Gmol−mol
S1S2

(t) =
〈
Omol

S2
(t)Omol †

S1
(0)

〉
(34)

Gtet−tet
S1S2

(t) =
〈
Otet

S2
(t)Otet †

S1
(0)

〉
(35)

Gmol−tet
S1S2

(t) =
〈
Otet

S2
(t)Omol †

S1
(0)

〉
(36)

Gmol−two
S1S2

(t) =
〈
Otwo

S2
(t)Omol †

S1
(0)

〉
(37)

Gtet−two
S1S2

(t) =
〈
Otwo

S2
(t)Otet †

S1
(0)

〉
(38)

(39)

Gtwo−two
S1S2

(t), Gmol−mol
S1S2

(t), Gtet−tet
S1S2

(t),
Gmol−tet

S1S2
(t), Gmol−two

S1S2
(t), Gtet−two

S1S2
(t)
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Gtwo−two
S1S2

(t) =
〈
Otwo

S2
(t)Otwo †

S1
(0)

〉
= −Gconn

S1S2
(t) + 2Gdisc

S1S2
(t) (40)

Gmolec−molec
S1S2

(t) =
〈
Omolec

S2
(t)Omolec †

S1
(0)

〉
(41)

Gtetra−tetra
S1S2

(t) =
〈
Otetra

S2
(t)Otetra †

S1
(0)

〉
(42)

Gmolec−tet
S1S2

(t) =
〈
Otetra

S2
(t)Omolec †

S1
(0)

〉
(43)

Gmolec−two
S1S2

(t) =
〈
Otwo

S2
(t)Omolec †

S1
(0)

〉
(44)

Gtetra−two
S1S2

(t) =
〈
Otwo

S2
(t)Otetra †

S1
(0)

〉
(45)

(46)

Gtwo−two
S1S2

(t), Gmolec−molec
S1S2

(t), Gtetra−tetra
S1S2

(t),
Gmolec−tetra

S1S2
(t), Gmolec−two

S1S2
(t), Gtetra−two

S1S2
(t)

Gtwo−two
S1S2

(t), Gmolec−molec
S1S2

(t), Gtetra−tetra
S1S2

(t), Gmolec−tetra
S1S2

(t), Gmolec−two
S1S2

(t), Gtetra−two
S1S2

(t)

Gtwo−two
S1S2

(t) = −Gconn
S1S2

(t) (47)

Gmol−mol
S1S2

(t) = 2 [DS1S2(t) − CS1S2(t)] (48)

Gtwo−two
S1S2

(t) = −Gconn
S1S2

(t) + 2Gdisc
S1S2

(t) (49)

Gmol−mol
S1S2

(t) = 2
[
DS1S2(t) +

1
2
CS1S2(t) − 3AS1S2(t) +

3
2
GS1S2(t)

]
(50)

Otwo
S (t) =

∑

x,y a,b α

q̄a
α(t,x)Sab

t (x,y)qb
α(t,y) (51)

Omolec
S (t) =

1√
3

[
Oπ+

S (t)Oπ−
S (t) −Oπ0

S (t)Oπ0

S (t) + Oπ−
S (t)Oπ+

S (t)
]

(52)

Otetra
S (t) =

∑

a

[ud]aS(t)[ūd̄]aS(t) (53)

Oπ+

S (t) = −
∑

x,y a,b

d̄a(t,x)γ5S
ab
t (x,y)ub(t,y)

Oπ−
S (t) =

∑

x,y a,b

ūa(t,x)γ5S
ab
t (x,y)db(t,y)

Oπ0

S (t) =
1√
2

∑

x,y a,b

[
ūa(t,x)γ5S

ab
t (x,y)ub(t,y)

−d̄a(t,x)γ5S
ab
t (x,y)db(t,y)

]
(54)
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Propagators	  for	  sigma	  meson	

SCALAR Collaboration (Lattice 2013)	

Connected diagram 
Z2 noise method with 
truncated eigenmode 
approach (TEA) 	

Disconnected diagram 

- Vacuum contribution 
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Diquark operator for 3̄ of 3 ⊗ 3 = 3̄ ⊕ 6

