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Introduction 

§  Nucleon	  Dirac	  and	  Pauli	  form	  factors,	  F1N(Q2)	  and	  F2N(Q2)	  	  respecDvely,	  are	  defined	  
through	  the	  nucleon	  vector	  matrix	  elements,	  	  

§  p	  and	  p’	  are	  the	  iniDal	  and	  final	  momenta	  of	  the	  nucleon,	  respecDvely.	  Q2	  =	  -‐(p’-‐p)2	  
is	  the	  momentum	  transfer	  from	  the	  incoming	  nucleon	  to	  the	  outgoing	  nucleon.	  

§  The	  Dirac	  and	  Pauli	  form	  factors	  are	  related	  to	  the	  electric	  and	  magneDc	  Sachs	  
form	  factors	  by	  	  

§  Two	  types	  of	  contracDons	  contribute.	  
	  	  	  	  	  	  Consider	  only	  the	  connected	  contribuDons.	  	  
	  è	  Isovector	  (p-‐n)	  observables	  have	  only	  connected	  contribuDons.	  	  
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Status of nucleon structure calculations with 2+1 flavors of domain wall fermions Meifeng Lin

1. Introduction

Understanding the internal structure of nucleons has long been a central mission of the theo-
retical and experimental nuclear physics research. Not only nucleons are the building blocks of the
visible matter, but also are they the essential probes into dynamics of the strong interaction, giving
us glimpse of how strong interaction works to bind the quarks and gluons together to form protons,
neutrons and other hadronic matter. Of particular interests are the nucleon form factors and struc-
ture functions, which allow us to study the size, shape and spin structure of the nucleons. Due to
the non-perturbative nature of the strong interaction, in which the coupling constant becomes too
strong at low energies for perturbatiion theory to be reliable, first-principle calculations of these
quantities are best done by lattice QCD approaches. While in the past decade or so the numerical
techniques of such calculations have been improved greatly, some results are still plagued with sys-
tematic errors that remain to be understood, among which chiral extrapolation, finite volume and
excited-state contamination effects have been the most actively investigated ones recently. Most
notably, lattice results for the nucleon axial charge, gA, are consistently lower than the experimental
value by 10%-20%. Similar behavior has also been observed in the results for the isovector Dirac
charge radius. While some studies indicated finite volume effects to be the culprit [1, 2], others
found that excited-state contaminations may contribute significantly to the discrepancy [3, 4]. Of
course, almost all the lattice simulations to date have unphysically heavy pion masses, and undeter-
mined errors associated with chiral extrapolations to the physical point may constituent a big part
of the discrepancy as well.

It is thus to our interest to perform lattice calculations in a large volume, with a sufficiently
large source-sink separation to suppress excited-state contaminations and at pion masses as close
to the physical point as possible. With this in mind, we did our calculations on the 2+1 flavor
domain wall fermion gauge configurations [5] generated by the RBC and UKQCD collaborations
with a spatial volume of about (4.7fm)3, and two pion masses of about 170 and 250 MeV. As we
will discuss later, we also set the source-sink separation to be about 1.3 fm, which is among the
largest used in nucleon three-point functions in recent lattice calculations. In these proceedings,
we will focus on the calculation of the nucleon electromagnetic form factors, represented by the
Dirac and Pauli form factors FN

1 (Q2) and FN
2 (Q2). Calculations of the nucleon axial charge and

strangeness content on the same gauge ensembles are discussed in separate presentations [6, 7] at
this conference.

The Dirac and Pauli form factors are defined through the matrix element

hN(p0)|JN
µ (x)|N(p)i= ei(p0�p)·xu(p0)


gµFN

1 (Q2)+ isµn
qn

2MN
FN

2 (Q2)
�

u(p), (1.1)

where p and p0 are the momenta of the incoming and outgoing nucleons, respectively, and Q2 =
�q2 =�(p0� p)2. It is convenient to define the isovector current Vµ(x)⌘ Jp

µ(x)�Jn
µ(x)= u(x)gµu(x)�

d(x)gµd(x), with the corresponding isovector Dirac and Pauli form factors, F p�n
1 (Q2) and F p�n

2 (Q2).

