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Why Strong Coupling Lattice QCD?

Look at Lattice QCD in a regime where the sign problem can be made mild:
Strong Coupling Limit: 5 = % —0

@ allows to integrate out the gauge fields
completely, as link integration factorizes »
= no fermion determinant .

@ drawback: strong coupling limit is converse to Y .
asymptotic freedom, lattice is maximally coarse

Strong coupling LQCD shares important features with QCD:
@ exhibits “confinement”, only color singlet degrees of
freedom survive:

o mesons (represented by monomers and dimers)
e baryons (represented by oriented self-avoiding loops)

@ and spontaneous chiral symmetry breaking/restoration: (restored at T¢)
= SC-LQCD is a great laboratory to study the full (1, T) phase diagram
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Why Strong Coupling Lattice QCD?

Look at Lattice QCD in a regime where the sign problem can be made mild:
Strong Coupling Limit: 5 = % —0

@ allows to integrate out the gauge fields

FLF;
completely, as link integration factorizes » .
= no fermion determinant
- Ulln
@ drawback: strong coupling limit is converse to Y .

asymptotic freedom, lattice is maximally coarse

Strong coupling LQCD shares important features with QCD:
@ exhibits “confinement”, only color singlet degrees of
freedom survive:

o mesons (represented by monomers and dimers)
e baryons (represented by oriented self-avoiding loops)

@ and spontaneous chiral symmetry breaking/restoration: (restored at T¢)
= SC-LQCD is a great laboratory to study the full (1, T) phase diagram

I SC-LQCD is a 1-parameter deformation of QCD in 3 I
Mainz, 1.08.2013
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Motivation for SC-LQCD

Chiral transition and nuclear transition

This talk: focus on chiral transition and nuclear transition in the chiral limit

Chiral symmetry in SC-LQCD with staggered fermions for Ny = 1:

U(].)\/ > U(].)55 : w(x) N eie(x)0A+i9V’l/J(X), E(X) _ (_1)X1+X2+X3+X4
@ U(1)v baryon number conserved 2
@ U(1)ss chiral symmetry spontaneously A - o=0
broken at low temperatures/densities ° N
5 \
@ expected to be O(2) 2nd order (1 = 0) g I o0 1 m=04
@ note: no chiral anomaly at 5 =0 E I o...\ CEP |
. e L A O
Nuclear Transition (T=0): chiral limit
o . . .
@ baryon crystal forms 0 ! 2 8

Baryon Chemical Potential g
@ chiral symmetry restored . . .
Strong coupling phase diagram via

@ expected to be st order Mean field: Nishida, PRD 69 (2004)
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Long History of Staggered SC-LQCD

Mean field (1/d expansion):
1983:
1985:
1992:
1995:
2004:
2009:

Monte Carlo:
1984:
1989:

2003:
2010:

2011:
2011:

development of the technique [Kluberg-Stern, Morel, Petersson]
first finite density analysis [Damgaard, Hochberg & Kawamoto]
Te(n=0) =5/3, (T = 0) = 0.66 [Bilic et al]

entropy per baryon [Bilic & Cleymans]

full phase diagram and location of (tri)crital point [Nishida]
include O(B) corrections [Ohnishi et al.]

formulation as a dimer system [Rossi & Wolff]

first finite density results with MDP algorithm, aTc(u = 0) = 1.4, au(T = 0) = 0.63
[Karsch & Miitter]

first Worm algorithm applied to U(3): fast, easy to do chiral limit

[Adams & Chandrasehkaran]

full phase diagram and nuclear potential for SU(3) [de Forcrand & Fromm]

continuous Euclidean time methods [de Forcrand & U.]

include O(p) corrections for U(3) [Langelage, de Forcrand, Fromm, Miura, Philipsen, U.]

Local Metropolis, 4 32 at My m =0.025 Worm, same parameter set

- ——
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# merauons # wlerallons

x10°
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Phase Diagram of SC-LQCD, 8 = 0

Strong Coupling Partition Function

After SU(N.) gauge link integration only hadronic d.o.f. survive:

- 1
M, = XX(X)7 B, = meil"‘iNc Xiy -+ Xin,
c!