[ud]aS(t) =
1
2

∑

x,y b,c,d

εabc
[
uTb(t,x) Cγ5S

cd
t (x,y) dd(t,y) (55)

−dTb(t,x) Cγ5S
cd
t (x,y) ud(t,y)

]
(56)

Anti-diquark operator for 3 of 3̄ ⊗ 3̄ = 3 ⊕ 6̄

[ūd̄]aS(t) =
1
2

∑

x,y b,c,d

εabc
[
ūb(t,x) Cγ5S

cd
t (x,y) d̄Td(t,y) (57)

−d̄b(t,x) Cγ5S
cd
t (x,y) ūTd(t,y)

]
(58)

Error estimate =
f1

Nev
+

f2(Nev)
N

(59)

Total Cost = C0 + C1Nev + C2(Nev)N ( = fixed) (60)

N : # of Noise (61)

Nev : # of Eigen vector (62)

V : Variance of propagator (63)

C : Total cost (64)

C0 + C1Nev : Cost for evaluation of eigen vectors (65)

C2N : Cost for evaluation of propagators (66)

(67)

f2(Nev) = f3 − f4Nev (68)

C2(Nev) =
a

Nev
+ b (69)

∂[Variance]
∂Nev

= 0

N = 1440 ⇒ Nev = 12 (70)

−f1aN2 − (f1bN + f3a)NNev + (−f4bN + f3C1)N3
ev − f4C1N

4
ev = 0 (71)

Sab
t (x,y) : Smearing function at timeslice t (72)

S = 1 ⇒ Point Source (73)

S = 2 ⇒ Narrow Source (74)

S = 3 ⇒ Wide Source (75)

(76)
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N : # of Noise (57)

Nev : # of Eigen vector (58)

V : Variance of propagator (59)

C : Total cost (60)

C0 + C1Nev : Cost for evaluation of eigen vectors (61)

C2N : Cost for evaluation of propagators (62)

(63)

Sab
t (x,y) : Smearing function at timeslice t (64)

S = 1 ⇒ Point Sorce (65)

S = 2 ⇒ Narrow Sorce (66)

S = 3 ⇒ Wide Sorce (67)

(68)

C : Charce conjugate matrix (69)

Lattice size = 123 × 24 (70)

β = 1.8 (71)

κ = 0.143 (72)

Csw = 1.6 (73)

a = 0.2150(22) [fm] (74)

mπ/mρ = 0.753(1) (75)

mπ = 578.6(8) [MeV] (76)

# of Noise = 5 × 4 × 3 (77)

# of Eigenvector = 12 (78)
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ūb(t,x) Cγ5S

cd
t (x,y) d̄Td(t,y) (57)

−d̄b(t,x) Cγ5S
cd
t (x,y) ūTd(t,y)
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[ud]aS(t) =
1
2

∑

x,y b,c,d

εabc
[
uTb(t,x) Cγ5S

cd
t (x,y) dd(t,y) (55)

−dTb(t,x) Cγ5S
cd
t (x,y) ud(t,y)

]
(56)

Anti-diquark operator for 3 of 3̄ ⊗ 3̄ = 3 ⊕ 6̄
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f1

Nev
+

f2(Nev)
N

(59)

Total Cost = C0 + C1Nev + C2(Nev)N ( = fixed) (60)

Total Cost = fixed (61)
∂

∂Nev
[Error estimate] = 0 (62)

{
Total Cost = fixed

∂
∂Nev

[Error estimate] = 0
(63)

(64)

Constant : f1, C0, C1, (65)

f3, f4, a, b (66)

N : # of Noise (67)

Nev : # of Eigen vector (68)

V : Variance of propagator (69)

C : Total cost (70)

C0 + C1Nev : Cost for evaluation of eigen vectors (71)

C2N : Cost for evaluation of propagators (72)

(73)
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Diquark operator for 3̄ of 3 ⊗ 3 = 3̄ ⊕ 6

[ud]aS(t) =
1
2

∑

x,y b,c,d

εabc
[
uTb(t,x) Cγ5S

cd
t (x,y) dd(t,y) (55)

