The QCD phase diagram
at strong coupling
including auxiliary field fluctuations

Research talk about severity of the sign problem at strong coupling
to investigate the QCD phase diagram on a large size lattice.
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Finite chemical potential region
* The sign problem

— Caused by chemical potential

— [Complexity of the weight}

— Weight cancellation
— Difficulty in studying finite chemical potential region

Avoiding or weakening the sign problem
* Ways to study finite chemical potential region

— Reweighting oo s0.1a 2002).
— Taylor eXpansion c r aien e (2002,2005) r.v. Gavais. Gupta (2008), 5. e et o, (2010 ..
— Imaginary chemical potential v.c.aroweia, (1999). ».de rorcrand and 0. phiipsen, (2002)..
— Complex Langevin v wakemurs (1967) 6. aaris et ol (2010 ..
— Canonical approach wiiean redicn (1987) engels et al. (1999) A1, Meng et 12010 .
— Strong coupling
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Sign problem & Strong coupling lattice QCD
e Characteristics Stocp = Sk _|_@

— Starting from lattice QCD
: 1

— 1/g*%expansion [_QB [J ~ FQ;/]

* Expansion by inverse coupling J a

* No sign problem in the mean field approximations

— Chiral transition
N. Kawamoto and J. Smit (1981), P. H. Damgaard, N. Kawamoto and K. Shigemoto(1984) etc.

— The QCD phase diagram SCL (1/g2=0)
Bilic, Karsch, Redlich (‘92), Fukushima (‘04), Nishida (‘04) etc. ' ‘ ‘ ‘ M‘F
o . 2o . LS ) MDP
The sign problem” with fluctuations 3 AFMC 4'xd
— Monomer-Dimer-Polymer simulations Z 1 gsig o
W. Unger, Ph. de Forcrand, Nﬁ‘ £x12 <o
J. Phys. G: Nucl. Part. Phys. 38 124190 (2011) = 05 |
— Auxiliary field Monte-Carlo method ¢
A. Ohnishi, T.I. and T. Z. Nakano : arXiv:1211.2282 0

0 02 04 006 0.8 1 1.2
2013/8/1 Lattice 2013, Mainz, Germany 1 _



Severity of the sign problem
« Af(= fHull — £p.0) the difference of the free energy
density in full and phase quenched MC simulations

—QAF Ztull Z = exp [—J?/T] = exp [— €]
- Z () : space-time volume
pP.q.

fpgpm—sﬁf‘fq‘ew < @9> p. g. : phase quenched
— 5. q. = (€
fDO'D’I’Te_Séff p.q.

(&

— Case : lower reliability in numerical simulations

1. Llarge Af(= full — fpay
2. Large lattice size

— small average phase factor
—> severe weight cancellation



“The sign problem” at strong coupling

« Two ways at strong coupling i B
WT=0.0 474
— Auxiliary field Monte-Carlo Sxe o
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e Two ways at strong coupling

— Auxiliary field Monte-Carlo
(AFMC) method

—

2013/8/1

“The sign problem” at strong coupling

AFMC 1/g®=0

1.2e-03

e Saturated value for a lattice
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“The sign problem” at strong coupling
* Two ways at strong coupling PH A L

— Aukxiliary field Monte-Carlo h B -
(AFMC) method el

WT=1.8 —a—

e Saturated value for a lattice —
larger than 63 x N; lattice <

4.0e-04 f «

« Af(AFMC(Saturated value)) N
~1.0x 1073 o “

— Monomer-Dimer-Polymer

(MDP) simulation Almost the same point
« Af(MDP) = 0.5 X 10-3 in the QCD phase diagram
X107, [+ oo (e
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“The sign problem” at strong coupling

e Two ways at strong coupling o O
— Auxiliary field Monte-Carlo AFMC e

wT=0.8 —e— |

(AFMC) method

 Saturated value for a lattice H\ _ =18~
larger than 63 x N; lattice S

4.0e-04 f =

 Af(AFMC(Saturated value)) :
~ 1.0 x 1073 N,

— Monomer-Dimer-Polymer
(MDP) simulation Almost the same point

« Af(MDP) = 0.5 x 1073 in the QCD phase diagram
X 1074 o[+ == s

45 —a—12

ar
— ¢ -8 K&M '
35—~ 12, K&M I

3+

* AFMC has . L
more sever cancellation S 2 z«u

1.5¢

— Af(AFMC) = 2 x Af(MDP) " i

0.5F /
a0 »

T amr= 4--0 . . . . .
0.2 04 086 0.8 1 1.2 1.4

au
—— we need to reduce Af in AFMC method for a larger lattice
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Purpose

* To discuss the source of “the sign problem”
in Auxiliary field Monte-Carlo (AFMC) method

* To explore the possibility of applying AFMC method
on a large lattice
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The effective action & AFMC method

e Effective action for Auxiliary fields rait and petersson (196)

LS
S == Y SO [lowl? + e
© k7, f(k)>0

— Z log [[XNT () —2XN. (m)] + 2 cosh(N.pu/T)]

e Xn. :’XNr Mz, me=m+ ﬁ (o x:l::;}' [complex]

d

* Smaller phase at larger u © f(k) = Z cos k;
=1
* The Auxiliary field Monte-Carlo (AFMC) method
~
AF

Most of previous works

: Mean Field approximations
This go-round
: Monte-Carlo simulations

4 = /D[[O-k,Taﬂ-k,T] 6_86ff

%

[Auxiliary fields ]

J
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Strong coupling lattice QCD action