2. Details of Calculations

The calculations were performed on the 323 ⇥ 64 gauge configurations with 2+1 flavors of
domain wall fermions (DWF) and the Iwasaki gauge action with the dislocation-suppressing-

2

GE Q2( ) = F1(Q2 )− Q2

4MN
2 F2 (Q

2 )

GM Q2( ) = F1(Q2 )+F2 (Q
2 )
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Connected vs. Disconnected

I Two types of contractions contribute to the three-point functions:

t t’

τ

t t’

τ

I We do not yet include disconnected digrams in our calculations.
I In the isovector case (p� n), only connected diagrams contribute.

[focus of the talk]
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Why are we interested?  

§  They	  encode	  the	  charge,	  magneDc	  moment	  and	  size	  (mean	  square	  radii)	  of	  the	  
nucleon:	  

	  
§  The	  Proton	  Size	  Puzzle	  from	  the	  experiment:	  The	  proton	  size	  measured	  from	  

muonic	  hydrogen	  Lamb	  shib	  is	  7	  sigma’s	  smaller	  than	  the	  CODATA	  e-‐p	  sca6ering	  
result.	  	  

§  Ab	  ini<o	  laGce	  calculaDons	  can	  provide	  QCD	  contribuDons.	  	  

Meifeng	  Lin,	  "Nucleon	  form	  factors	  with	  2+1	  flavors	  of	  DWF	  and	  AMA”,	  LaGce	  2013,	  Mainz,	  Germany	  

4	  

eN = F
N
1(0)

κN = F
N
2 (0) = µN −1

ri
2 = −6 dFi (Q

2 )
dQ2 Q2=0

Citation: J. Beringer et al. (Particle Data Group), PR D86, 010001 (2012) and 2013 partial update for the 2014 edition (URL: http://pdg.lbl.gov)

p CHARGE RADIUSp CHARGE RADIUSp CHARGE RADIUSp CHARGE RADIUS

This is the rms electric charge radius,
√

〈

r2
E

〉

.

Most measurements of the radius of the proton involve electron-proton
interactions, and most of the more recent values agree with one another.
The most precise of these is rp = 0.879(8) fm (BERNAUER 10). The

CODATA 10 value (MOHR 12), obtained from the electronic results, is
0.8775(51). However, a measurement using muonic hydrogen finds rp
= 0.84087(39) fm (ANTOGNINI 13), which is 13 times more precise and
seven standard deviations (using the CODATA 10 error) from the electronic
results.

Since POHL 10 (the first µp result), there has been a lot of discussion
about the disagreement, especially concerning the modeling of muonic hy-
drogen. Here is an incomplete list of papers: DERUJULA 10, CLOET 11,
DISTLER 11, DERUJULA 11, ARRINGTON 11, BERNAUER 11, and
HILL 11.

Until the difference between the e p and µp values is understood, it does
not make sense to average the values together. For the present, we give
both values. It is up to workers in this field to solve this puzzle.

VALUE (fm) DOCUMENT ID TECN COMMENT

0.84087±0.00026±0.000290.84087±0.00026±0.000290.84087±0.00026±0.000290.84087±0.00026±0.00029 ANTOGNINI 13 LASR µp-atom Lamb shift
0.8775 ±0.00510.8775 ±0.00510.8775 ±0.00510.8775 ±0.0051 MOHR 12 RVUE 2010 CODATA, e p data
• • • We do not use the following data for averages, fits, limits, etc. • • •

0.879 ±0.005 ±0.006 BERNAUER 10 SPEC e p → e p form factor
0.912 ±0.009 ±0.007 BORISYUK 10 reanalyzes old e p data
0.871 ±0.009 ±0.003 HILL 10 z-expansion reanalysis
0.84184±0.00036±0.00056 POHL 10 LASR See ANTOGNINI 13
0.8768 ±0.0069 MOHR 08 RVUE 2006 CODATA value