−dTb(t,x) Cγ5S
cd
t (x,y) ud(t,y)

]
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t (x,y) ūTd(t,y)

]
(58)

Error estimate =
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Nev
+

f2(Nev)
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(59)

Total Cost = C0 + C1Nev + C2(Nev)N ( = fixed) (60)

Total Cost = fixed (61)
∂

∂Nev
[Error estimate] = 0 (62)

{
Total Cost = fixed

∂
∂Nev

[Error estimate] = 0
(63)

(64)

Constant : f1, C0, C1, (65)

f3, f4, a, b (66)

Function of Nev : f2, C2 (67)

N : # of Noise (68)

Nev : # of Eigen vector (69)

V : Variance of propagator (70)

C : Total cost (71)

C0 + C1Nev : Cost for evaluation of eigen vectors (72)

C2N : Cost for evaluation of propagators (73)

(74)
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Constant : f1, C0, C1, (65)

f3, f4, a, b (66)

Function of Nev : f2, C2 (67)

Variance (68)

(Error estimate) (69)
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[ūd̄]aS(t) =
1
2

∑

x,y b,c,d

εabc
[
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Preliminary	

σ’s	  connected	  part	  result	

SCALAR Collaboration (Lattice 2013)	

For connected part,	
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D(t) C(t) A(t) G(t)

図 1: The diagrams for four-quark correlators (qq̄qq̄ → qq̄qq̄).

13̄⊗3 ⊗ 13̄⊗3 → 13̄⊗3 ⊗ 13̄⊗3の場合

GI=0
1Γ′=γ5 1Γ=γ5

(t) =
〈
M I=0

1Γ′=γ5
(t)M I=0†

1Γ=γ5
(0)

〉

=
∑

x,y,z,w

1
3

〈
Mπ+(t,x) Mπ−(t,y) M †

π−(0, z) M †
π+(0,w)

−Mπ+(t,x) Mπ−(t,y) M †
π0(0, z) M †

π0(0,w)

+Mπ+(t,x) Mπ−(t,y) M †
π+(0, z) M †

π−(0,w)

−Mπ0(t,x) Mπ0(t,y) M †
π−(0, z) M †

π+(0,w)

+Mπ0(t,x) Mπ0(t,y) M †
π0(0, z) M †

π0(0,w)

−Mπ0(t,x) Mπ0(t,y) M †
π+(0, z) M †

π−(0,w)

+Mπ−(t,x) Mπ+(t,y) M †
π−(0, z) M †

π+(0,w)

−Mπ−(t,x) Mπ+(t,y) M †
π0(0, z) M †

π0(0,w)

+Mπ−(t,x) Mπ+(t,y) M †
π+(0, z) M †

π−(0,w)
〉

GI=0
1Γ′=γ5 1Γ=γ5

(t)

=
1
3

〈 ∑

x,y,z,w a,b,c,d

{
6Trs

[
γ5

(
W−1

)ac(x, z)γ5
(
W−1

)ca(z, x)
]
Trs

[
γ5

(
W−1

)bd(y, w)γ5
(
W−1

)db(w, y)
]

+3Trs

[
γ5

(
W−1

)ac(x, z)γ5
(
W−1

)cb(z, y)γ5
(
W−1

)bd(y, w)γ5
(
W−1

)da(w, x)
]

−18Trs

[
γ5

(
W−1

)ab(x, y)γ5
(
W−1

)bc(y, z)γ5
(
W−1

)cd(z, w)γ5
(
W−1

)da(w, x)
]

+9Trs

[
γ5

(
W−1

)ab(x, y)γ5
(
W−1

)ba(y, x)
]
Trs

[
γ5

(
W−1

)cd(z, w)γ5
(
W−1

)dc(w, z)
]}〉

= 2
[
D(t) +

1
2
C(t) − 3A(t) +

3
2
G(t)

]

1Γ′=γ5 1Γ=γ5

(9)

4

# of Conf. = 136	

"  Two-quark state has 
much larger error 
than molecular state. 