Exact rewriting after Grassmann integration: Mapping to a MDP representation:

Z(mg, 11,7) Z H NTklb(b)' 2ks0,10 HI,:IX (2amq)™ Hw(é 1)

{k,n,2} b= X
\W_/
meson hoppings My M,, chiral condensate My  baryon hoppings E’XBy

kp € {0,...Nc}, nx € {0,... Nc}, £, € {0, %1}

| AR

.

I_

o (I

@ Grassmann constraint:

iy + Z (kﬂ(x)+ %\%(X)\) = Ne

if

p=40,...+d l_
- [ =] '—|=—
@ weight w(4, 1) and sign o(¢) € {—1,+1} for [ » —
oriented baryonic loop ¢ depends on loop geometry Y i .
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Phase Diagram of SC-LQCD, 8 = 0

Strong Coupling Partition Function

After SU(N.) gauge link integration only hadronic d.o.f. survive:

- 1
M, = XX(X)7 B, = meil"‘iNc Xiy -+ Xin,
c!

Exact rewriting after Grassmann integration: Mapping to a MDP representation:

(Ne — k)
Z(mg, i) = ) H N.kb" et °W [Twern
2

{k,n,L} b=
——
meson hoppings My M), chiral condensate Mx  baryon hoppings Bx By

kp € {0,...Nc}, nx € {0,... N}, £, € {0, %1}

|
£

@ Grassmann constraint:

ot >0 (0 Fiatr) = e

f==40,...+d

f

|

;

“f

@ weight w(¥, ;1) and sign o(¢) € {—1,+1} for
oriented baryonic loop ¢ depends on loop geometry

Sy
[
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Phase Diagram of SC-LQCD, 8 = 0

SC-LQCD Phase Diagram

Comparison of phase boundaries for N = 2,4 and N; — oo (continuous time),
studied with Worm algorithm [hep-lat/1111.1434]

1.4

1.2

identifications:

Continuous Time:
0.8 | 2nd order ---x---

—
@ tricritical point :-----
1st order —+—
0.6 - i
N.=4:
0.4 F 2nd order ---m--- i
’ tricritical point :--o--- )
1storder —e— , ~
2+ ~ h
0 N.=2
1st order :
0 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

a
@ behavior at low p qualitatively the same, first order transition shifts to larger p

@ no re-entrance in continuous time (also seen by [Ohnishi et al. 2012]
via auxilliary field Monte Carlo, see also — talk by T.Ichihara
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Phase Diagram of SC-LQCD, for small 3

Connection Between Strong Coupling and Continuum Limit?

Various possible scenarios for the extension to finite 3:

Tim, T/my

@ back plane: strong coupling phase diagram
@ front plane: continuum phase diagram (N; = 4)
Questions we want to address:
@ does tricritical point move to smaller or larger 1 as 3 is increased?

@ do the nuclear and chiral transition split?
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Phase Diagram of SC-LQCD, for small 8

Derivation of O(/5) effective action

@ Strong Coupling Partition function incorporating O(3) corrections:

Z = / dxdiydUe®c™F = / dxdxZr (e7°),,

(0), = Zi/dUOe’SF, ZF:/dUe’SF = I[ ztm
F

I=(x, 1)

@ plaquette expectation value before Grassmann integration:

(tr[Up + UR]), = ! /dUtr[Up + Ufle™F = (H z,) > F3(M, B, B)

leP

O-E- (AR
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Link Integrations for O(3) diagrams

One-Link integrals for links on the edge of an elementary plaquette
(based on techniques from [Creutz 1978], [Azakov & Aliev 1988]):

1 1
Jik = xwﬂ, - -Mquoka, + —M M‘pxktp, + o ii Ckky ko Piy Pin Xkq Xk

Dy Do D3 By

1 7 1 1 _
+ 3 Siinia Sk kg Mx Mep @iy @iy X Xy + 2 Bio Bx Xuebi + = <iiyip Mo Bx Piy Pig Rk + - €y kg Mx Beo Xy Xy 2

B2

@ determine plaquette link product P = TrJixJxiJimImi

@ result can be consistently re-expressed via

link weights: w(Dy) = %, w(B1) = —71) w(B,) = (NR’ ' 1!

and site weights: vi = NI, w=(N.—-1), wn=1

v, v,
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Classification of O(j) Diagrams