0.844 +0.008
−0.004 BELUSHKIN 07 Dispersion analysis

0.897 ±0.018 BLUNDEN 05 SICK 03 + 2γ correction
0.8750 ±0.0068 MOHR 05 RVUE 2002 CODATA value
0.895 ±0.010 ±0.013 SICK 03 e p → e p reanalysis
0.830 ±0.040 ±0.040 24 ESCHRICH 01 e p → e p

0.883 ±0.014 MELNIKOV 00 1S Lamb Shift in H
0.880 ±0.015 ROSENFELDR...00 e p + Coul. corrections
0.847 ±0.008 MERGELL 96 e p + disp. relations
0.877 ±0.024 WONG 94 reanalysis of Mainz e p

data
0.865 ±0.020 MCCORD 91 e p → e p

0.862 ±0.012 SIMON 80 e p → e p

0.880 ±0.030 BORKOWSKI 74 e p → e p

0.810 ±0.020 AKIMOV 72 e p → e p

0.800 ±0.025 FREREJACQ... 66 e p → e p (CH2 tgt.)
0.805 ±0.011 HAND 63 e p → e p

24ESCHRICH 01 actually gives
〈

r2
〉

= (0.69 ± 0.06 ± 0.06) fm2.
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Systematic errors that need to be addressed 

§  Chiral	  extrapolaDon	  errors:	  	  
–  Most	  of	  the	  laGce	  calculaDons	  to	  date	  are	  done	  at	  pion	  masses	  heavier	  than	  the	  

physical	  value.	  If	  the	  pion	  masses	  are	  too	  heavy,	  chiral	  extrapolaDons	  may	  not	  be	  
reliable.	  

–  More	  and	  more	  laGce	  calculaDons	  recently	  have	  pushed	  the	  pion	  masses	  to	  be	  closer	  to	  
or	  even	  directly	  at	  140	  MeV,	  so	  this	  source	  may	  not	  be	  as	  big	  an	  issue	  as	  before.	  	  

§  Finite	  volume	  effects:	  
–  If	  the	  laGce	  is	  too	  small,	  we	  may	  need	  to	  worry	  about	  finite	  volume	  effects.	  
–  At	  least	  two	  volumes	  are	  needed	  to	  address	  this	  issue	  directly.	  Or	  simulate	  at	  a	  very	  

large	  box,	  but	  we	  don’t	  know	  how	  large	  is	  sufficient	  a	  priori.	  

§  Excited-‐state	  contaminaDons:	  
–  Nucleon	  ground	  state	  dominates	  only	  at	  large-‐enough	  Euclidean	  Dme.	  If	  the	  separaDon	  

is	  not	  sufficient,	  we	  may	  see	  effects	  of	  the	  excited	  states.	  	  
–  Need	  at	  least	  two	  source-‐sink	  separaDons	  to	  esDmate	  the	  contaminaDons.	  	  

§  Other	  effects:	  discreDzaDon	  errors,	  isospin	  symmetry	  breaking,	  etc.	  	  
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Our calculations 

§  We	  akempt	  to	  minimize	  at	  least	  the	  first	  three	  sources	  of	  systemaDc	  errors	  by	  	  
–  Going	  to	  pion	  masses	  as	  light	  as	  170	  MeV.	  
–  Using	  a	  large	  physical	  volume	  of	  (4.6fm)3.	  
–  Applying	  two	  source-‐sink	  separaDons.	  	  