Two-quark : Excited state ? 
                    P=(+1)(-1)(-1)L 

 Molecular : Ground state ? 
                    P=(+1)2(-1)2(-1)L	

  Pion mass dependence	
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Sigma	  meson	  result	  (1)	

SCALAR Collaboration (Lattice 2013)	
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図 1: The diagrams for four-quark correlators (qq̄qq̄ → qq̄qq̄).

13̄⊗3 ⊗ 13̄⊗3 → 13̄⊗3 ⊗ 13̄⊗3の場合

GI=0
1Γ′=γ5 1Γ=γ5

(t) =
〈
M I=0

1Γ′=γ5
(t)M I=0†

1Γ=γ5
(0)

〉

=
∑

x,y,z,w

1
3

〈
Mπ+(t,x) Mπ−(t,y) M †

π−(0, z) M †
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〉

GI=0
1Γ′=γ5 1Γ=γ5

(t)

=
1
3

〈 ∑

x,y,z,w a,b,c,d

{
6Trs

[
γ5

(
W−1

)ac(x, z)γ5
(
W−1

)ca(z, x)
]
Trs

[
γ5

(
W−1

)bd(y, w)γ5
(
W−1

)db(w, y)
]

+3Trs

[
γ5

(
W−1

)ac(x, z)γ5
(
W−1

)cb(z, y)γ5
(
W−1

)bd(y, w)γ5
(
W−1

)da(w, x)
]

−18Trs

[
γ5

(
W−1

)ab(x, y)γ5
(
W−1

)bc(y, z)γ5
(
W−1

)cd(z, w)γ5
(
W−1

)da(w, x)
]

+9Trs

[
γ5

(
W−1

)ab(x, y)γ5
(
W−1

)ba(y, x)
]
Trs

[
γ5

(
W−1

)cd(z, w)γ5
(
W−1

)dc(w, z)
]}〉

= 2
[
D(t) +

1
2
C(t) − 3A(t) +

3
2
G(t)

]

1Γ′=γ5 1Γ=γ5

(9)
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Sigma	  meson	  result	  (2)	

SCALAR Collaboration (Lattice 2013)	
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14/15	

21 22

23

GI=0
3Γ′=γ5 1Γ=γ5

(t)

=
1√
3

〈 ∑

x,y,z,w b,c,d,e

{
− 3Trs

[
(Cγ5)T

(
W−1

)be(x,w)γ5
(
W−1

)ec(w, y)(Cγ5)T
(
W−1T

)bd (y, z)γ5
(
W−1T

)dc (z, x)
]

−3Trs

[
(Cγ5)T

(
W−1

)be(x,w)γ5
(
W−1

)eb(w, y)Cγ5
(
W−1T

)cd (y, z)γ5
(
W−1T

)dc (z, x)
]

+5Trs

[
(Cγ5)T

(
W−1

)bb(x, y)Cγ5
(
W−1T

)ce (y, w)γ5
(
W−1T

)ed (w, z)γ5
(
W−1T

)dc (z, x)
]

+5Trs

[
(Cγ5)T

(
W−1

)bc(x, y)(Cγ5)T
(
W−1T

)be (y, w)γ5
(
W−1T

)ed (w, z)γ5
(
W−1T

)dc (z, x)
]

−3Trs

[
(Cγ5)T

(
W−1

)bb(x, y)Cγ5
(
W−1T

)cc (y, x)
]
Trs

[
γ5

(
W−1

)de(z, w)γ5
(
W−1

)ed(w, z)
]

−3Trs

[
(Cγ5)T

(
W−1

)bc(x, y)(Cγ5)T
(
W−1T

)bc (y, x)
]
Trs

[
γ5

(
W−1

)de(z, w)γ5
(
W−1

)ed(w, z)
]}〉

(16)

=
1√
3

[
−3(C̃1(t) + C̃2(t)) + 5(Ã1(t) + Ã2(t)) − 3(G̃1(t) + G̃2(t))

]

3Γ′=γ5 1Γ=γ5

(17)
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図 3: The diagrams for four-quark correlators (qq̄qq̄ → qqq̄q̄).
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図 2: The diagrams for four-quark correlators (qqq̄q̄ → qqq̄q̄).

mu = mdとする。zと wは同時刻なので、

GI=0
3Γ′=γ5 3Γ=γ5

(t)