Procedure in the strong coupling limit

— Unrooted staggered fermion, anisotropic lattice, strong coupling limit

d
_ 1 _ _ L X
SSCL-LQCD = 5 E E (1 e XU aXato — M, (H.C.)]  Kinetic UT lUT

vr=0 =z

X
+m Z Xz Xz Mass ® m
x

lr];:/l:ﬂ; — (@gzl:,uaq_’ (—1)$1+"'+$v—1)

— 1/d expansion, U; integration nsilicet al. (1992), G. Faldt et al (1986)

1 vt ve
ar = —HAr X
Seff — 5 ZB[B# TX$UOX$+6 —e " TX$+GUJX$] T?mp.oral UO 9 ? UJ
— Kinetic ¢ ¥
1
4N, Z Mo M, 5 . i
2.7 4 fermi-like
M,
—|—m; Mass @ ™
Mx = XXz
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The AFMC method at strong coupling

e Extended HS transformation My My

— Taking different value at each site 4 fermi-like

. . M:II = Xz Xz
— Necessity to introduce complex term XX

exp [aAB] Notice !
_ / D6, ¢lexp [~a [¢% + > + (A + B)p i|A — B)g]]

* Bosonization AFMC method
My M,y M, /7Auxi|iary fieIdS\ \
&R W (G x| |-l
4 fermi-like ' = K?’Q&Xazﬂ
My = Xz Xz ( )2170-|- +xq
e Effective mass
1 - D O. ﬂ- eff

J
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The source of the “sign problem”

* Integrating out numerically?
— Complex effective mass causes complex weight

1 :
me=mt DS OB g [

J [6 _ (_1)a:o-l—---+a:%
* High momentum auxiliary fields
— Low momentum

Or — — <>2:EX:}E>
Ty = <i€>_(:1:X:1?>

* Cancellation mechanism Case : clonstalnt fie.|d
* Small phase
— High momentum T n
* No cancellation mechanism —7 7Tl —TT
* Severe weight cancellation (?) n—m
— We confirm qualitatively
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Results

Reservations

* Unrooted staggered fermion
* anisotropic lattice

e chiral limit

e All results are in lattice unit
e Jack knife methods



Jack knife error

Evaluation of error bars

e Jack knife method

— Error bars

* taking plateau value
after auto correlation
disappear

83 x 8,u/T = 0.8, o
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Auxiliary field momentum cut off «

* High momentum =
=High momentum modes of spatial kinetic momentum

.21,
sin k]

l
e cutting off high momentum Monte-Carlo | d
‘1 . configuration neglect Z sin?k:
auxiliary field components | _ J
; R
. . . A
Reductions of weight cancellations?
° Qua“tative Confirmations average phase factor L8NS, u/T=0.6
1 ° °
— Average phase factor goesto 1 5 0-093 [
— Weight cancellations weaken % 085
? 0.8 f
£ 075
i2e 83 X 8,u/T = 0.6 & oes| 00
e.g. slze X ,‘U/ = L. & 0.65 | 20
S 06| 00
© 055t 0
o5 | ).00 —
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Cut-off dependence of order parameters
* Results of size 8% x 8, u/T = 0.6

B Chiral condensate : ¢ = Vo? + 12 12

chiral cond. L8NS8, u/T=0.6

) .. " full ——
because of chiral limit 1} AT200 —o—
[ increasing around phase S 08 AT100 —o—
(o) A=0.50 —e—
boundary S 06} A=0.00 —e—
O almost no cut-off dependence £ o4}
¢ (A = full) = ¢p(A = 0.0) 0.2 |
O I I ! I I 1
p > LGNS, wT0.6 06 07 08 0.9T 1 11 12 1.3
1.8 ‘ ; : .
16 - A B Quark number density
L A= . .
1; A [ increasing around phase
- O; e boundary
0.6 [0 same value aslongas A = 2.0
8; p(A=full) = p(A = 2.0)
0 = 1 OJdlogZ
06 0.7 08 0.9 1 1.1 1.2 13 /O —
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Susceptibilities
* Results of size 8% x 8, u/T = 0.6

chiral sus. L8N8, w/T=0.6

B Chiral susceptibility 24
1 peak around phase boundary 2| E
O same valueaslongas A = 2.0 ¢ 161 A
x(A = full) = y(A = 2.0) Z‘E 121 A=
S 08"
04}
Y. L8NS, WT=0.6

O I I I I I I
ce 07 08 09 1 11 12 13

0.3 N ]
0.257 A= | B Quark number susceptibility
o 02rA ‘ [ peak around phase boundary
3 0151 A O same value aslongas A = 2.0
0.1 XA =full) = x, (A= 2.0)
0.05 1 0%log”Z
06 07 08 09 1 11 12 13 Xpop = N-L3 0Ou?
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Cut-off dependence of each quantities

* Critical cut-off where
average phase factor
becomes large

& order parameters do not depend on cut-off

1.2x1073

0.0

(A = full) = ®(A > A,)

These results indicate

Af,AFMC,1/g% = 0,/T = 0.8

maximum value of MDP

A=full ==

'Jh A=25
ity A=2.0 —o—

qtl A=15 @ |

F\-::\_ A=1.0 —8—
A=0.5 —a—
A=0.0 —e—

0.9 1.2

we could investigate phase transition phenomena on a
large lattice by cutting off or by approximately integrating
out the high momentum auxiliary fields.
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Summary

* The source of the “sign problem” in AFMC method

— High momentum auxiliary field components

e Cutting off high momentum auxiliary fields
— Weight cancellations weaken

— The region where quantities of phase transition
phenomena do not depend on cut-off

 We try for a much larger lattice