§  Gauge	  ensembles	  [generated	  by	  RBC	  and	  UKQCD	  CollaboraDons]:	  
–  Gauge	  acDon:	  Iwasaki	  +	  DislocaDon-‐Suppressing-‐Determinant-‐RaDo,	  β=1.75.	  	  
–  Fermion	  acDon:	  Standard	  domain	  wall	  fermions,	  ,	  Ls	  =	  32	  	  è mres	  ≈	  0.0018.	  	  
–  1	  laGce	  volume:	  322	  x	  64.	  
–  1	  laGce	  spacing:	  a-‐1	  =	  1.37(1)	  GeV	  è	  	  a	  ≈	  0.144	  fm.	  	  
–  2	  pion	  masses:	  Mπ	  ≈	  170	  MeV	  and	  250	  MeV.	  

§  Nucleon	  three-‐point	  funcDon	  details:	  
–  Source:	  Gaussian	  smearing,	  width	  =	  6	  laGce	  units	  for	  70	  steps	  +	  APE	  link	  smearing.	  	  
–  Source-‐sink	  separaDons:	  	  	  

•  tsnk	  –	  tsrc	  	  =	  1.0	  fm	  	  and	  1.3	  fm	  for	  Mπ	  ≈	  170	  MeV,	  	  
•  tsnk	  –	  tsrc	  	  =	  1.3	  fm	  only	  for	  250	  MeV.	  	  
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Nucleon Three-point Functions 

Introduction Calculation Details Preliminary Results Error Reduction Techniques Conclusions

Nucleon Two and Three-Point Functions

I We use the standard proton interpolating operator,
with smearing S = Gaussian (G) or Local (L)

�S(x) = ✏abc

“
[uS

a(x)]T C�
5

dS
b(x)

”
uS

c(x)

I Nucleon two-point functions:

CS(t � tsrc, p) =
X

~x

ei~p·~x
Tr

h
P

4

h0|�S(~x, t)�G(~0, tsrc)|0i
i

I Nucleon three-point functions:

CP↵
Jµ

=
X

~x,~z

ei~q·~z
Tr[P↵h0|�G(~x, tsnk)Jµ(~z, t)�G(~0, tsrc)|0i]

with the projection operators:

P
4

= (1 + �
4

)/2

P
53

= (1 + �
4

)�
5

�
3

/2
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Determining the form factors 

§  The	  form	  factors	  are	  determined	  from	  the	  raDo:	  
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Determination of Form Factors

I Nucleon vector form factors:

hp|V+
µ (x)|ni = up

»
F

1

(q2) +
�µ�q�

2MN
F

2

(q2)

–
uneiq·x

F
1

(q2), F
2

(q2): Dirac and Pauli form factors.
I Nucleon Sachs form factors:

GE(q2) = F
1

(q2) �
q2

4M2

N
F

2

(q2)

GM(q2) = F
1

(q2) + F
2

(q2)

I We define the following ratio

RP↵
Jµ

(q, t) = K ·
CP↵

Jµ
(~q, t)

CG(t
snk

� t
src

, 0)

»
CL(t

snk

� t, q)CG(t � t
src

, 0)CL(t
snk

� t
src

, 0)

CL(t
snk

� t, 0)CG(t � t
src

, q)CL(t
snk

� t
src

, q)

–
1/2

,

with
K = MN

p
2E(q)(MN + E(q))
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Determination of Form Factors

I The ratios conveniently defined to be directly related to the Sachs Form Factors:

GE(q, t) =
RP4

V
4

(q, t)

MN(MN + E(q))
,

GM(q, t) =
1

2

0

@
RP53

V
1

(q, t)

q
2

MN
�

RP53

V
2

(q, t)

q
1

MN

1

A ,

I And the Dirac and Pauli form factors can be obtained by:

F
1

(q2) =
GE(q) + ⌧GM(q)

1 + ⌧
, for all q

F
2

(q2) =
GM(q)� GE(q)

1 + ⌧
, for q 6= 0

where ⌧ = q2/(4M2

N).
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Nucleon Dispersion relation 

§  One	  quesDon	  is:	  what	  should	  we	  use	  for	  E(q)?	  	  
–  It	  can	  be	  directly	  determined	  from	  the	  nucleon	  two-‐point	  funcDon.	  
–  Or	  we	  can	  use	  the	  nucleon	  dispersion	  relaDon	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
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E(q) = MN
2 +
q2 = MN
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Error Reduction with All-Mode-Averaging 

§  Nucleon	  signal-‐to-‐noise	  decreases	  exponenDally	  with	  decreasing	  pion	  mass	  due	  to	  
3-‐pion	  contribuDons.	  