=
1
2

〈 ∑

x,y,z,w b,c,d,e

{

4Trs

[
(Cγ5)T (

W−1
)bd(x, z)Cγ5

(
W−1T

)ec (z, x)
]
Trs
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(Cγ5)T (

W−1
)db(w, y)Cγ5

(
W−1T

)ce (y, w)
]

+4Trs

[
(Cγ5)T (

W−1
)bd(x, z)Cγ5

(
W−1T

)ec (z, x)
]
Trs

[
(Cγ5)T (

W−1
)dc(w, y) (Cγ5)T (

W−1T
)be (y, w)

]

−4Trs

[
(Cγ5)T (

W−1
)bb(x, y)Cγ5

(
W−1T

)cd (y, w)Cγ5
(
W−1

)ee(w, z) (Cγ5)T (
W−1T

)dc (z, x)
]

−4Trs

[
(Cγ5)T (

W−1
)bb(x, y)Cγ5

(
W−1T

)ce (y, w) (Cγ5)T (
W−1

)de(w, z) (Cγ5)T (
W−1T

)dc (z, x)
]

−4Trs
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(Cγ5)T (

W−1
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W−1T
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]

−4Trs

[
(Cγ5)T (

W−1
)bc(x, y) (Cγ5)T (

W−1T
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W−1
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W−1T
)dc (z, x)

]

+2Trs

[
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W−1
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(
W−1T
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]
Trs
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W−1
)dd(w, z)Cγ5

(
W−1T

)ee (z, w)
]

+2Trs

[
(Cγ5)T (

W−1
)bb(x, y)Cγ5

(
W−1T

)cc (y, x)
]
Trs

[
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W−1
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W−1T
)de (z, w)

]

+2Trs
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W−1
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W−1T
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]
Trs

[
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W−1
)dd(w, z)Cγ5

(
W−1T

)ee (z, w)
]

+2Trs

[
(Cγ5)T (

W−1
)bc(x, y) (Cγ5)T (

W−1T
)bc (y, x)

]
Trs

[
(Cγ5)T (

W−1
)de(w, z) (Cγ5)T (

W−1T
)de (z, w)

]}〉
(11)

=
[
2

(
D′

1(t) + D′
2(t)

)
− 2

(
A′

1(t) + A′
2(t) + A′

3(t) + A′
4(t)

)
+

(
G′

1(t) + G′
2(t) + G′

3(t) + G′
4(t)

)]
3Γ′=γ5 3Γ=γ5

(12)

またGI=0
3Γ′=13Γ=1(t)の場合、CT = −Cなので、GI=0

3Γ′=13Γ=1(t)は (11)式で γ5を 1に変
更したものに等しい。
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Preliminary!	

For example,	



Summary	

SCALAR Collaboration (Lattice 2013)	

"  Structure of the light scalar meson;  
    two-quark, molecular, tetra-quark state ? 
"  σ’s connected part : 
          two-quark’s error > molecular’s error 
          two-quark state : Excited state ? 
          molecular state : Ground state ? 
           (more statistics, mπ dependence, variational method) 
"  σ : more statistics ! 

Future work 
"  Mixing angle from variational method 
    (mπ dependence) 
"  κ meson 

15/15	



:contraint condition	

Diquark operator for 3̄ of 3 ⊗ 3 = 3̄ ⊕ 6

[ud]aS(t) =
1
2

∑

x,y b,c,d

εabc
[
uTb(t,x) Cγ5S

cd
t (x,y) dd(t,y) (55)

−dTb(t,x) Cγ5S
cd
t (x,y) ud(t,y)

]
(56)

Anti-diquark operator for 3 of 3̄ ⊗ 3̄ = 3 ⊕ 6̄

[ūd̄]aS(t) =
1
2

∑

x,y b,c,d

εabc
[
ūb(t,x) Cγ5S

cd
t (x,y) d̄Td(t,y) (57)

−d̄b(t,x) Cγ5S
cd
t (x,y) ūTd(t,y)

]
(58)

Error estimate =
f1

Nev
+

f2(Nev)
N

(59)