Diagrams classified by external legs (monomers or external dimers)
D} (D, D) D,D,D, B, D\D,D, B, DB,
A
D, D} D,D,D,D. (D,B,) D} B}
¥y
(D,D,} DD} DD, D, BB, B, D,B}
DD, D} BB BB B!
mesonic sector baryonic sector

The phase diagram of SC-LQCD



Phase Diagram of

SC-LQCD, for small 3

Crosschecks at Finite Temperature

Croscheck on small lattices:

@ comparison between HMC and MDP algorithms agrees well

@ gauge observables are correctly obtained for various amg, aT:

SU(3) Polyakov Loop, 2x4

03 . : . . 0.035
- e | 0.03
0.25 ) S
T @ . 0.025
02y Tre T ]
o, e 0.02
015 e “oa 4
0.015
0.1
0.01
0.05 0.005
0 0

HMC
—+—  aT=0.750 &
aT=1.000
aT=1.500

aT=0.125
250

aT=2.000 + -
aT=4.000 i~

Average Plaquette, 2x4

MDP
aT=0.125 +---+ aT=0.750 :--<---
aT=0.250 ~—~— aT=1.000
aT=0.500 ---»--- aT=1.500

aT=2.000 +--e-
aT=4.000 i -o-
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Gauge Observables at Zero Density

@ Polyakov loop expectation value: ratio of partition function w/o static quark Q,
measured via reweighting from the SC-ensemble:

N.

dxdx(L),Zr Z 1
U —(Fo—Fo)/T - o o
(L) = Jdxdxitlozr - ~eFerflT = 22 (%) = T, a (%) [ [ deena(R)
[ dxdxZr z .
@ (L) and (P;) are sensitive to the chiral transition
@ (L) rises significantly, indicating “deconfinement”
Polyakov Loop at u=0 Spatial and Temporal Plaquette at u=0
0.28 : : : —
026 7 ooz Zoom into <P>
0.24 T I W T T
0.22 A 0015 |- r e E
§ L [
02 E . oL IR
0.18 E 001 - P 1
0.16 L L T A
1.341.361.38 1.4 1.421.441.46 1.341.361.38 1.4 1.421.441.46)
0.14 ] 0.005 |- °l
434 —+—12%4 B
0.12 L aT ‘ ggx 164
0.1 0
3 1 15 2 25 3
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Phase Diagram of SC-LQCD, for small 3

Gauge Observables at non-zero Density

0.35
0.3
0.25
0.2
0.15
0.1
0.05
0.6
0.7
0.6
0.5
0.4
0.3
0.2

@ Scan at finite density in polar coordinates (aT, au) — (p, ¢)

@ Polyakov loop behaves similar to baryon number density, but also receives
contributions from mesons

Polyakov Loop
o=tan(wT) |
2nd order: g? ——t
0.2 %1 7|
‘ 3 03
T 16°x4 8§ i
Peee S TCP: ¢=0.62(2) 05 |
I I I . ,firstorder: 0.7 -
08 1.0 12 14 s 5]
i PN U W S 4
Baryon Density PP
V e @ @ @ . ¥
o - o - ]
=) B8 =] & = i
&= o]
& L oo e * *
R o x ORI .
Y D " ‘ ‘
0.8 1.0 1.2 14 16 T8

p=a(T2+u2)”2
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Phase Diagram of SC-LQCD, for small 3

Chiral susceptibility in the chiral limit

Full chiral susceptibility: x = %6(%:1)2
q

2 Npy)?
X = (2amq;2L3Nt ((Nir) = (Nm)* = (Nu)) = o (me Glx, %) — (gaxjﬁ

In chiral limit:

@y~ <(1/_11/J)2> is measured with high precision via Worm estimator G(x1, x2)

@  has no peak, FSS via: x./L"/"(t) = A+ Btl'", t= %

c

with 3d O(2) critical exponents

log Z can be expressed in terms of monomers:

)

11 F L
1k

T
4§x4 —
14+ 634 < A
PR 84 ok
13 123)(4 = b
4 16°x4
o 4
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- 000000 vrebhEmaseledfwess |
Taylor Expansion for the Susceptibility

For fermionic observables, the leading order (3 correction can be measured:

@ obtain the slope of the transition temperature w.r.t. 3 from a
Taylor coefficient:

X(8) = xo + 8 + O(8%) with xo=2
o= BB = (@0rP)— (@) (P) J

@ Z,: 2-monomer sector sampled by G(x1,x2) via Worm,
@ necesssary condition: c>(<1) needs to obey finite size scaling to modify aT.
@ one can show that in the thermodynamic limit:

M ~ (e + LM + cs3t) in the vicinity of t=0,

@ the shift in T is then related to scaling function parameters A, B and c:

AaT.(B) = —/BaTc§C2 J
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Diagram of S

Results on the Slope at Zero and non-Zero Density

@ We obtain for the slope: %aTc(,B) ~ —0.243)at u=0
Shift in T, at w/T=0.00
Plaquette <pbp? plags/<pbp?>
0.235 T
0.23 - A
o= T ) =N
0.225 A= B e ] S e
.. B r % % O H,,m,ru—"ﬂ"'m'a N **/%*_%*~%
. I
0.22 PRI r e
0215 e A
L ] -
0.21 4‘7#7#4’/*7*7*,*,#,*—«#—# oot
0.205 . . . L . .
-0.005 0 0.005 0.01 -0.005 0 0.005 0.01
t t
Rescaled Chiral Susc. at p=0 Linear Reweighting to p=0.05
1.6 T T T 1.3 T T T T
4gx4 —— 1.2 |- 43%4 = |
14 | 63)(4 R A 1.1
12 o 2% o ;
2k X k
R 16%4 8-2
1 ETE *:*; Mgy B .
TREE Tk d
Trgpy | o7
08 | aT.=1.402(0) Seg U o
06 | A=0.987(0) ®al  oa
- —-0.876(3) 03
04 s s s o5 s ‘ s s
-0.005 0 0.005 0.01 -0.01  -0.005 0 0.005  0.01
t t
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Diagram of S

Results on the Slope at Zero and non-Zero Density

@ We obtain for the slope: %aTc(,B) ~ —0.15(2) at u/ T =0.29
Shift in T, at w/T=0.29
Plaquette <pbp? plags/<pbp?>
0.245 ‘
0.24 5
1 e
0.235 |- . BBl R X e -
0.23 B X X XX e - o WK=K
S R TR e X o ek HOTH e e oxe X
0.225 - N TR I R
[ S e 1
0215 |- i —
021 | L B
0.205 ‘ ‘ ‘ ‘ ‘ ‘
-0.005 0 0.005 0.01 -0.005 0 0.005 0.01
t t
Rescaled Chiral Susc. at p=0 Linear Reweighting to p=0.05
18 ‘ Fowp— 16 ‘
16 62:4 S 1.4
e 1233 Ty 12
e B 3 i e,
1.T T g’g*@m‘ﬁ . 164 01 geng
i Fepgres o 08p s
08l aT=1.339(0) R I
A=1.034(4) B At=-B 0.114(17) .
06 B=1.102(12) B 0 ey 1
0.4 ! ‘ ‘ 02 L ‘ ‘ !
-0.005 0 0.005 0.01 .01 -0.005 0 0.005  0.01
t t
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Phase Diagram of SC-LQCD, for small 8

Corrections to the SC-Phase diagram

@ The slope vanishes at the tricritial point and along the first order line

O(B) Corrections to the SC-QCD Phase Diagram

15 T T T T T T ratio at strong coupling
T e b Te(u=0) . 1403
sl —He—e 17T i?:;:\:;\x | m ~ =2. 46
T . S %%X x | too large compared to
1L - | mg =0 continuum result
~ 154 MeV
5 1+ e ~ §osaev = 0.165
09 | E but
0.8 | ! ) X ] —
linear extrapolation in B: |
07 | 2nd order line at p=0 +--x-—- | 4 Te(pn=0) \ (ﬂ /()
2nd order line at B=0.1 ~——<—- | pe(T= 0) J
0.6 [ 2nd order line at p=0.5 +--x--- A
1st order line ——+— .
05 L L L L ! ! at leading O(8)
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
ap
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Conclusions