§  To	  reduce	  the	  staDsDcal	  errors	  on	  the	  light,	  Mπ=	  170	  MeV,	  ensemble,	  we	  
employed	  the	  All-‐Mode-‐Averaging	  technique	  [Blum,	  Izubuchi,	  Shintani,	  arXiv:	  	  1208.4349]	  	  

	  
	  

–  Takes	  advantage	  of	  the	  covariant	  transformaDon	  G	  of	  the	  laGce	  to	  use	  many	  sources.	  	  

–  Needs	  to	  construct	  an	  approximate	  operator	  O(appx)	  	  which	  has	  strong	  correlaDon	  with	  
the	  exact	  operator	  O.	  

–  O(appx)	  needs	  to	  be	  much	  cheaper	  to	  calculate	  than	  O.	  	  
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signal
noise

∝ Ne
−(MN−

3
2
Mπ )t

2

servable

O(imp) = O(rest) +O(appx)

G , (2)

O(rest) = O �O(appx), O(appx)

G =
1

NG

X

g2G

O(appx),g,

where an average over NG symmetry transformations in
G is taken.

For appx-1, the statistical error of hO(imp)i is

err
(imp)

⇡ err

r
2(1� r) +

1

NG
, (3)

which can be made smaller than the original (err) by
a judicious choice of O(appx). The fluctuation from
O(rest), the first term in (3), is suppressed due to r ⇡ 1,
while the second term is reduced by 1/NG without too
much additional cost as required by appx-2 (correla-
tions among O,O(appx), and O(appx),g have been ignored,
which is a good approximation for noisy observables or
large volume). Due to covariance, appx-3, it is easy
to prove the ensemble averages of (primary observables)

O(appx),O(appx),g, and O(appx)

G are all equal, so the im-
proved estimator (2) is unbiased, hO(imp)i = hOi.

The idea of exploiting covariance [9, 10] to improve
statistical errors has a wider range of applicability than
LMA, so in general we call it covariant approximation av-

eraging (CAA). Several comments on CAA follow. From
Eq. 3 the accuracy of the approximation O(appx) ⇡ O
(appx-1) should be precise enough so that the statis-
tical error from O(rest) is below, say, one-half of the
desired final precision. Too accurate an approximation
wastes resources. In O(imp), most of the statistical fluctu-
ation is carried by O(appx), which is reduced by averaging
over NG(� 1) measurements with smaller cost (appx-
2). Balance between these opposing parts of the method
allows CAA to reduce statistical errors significantly while
keeping the computational cost low.

In the framework of CAA the best choice of approxi-
mation depends on the target observables and lattice pa-
rameters such as quark mass and volume. In principle,
any set of lattice symmetries, G, can be used in CAA.
We limit ourselves to the case of translation symmetries
in the following examples.

The first example is LMA. In LMA eigen-systems of
the Hermitian Dirac operator are obtained for the part
of the spectrum closest to zero,

DHvi = �ivi, (i = 1, 2, · · · , N
eig

), (4)

0 < |�
1

|  |�
2

|  · · ·  |�N
eig

| = �
cut

, (5)

which is then used to construct, through spectral de-
composition, the low-mode approximation of the fermion

TABLE I. LMA and AMA algorithms

LMA algorithm AMA algorithm

1: Compute low-modes vi of DH 1: if �
cut

6= 0, N
eig

> 0

Compute low-mode vi of DH

2: Set source b and G�invariant inital guess x
0

3: Compute exact S and O[S] precisely (use deflation if vi exits)