Total Cost = C0 + C1Nev + C2(Nev)N ( = fixed) (60)

N : # of Noise (61)

Nev : # of Eigen vector (62)

V : Variance of propagator (63)

C : Total cost (64)

C0 + C1Nev : Cost for evaluation of eigen vectors (65)

C2N : Cost for evaluation of propagators (66)

(67)

f2(Nev) = f3 − f4Nev (68)

C2(Nev) =
a

Nev
+ b (69)

∂[Variance]
∂Nev

= 0

N = 1440 ⇒ Nev = 12 (70)

−f1aN2 − (f1bN + f3a)NNev + (−f4bN + f3C1)N3
ev − f4C1N

4
ev = 0 (71)

Sab
t (x,y) : Smearing function at timeslice t (72)

S = 1 ⇒ Point Source (73)

S = 2 ⇒ Narrow Source (74)

S = 3 ⇒ Wide Source (75)

(76)

13

Op4mal	  cost	  calcula4on	

SCALAR Collaboration (Lattice 2013)	

N : # of Noise (57)

Nev : # of Eigen vector (58)

V : Variance of propagator (59)

C : Total cost (60)

C0 + C1Nev : Cost for evaluation of eigen vectors (61)

C2N : Cost for evaluation of propagators (62)

(63)

Sab
t (x,y) : Smearing function at timeslice t (64)

S = 1 ⇒ Point Sorce (65)

S = 2 ⇒ Narrow Sorce (66)

S = 3 ⇒ Wide Sorce (67)

(68)

C : Charce conjugate matrix (69)

Lattice size = 123 × 24 (70)

β = 1.8 (71)

κ = 0.143 (72)

Csw = 1.6 (73)

a = 0.2150(22) [fm] (74)

mπ/mρ = 0.753(1) (75)

mπ = 578.6(8) [MeV] (76)

# of Noise = 5 × 4 × 3 (77)

# of Eigenvector = 12 (78)

13

Contribution of TEA	 Contribution of Noise method	

Approximately, 	

N : # of Noise (57)

Nev : # of Eigen vector (58)

V : Variance of propagator (59)

C : Total cost (60)

C0 + C1Nev : Cost for evaluation of eigen vectors (61)

C2N : Cost for evaluation of propagators (62)

(63)

f2(Nev) = f3 − f4Nev (64)

C2(Nev) =
a

Nev
+ b (65)

Sab
t (x,y) : Smearing function at timeslice t (66)

S = 1 ⇒ Point Sorce (67)

S = 2 ⇒ Narrow Sorce (68)

S = 3 ⇒ Wide Sorce (69)

(70)

C : Charce conjugate matrix (71)

Lattice size = 123 × 24 (72)

β = 1.8 (73)

κ = 0.143 (74)

Csw = 1.6 (75)

a = 0.2150(22) [fm] (76)

mπ/mρ = 0.753(1) (77)

mπ = 578.6(8) [MeV] (78)

# of Noise = 5 × 4 × 3 (79)

# of Eigenvector = 12 (80)
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Optimal Nev under fixed Total Cost ? ( Fixed : N )	

N : # of Noise (57)

Nev : # of Eigen vector (58)

V : Variance of propagator (59)

C : Total cost (60)

C0 + C1Nev : Cost for evaluation of eigen vectors (61)

C2N : Cost for evaluation of propagators (62)

(63)

f2(Nev) = f3 − f4Nev (64)

C2(Nev) =
a

Nev
+ b (65)

∂[Variance]
∂Nev

= 0

−f1aN2 − (f1bN + f3a)NNev + (−f4bN + f3C1)N3
ev − f4C1N

4
ev = 0 (66)

Sab
t (x,y) : Smearing function at timeslice t (67)

S = 1 ⇒ Point Sorce (68)

S = 2 ⇒ Narrow Sorce (69)

S = 3 ⇒ Wide Sorce (70)

(71)

C : Charce conjugate matrix (72)

Lattice size = 123 × 24 (73)

β = 1.8 (74)

κ = 0.143 (75)