Conclusions
Achi 25 ' I
ts:
chievements MF "I:(. _
@ correct average plaquette and 2 BAT=L/N_, u=0)(MC) & 1
Polyakov loop reproduced at T(SCL, ui=0)(MC) a
B =0 (checked with HMC) = 1.5 4 He === |
@ all measurements extended = 1 U /(BDP’92) =
to finite u
@ (L) and (P:) are sensitive to 0.5
the chiral transition
@ slope of aT. determined at 0 0 1 2 3 4 5 6
finite density up to the B=2N /gl N
tricritical point - ' ¢
Comparison with mean field results by Miura et. al,
Further Goals: Phys. Rev. D 80 (2009) 074034 (2009): good agreement
@ O(f?) corrections needed
@ determine whether the chiral and nuclear transition split at finite 3

The phase diagram of SC-LQCD
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Conclusions

Conclusions
2.5 , . : :
Achievements: MF T, —
@ correct average plaquette and 2 BAT=L/N_, u=0)(MC) & 1
Polyakov loop reproduced at T(SCL, ui=0)(MC) a
B =0 (checked with HMC) = 1.5, He === ]
@ all measurements extended = 1 U /(BDP’92) =
to finite p
@ (L) and (P:) are sensitive to 05 =% ——————"Tm T
the chiral transition 0 “
° sllo.pe of a_Tc determined at 0 1 2 3 4 5 6
finite density up to the B=2N /gz
.. . C
tricritical point -

Comparison with mean field results by Miura et. al,

Further Goals: Phys. Rev. D 80 (2009) 074034 (2009): good agreement

@ O(f?) corrections needed

@ determine whether the chiral and nuclear transition split at finite 3

I Thank you for your attention! I
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Backup: SC-LQCD at finite temperature

How to vary the temperature?
@ aT =1/N; is discrete with N, even
@ aT.~15, ie N °<2 = we cannot address the phase transition!

Solution: introduce an anisotropy - in the Dirac couplings:

(3 — k») 3! n
Z(mq, 1,7, Ne) = D H 3,kf yote T o5 @ame)y™ [T wie. )
!

{k,n,I} b=(x, X

Should we expect a/a; = ~, as suggested at weak coupling?

N, (d—1)(Nc+1)(Nc+2)

@ No: meanfield predicts a/a, = ~°, since 72 = SN T3)

= sensible, N, -independent definition of the temperature: aT ~ 2=

@ Moreover, SC-LQCD partition function is a function of ~>

However: precise correspondence between a/a, and ¥° not known |
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Conclusions

Backup: The Fate of the Nuclear and Chiral Transition

Strong Coupling Limit:
@ finite temperature chiral transition takes place when spatial dimers vanish

@ nuclear and chiral transition coincide: (Xx) vanishes as baryonic crystal forms

aT
T=0,p> =0
Mm = 0, T = A Phase Diagram in the Chiral Limit ' H Hes ﬂ

= 4 = —--_;"“_or;eri\*\

F = L[ -

= = = = > TCP

= EZZ] = 5 ~.

—_] [_:j [_ 1* order
T =]

Y £ 4 N finite N.2>©
T { » an
0.57 0.75
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Conclusions

Backup: The Fate of the Nuclear and Chiral Transition

u=0,T>T.

Strong Coupling Limit:

aT
A Phase Diagram in the Chiral Limit
2order | T~ o
=~ ~
~
S. TCP
1* order
N, finite N,
T { » an
0.57 0.75

@ finite temperature chiral transition takes place when spatial dimers vanish

@ nuclear and chiral transition coincide: (Xx) vanishes as baryonic crystal forms

T=0u>p,B=0

Wolfgang Unger, University of Frankfurt
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Conclusions

Backup: The Fate of the Nuclear and Chiral Transition

Strong Coupling Limit:
@ finite temperature chiral transition takes place when spatial dimers vanish

@ nuclear and chiral transition coincide: (Xx) vanishes as baryonic crystal forms

aT
p=0T>T. A Phase Diagram in the Chiral Limit T=0,pu>p,B>0
=== ;"“_or;er Te-l T
I \\\.TCP [
E = = = = 1* order L——I
, L
' N finite N.2>© L rL
. ! » au
057 075

Possibility for 5 > 0:

@ chiral transition takes place at larger pc than nuclear transition, as chiral
condensate can be non-zero even though baryonic crystal has formed
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Backup: The Fate of the Nuclear and Chiral Transition

Strong Coupling Limit:
@ finite temperature chiral transition takes place when spatial dimers vanish