4: Repeat for S
LM

in (6) 4: Repeat for S
AM

in (8)

and O(appx)

= O[S
LM

] and O(appx)

= O[S
AM

] using

deflated CG (if �
cut

6= 0)

5: O(rest)

= O[S] � O[S
LM

] 5: O(rest)

= O[S] � O[S
AM

];

6: Set shifted source bg and G�invariant inital guess xg
0

7: Average O(appx),g
= O[S

LM

] 7: Average O(appx),g
= O[S

AM

]

over g 2 G to get O(appx)

G over g 2 G to get O(appx)

G

8: O(imp)

= O(rest)

+ O(appx)

G

propagator,

S
LM

(x, y) =
N

totX

i=0

vi(x)fLM(�i)v
†
i (y), (6)

f
LM

(�) =
1

�
✓(�

cut

� |�|). (7)

N
tot

is the total dimension of the Dirac matrix. The
recipe for LMA in terms of the CAA master Eq. (2) is
shown in left column of Table I. Although LMA is par-
ticularly good for observables dominated by low-modes,
such as the single pion state for lighter fermion masses,
LMA does not work so well for heavier hadrons or when
the quark mass is heavier [16, 18] (see also [22] for depen-
dence on parity of states and (non-)Hermiticity of Dirac
operators). This is due to the truncation of the sum in
(6), i.e., f

LM

(�) = 0 for |�| > �
cut

.
One could improve the above by constructing a poly-

nomial for 1/� and using it to obtain a better (all-mode)
approximation of the propagator above �

cut

:

S
AM

(x, y) =
N

totX

i=0

vi(x)fAM

(�i)v
†
i (y), (8)

f
AM

(�) =

(
1

� |�|  �
cut

Pn(�) |�| > �
cut

(9)

where Pn(�) ⇡ 1/� is a polynomial of degree n, From (8)
and (9), one computes the approximate propagator using
Pn(DH) in the subspace orthogonal to the eigenvectors
below �

cut

,

S
AM

=

N
eigX

i=1

vi
1

�i
v†i + Pn(DH)(1�

N
eigX

i=1

viv
†
i ), (10)

with number of low-modes N
eig

. In analogy to LMA, we
refer to the above as all-mode averaging (AMA). A recipe
similar to LMA is shown in the right column of Table I.
As emphasized in [9] approximate eigenvectors can be

used in LMA (and AMA) to reduce the cost of this part of



All Mode Averaging 

§  In	  our	  applicaDon,	  we	  take	  advantage	  of	  the	  translaDonal	  invariance	  of	  the	  laGce,	  
and	  use	  sources	  on	  	  
–  7	  Dme	  slices	  and	  16	  spaDal	  source	  shibs	  on	  each	  Dme	  slice	  =	  112	  measurements/config	  

§  The	  approximaDon	  operator	  is	  constructed	  from	  low-‐mode	  deflated	  sloppy	  quark	  
propagator: 	  	  
	  
–  1000	  low	  eigenmodes	  are	  calculated	  to	  construct	  the	  low-‐mode	  part	  of	  the	  propagator	  .	  

The	  low-‐mode	  deflated	  propagator	  is	  determined	  from	  sloppy	  CG	  with	  a	  stopping	  
condiDon	  of	  O(10-‐3).	  

§  Correct	  for	  the	  bias	  by	  the	  exact,	  but	  calculated	  less	  frequently,	  operator:	  

	  
§  To	  reduce	  the	  cost	  even	  further,	  Möbius	  DWF	  is	  used	  with	  smaller	  Ls	  =	  16	  for	  Sapprx.	  	  
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Sapprx = S
||
l + S

⊥
sloppy

OAMA =
1

Napprx

Oi
apprx +

1
Nexacti=1

Napprx

∑ Oj
exact −O

j
apprx( )

j=1

Nexact

∑ ,Nexact << Napprx



Example 

•  170	  MeV,	  39	  configuraDons	  

•  112	  sources	  per	  
configuraDon	  for	  the	  
approximaDon.	  