Csw = 1.6 (76)

a = 0.2150(22) [fm] (77)

mπ/mρ = 0.753(1) (78)

mπ = 578.6(8) [MeV] (79)
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Diquark operator for 3̄ of 3 ⊗ 3 = 3̄ ⊕ 6

[ud]aS(t) =
1
2

∑

x,y b,c,d

εabc
[
uTb(t,x) Cγ5S

cd
t (x,y) dd(t,y) (55)

−dTb(t,x) Cγ5S
cd
t (x,y) ud(t,y)

]
(56)

Anti-diquark operator for 3 of 3̄ ⊗ 3̄ = 3 ⊕ 6̄

[ūd̄]aS(t) =
1
2

∑

x,y b,c,d

εabc
[
ūb(t,x) Cγ5S

cd
t (x,y) d̄Td(t,y) (57)

−d̄b(t,x) Cγ5S
cd
t (x,y) ūTd(t,y)

]
(58)

Variance =
f1

Nev
+

f2(Nev)
N

(59)

Total Cost = C0 + C1Nev + C2(Nev)N ( = fixed) (60)

N : # of Noise (61)

Nev : # of Eigen vector (62)

V : Variance of propagator (63)

C : Total cost (64)

C0 + C1Nev : Cost for evaluation of eigen vectors (65)

C2N : Cost for evaluation of propagators (66)

(67)

f2(Nev) = f3 − f4Nev (68)

C2(Nev) =
a

Nev
+ b (69)

∂[Variance]
∂Nev

= 0

N = 1440 ⇒ Nev = 12 (70)

−f1aN2 − (f1bN + f3a)NNev + (−f4bN + f3C1)N3
ev − f4C1N

4
ev = 0 (71)

Sab
t (x,y) : Smearing function at timeslice t (72)

S = 1 ⇒ Point Sorce (73)

S = 2 ⇒ Narrow Sorce (74)

S = 3 ⇒ Wide Sorce (75)

(76)
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Diquark operator for 3̄ of 3 ⊗ 3 = 3̄ ⊕ 6

[ud]aS(t) =
1
2

∑

x,y b,c,d

εabc
[
uTb(t,x) Cγ5S

cd
t (x,y) dd(t,y) (55)

−dTb(t,x) Cγ5S
cd
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[ūd̄]aS(t) =
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2
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[
ūb(t,x) Cγ5S

cd
t (x,y) d̄Td(t,y) (57)

−d̄b(t,x) Cγ5S
cd
t (x,y) ūTd(t,y)

]
(58)

Error estimate =
f1

Nev
+

f2(Nev)
N

(59)

Total Cost = C0 + C1Nev + C2(Nev)N ( = fixed) (60)

Total Cost = fixed (61)
∂

∂Nev
[Error estimate] = 0 (62)

{
Total Cost = fixed

∂
∂Nev

[Error estimate] = 0
(63)

(64)

Constant : f1, C0, C1, (65)

f3, f4, a, b (66)

N : # of Noise (67)

Nev : # of Eigen vector (68)

V : Variance of propagator (69)

C : Total cost (70)

C0 + C1Nev : Cost for evaluation of eigen vectors (71)

C2N : Cost for evaluation of propagators (72)

(73)

13

Diquark operator for 3̄ of 3 ⊗ 3 = 3̄ ⊕ 6

[ud]aS(t) =
1
2

∑

x,y b,c,d

εabc
[
uTb(t,x) Cγ5S

cd
t (x,y) dd(t,y) (55)

−dTb(t,x) Cγ5S
cd
t (x,y) ud(t,y)

]
(56)

Anti-diquark operator for 3 of 3̄ ⊗ 3̄ = 3 ⊕ 6̄
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Total Cost = fixed
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[Error estimate] = 0
(63)

(64)
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Total Cost = fixed

∂
∂Nev

[Variance] = 0
(65)

(66)

Constant : f1, C0, C1, (67)

f3, f4, a, b (68)

Function of Nev : f2, C2 (69)

Variance (70)
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Sigma	  meson	  result	  (2)	

SCALAR Collaboration (Lattice 2013)	

13̄⊗3 ⊗ 13̄⊗3 → 13̄⊗3 ⊗ 13̄⊗3の場合
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