@ nuclear and chiral transition coincide: (Xx) vanishes as baryonic crystal forms

u=0,T>T. A Phase Diagram in the Chiral Limit T=0,u>u,B>0

= 2order | T~ o L
= = S

~
S. TCP

———

= = = = = 1% order
' N finite N.2>©
T { » L
0.57 0.75

Possibility for 5 > 0:

@ chiral transition takes place at larger pc than nuclear transition, as chiral
condensate can be non-zero even though baryonic crystal has formed
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Backup: The Fate of the Nuclear and Chiral Transition

Strong Coupling Limit:
@ finite temperature chiral transition takes place when spatial dimers vanish

@ nuclear and chiral transition coincide: (Xx) vanishes as baryonic crystal forms

Tim, T/my T/my

Possibility for 5 > 0:

@ chiral transition takes place at larger pc than nuclear transition, as chiral
condensate can be non-zero even though baryonic crystal has formed
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Backup Slide: SC + Plaquette Partition Function at O(f)

partition function can be expanded up to O(1/g>") as Grassmann integration terminates
at this order:

-1 9
Z:/dxdeFH <1+§<Hz,> ZF,§+...>
P Iep s=1

@ new set of plaquette variables gp € {0,... N.} and auxiliary variables

xeP beP

qX:Zq,DG{O,...I\/C}7 qb:ZqPE{O,...NC}
P P

@ help to write down Z after Grassmann integration:

Z= Z{k,n,[,q} Hb:(x,,u) wo [T, wie [T, we] [ we,

(Ne —kp)! —2gp

we = Bel(2am)™vi(x),  we = ety we=g

R+ Y vo.va (ka() + F16a(x)]) = Netax

Wolfgang Unger, University of Frankfurt The phase diagram of SC-LQCD



Backup: Crosschecks at =0, T =0

@ Sampling average plaquette at finite 3:

2 1 2
(P) = Va(d = 1)8ﬁ|°g(z)_3<np>’ "PZmZP:qP

@ saturation expected: (n,) < %
(at most N plaquettes can join at a bond or site)

@ numerical results show indeed saturation of (n,), = (P) — 0 for § — o0

4*,8U(3) to chiral limit 4*,8U(3) to chiral limit
1 - 008
Worn drectsamplng = Worm irectsamplng ——
%o ¥
Teweighting: <P=0.019857(6) - ¥ {eweighing: <P>-0.0195575)
007 .
x
" 008
01 .

@ reweighting from the SC-ensemble, (P) = Zp/Z, gives very precise results
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Backup: FSS Scaling of Taylor Coefficient
L _
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Backup: FSS Scaling of Taylor Coefficient

Shift

Rescaled Chiral Susc. at f=0

0.6
0.5
0.4
0.3
0.2
0.1

-0.08.02.01 0 0.010.020.09.040.05.06
t=T/T

Linear extrapolation in for 3=0.01

in T, at u/T=0.00
Plaquette <pbp2 plaq>/<pbp2>

056 T T T T T T T T T T T T T T T T
0.55
0.54
0.53
0.52
0.51

0.5
0.49 B

oag Ll b v by B
-0.63 62 0100.001. 022 0B 02 0t 356362 0 100. 00. 02 0. 03 05.06

t=T/T,1 t=T/Te1

S -
I H - e

Mak

T ek

Taylor Coeff. C(L)=c;+C, L' Determination of c, at t=0

T T é T 0 T T T T T T T T T T T T T
4pxd | gL | | Taylor Coeff. ===+
I~ 63X4 I - | /Cﬁi ,,,,,,,
N S | 20 | ~ y
.. T 3 X /
T~ i 16°x4 ] 80F H
\\F‘&*ﬁﬁxw “or ‘ 1 7/
B nﬂ’ga@,é ;é_;’fiT*f 50 | ] !
| At=-p 1.878(69] FEO T } ¢;=-0.325(147)
=-0.019(0) S 60 | 1 [ c=-0.811(14)
1 1 ! 1 TR R I S R S R { I 1 1 1
-0.04 -0.02 0 0.02 0.04 0.06 -0.06.62.0100.00.02.08.08.06.060.05 0.1 0.15 0.2 0.25 0.3
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Conclusions

Backup: Results on the Slope at Zero and non-Zero Density

The slope gets smaller for increasing p
p-dependence of the slope of the transition temperature
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