•  4	  sources	  per	  configuraDon	  
for	  the	  exact	  soluDon.	  

•  One	  approximate	  
propagator	  is	  1/65	  of	  the	  
cost	  of	  the	  exact	  
propagator.	  (taking	  into	  
account	  the	  cost	  for	  the	  
low	  modes)	  
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Speedup Estimate 

•  Error	  reducDon	  is	  4.6x	  –	  
6.4x	  over	  the	  Q2	  range.	  	  

•  Would	  need	  21x	  to	  41x	  
more	  staDsDcs	  to	  achieve	  
the	  same	  error	  reducDon	  
with	  the	  exact	  calculaDon.	  

•  Actual	  AMA	  	  cost	  =	  1.4x	  

•  Speedup	  is	  15x	  to	  29x!	  
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(Lack of) Excited-state Contaminations? 

	   §  AMA	  also	  allows	  us	  to	  
calculate	  with	  different	  
source-‐sink	  separaDons	  with	  
likle	  addiDonal	  cost,	  since	  
we	  can	  use	  the	  same	  low	  
eigenmodes.	  	  

§  Shorter	  separaDon	  of	  1fm:	  
–  8	  configuraDons	  
–  64	  sources	  with	  sloppy	  CG	  
–  1	  source	  with	  exact	  

soluDon	  

§  No	  visible	  difference.	  
Excited-‐state	  
contaminaDons	  are	  small.	  
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Q2 dependence 
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F1v	   F2v	  

§  The	  empirical	  dipole	  form	  describes	  the	  Q2	  dependence	  of	  the	  data	  very	  well:	  

§  RMS	  radii	  are	  determined	  as:	  	  	  

Fi (Q
2 ) = Fi (0)

1+Q2 /Mi
2( )
2

ri
2 =12 /Mi

2
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is	  related	  to	  the	  proton	  
and	  neutron	  electric	  
charge	  radii	  .	  
	  

§  AMA	  reduced	  the	  
staDsDcal	  errors	  
substanDally	  on	  the	  lighter	  
mass	  point.	  	  
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Conversion from Dirac rms Radius to Proton

Electric Charge Radius

Meifeng Lin

October 8, 2010

Lattice calculations often obtain the isovector mean-squared Dirac and
Pauli radii for the proton:

〈(rv1)
2〉 = −6

∂F v
1 (Q

2)

∂Q2
|Q2=0, (1)

〈(rv2)
2〉 = −6

∂F v
2 (Q

2)

∂Q2
|Q2=0, (2)

where F v
1,2(Q

2) = F p
1,2(Q

2)− Fn
1,2(Q

2).
The proton and neutron rms electric charge radii, as quoted in PDG, are

defined as

〈(rp,nE )2〉1/2 =

(

−6
∂Gp,n

E (Q2)

∂Q2
|Q2=0

)1/2

. (3)

Using the definitions of the electric Sachs form factors,

Gp,n
E = F p,n

1
(Q2)−

Q2

4M2
p,n

F p,n
2

(Q2), (4)

we have

〈(rp,nE )2〉 = 〈(rp,n
1

)2〉+
6

4M2
p,n

F p,n
2

(0). (5)

And we identify F
p,n
2 (0) ≡ κp,n as the anomalous magnetic moments of the

proton (neutron). Thus the isovector Dirac radius is related to the proton
and neutron charge radii and anomalous magnetic moments in the following
way:

〈(rv1)
2〉 = 〈(rpE)

2〉 − 〈(rnE)
2〉 −

(

6

4M2
p
κp −

6

4M2
n
κn
)

. (6)

1

RBC/UKQCD	  DWF	  Results	  

Results 



Other Lattice 
Results 

§  The	  recent	  laGce	  results	  
are	  in	  reasonable	  
agreement.	  	  

	  
•  Global	  data	  show	  an	  

upward	  trend	  towards	  the	  
physical	  limit.	  	  

Meifeng	  Lin,	  "Nucleon	  form	  factors	  with	  2+1	  flavors	  of	  DWF	  and	  AMA”,	  LaGce	  2013,	  Mainz,	  Germany	  

21	  

ParDal	  compilaDon	  of	  global	  results	  

0 0.1 0.2 0.3 0.4 0.5 0.6
m
π
 [GeV]

0.4

0.5

0.6

0.7

0.8

0.9

1

<r
12 >1/

2  [f
m

]

LHPC, DWF, 2+1f, a=0.084fm
LHPC, Clover, 2+1f, a=0.116 fm
PNDME 2+1+1f, Mixed, a=0.12 fm
ETMC 2+1+1f, a=0.086fm
QCDSF/UKQCD  2f Clover, a=0.072, 0.060fm
RBC/UKQCD, DWF, 2+1f, a=0.144fm
RBC/UKQCD, DWF, 2+1f, L24, a=0.114fm
Experiment (ep scattering)
Experiment (µp Lamb shift)



A closer look at the light mass region 
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Isovector	  Pauli	  Radii	   Anomalous	  MagneHc	  Moment	  
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Derived quantities from F2 
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Including 2f Results 

Including	  2f	  results	  



Isoscalar Dirac Form Factors and Radii 
(connected contributions only) 
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§  Connected	  contribuDons	  to	  the	  isoscalar	  Dirac	  form	  factors	  are	  geGng	  close	  to	  
the	  experiment.	  

Connected	  Only	   Connected	  Only	  



Isoscalar Pauli 
Form Factors 
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§  F2s(Q2)	  has	  likle	  Q2	  
dependence.	  	  

§  Data	  are	  sDll	  noisy.	  	  

§  Magnitude	  is	  consistent	  
with	  the	  experiment.	  

§  ExtracDng	  the	  radii	  and	  the	  
anomalous	  magneDc	  
moment	  not	  possible	  at	  
the	  moment.	  	  
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connected	  contribuDons	  only	  



What’s Next? 

§  Chiral	  extrapolaDons.	  	  
§  EsDmaDng	  systemaDc	  errors:	  finite	  volume,	  discreDzaDon,	  etc.	  
§  Disconnected	  diagrams.	  	  

§  RBC	  and	  LHPC	  are	  joining	  forces	  to	  calculate	  nucleon	  structure	  observables	  directly	  
at	  the	  physical	  pion	  mass.	  	  
–  New	  physical-‐pion-‐mass	  2+1	  flavor	  Domain	  Wall	  ensembles	  are	  being	  generated	  jointly	  

by	  the	  RBC	  and	  UKQCD	  CollaboraDons.	  [see	  Bob	  Mawhinney’s	  talk	  on	  Thursday]	  
–  a=0.086	  fm,	  643	  x	  128	  
–  a=0.114	  fm,	  483	  x	  96	  
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Conclusions 

§  AMA	  is	  very	  effecDve	  in	  reducing	  staDsDcal	  errors,	  with	  computaDonal	  speedup	  of	  
a	  factor	  of	  15	  to	  29	  in	  our	  applicaDons.	  	  

§  We	  are	  now	  able	  to	  achieve	  3-‐4%	  staDsDcal	  errors	  on	  many	  quanDDes	  such	  as	  gA	  
and	  charge	  radius	  at	  170	  MeV	  pion	  with	  domain	  wall	  fermions.	  	  

§  The	  lighter	  pion	  mass	  results	  show	  a	  very	  encouraging	  trend	  to	  approach	  the	  
experimental	  values,	  but	  chiral	  extrapolaDons	  are	  sDll	  needed	  to	  do	  a	  quanDtaDve	  
comparison.	  	  

§  CalculaDons	  directly	  at	  the	  physical	  pion	  mass	  are	  coming	  up.	  
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