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• the topologi
al sus
eptibility expresses �u
tuations of the topologi
al
harge

• as su
h, it des
ribes non-trivial topologi
al properties of the underlyingquantum va
uum

• su
h properties have far-rea
hing phenomenologi
al impli
ations
• the most prominent example: �avour-singlet pseudos
alar η′ meson →Witten-Veneziano relationDe�nition and 
omputation on the latti
e:
• notoriously di�
ult
• long debate in the literature about the validity of di�erent approa
hes

• 
lean de�nition: index of overlap Dira
 operator → very 
ostly

• another 
lean de�nition: from density 
hain 
orrelators[L. Giusti, G.C. Rossi, M. Testa 2004℄, [M. Lüs
her 2004℄using spe
tral proje
tors → subje
t of this talk[L. Giusti, M. Lüs
her 2008℄, [M. Lüs
her, F. Palombi 2010℄
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1. Theoreti
al introdu
tion:

• spe
tral proje
tors, topologi
al sus
eptibility, ZP/ZS2. Simulation setup3. Results for Nf = 2 and Nf = 2 + 1 + 1

• 
hiral �ts of topologi
al sus
eptibility � 
hiral 
ondensate4. Results in the quen
hed 
ase (Nf = 0)
• Witten-Veneziano formula5. Summary
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• Introdu
ed in: [L. Giusti, M. Lüs
her 2008℄
• First appli
ation for the 
omputation of the topologi
alsus
eptibility: (quen
hed 
ase) [M. Lüs
her, F. Palombi 2010℄

• PM � spe
tral proje
tor → [talk by E. Gar
ía Ramos℄
• TrPM 
an be represented sto
hasti
ally by:TrPM = 1

N

∑N
j=1(ηj,PMηj), where η1, . . ., ηN arepseudo-fermion �elds added to the theory.

• One 
an also evaluate other tra
es of this kind, e.g. Tr γ5PM .

• In pra
ti
e, one 
onstru
ts an approximation to the proje
torPM � we denote it by RM .
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• For Ginsparg-Wilson fermions:

Tr {γ5PM} = Qtop.

• The topologi
al sus
eptibility is in general given by:
χ =

〈Q2
top〉

V.

• Hen
e:

χ =
Z2
S

Z2
P

〈Tr{γ5R2
M}Tr{γ5R2

M}〉

V
.

• The renormalization 
onstants ratio ZP/ZS and the absen
e ofshort-distan
e singularities in this de�nition 
an be inferred from density
hain 
orrelators.
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Introdu
e the following observables: [M. Lüs
her, F. Palombi 2010℄
A =

1

N

N
X

k=1

`R2
Mηk,R2

Mηk

´

,

B =
1

N

N
X

k=1

(RMγ5RMηk,RMγ5RMηk) ,

C =
1

N

N
X

k=1

(RMηk, γ5RMηk) ,Topologi
al sus
eptibility: ZP /ZS :

χ = Z2
S

Z2
P

〈C2〉− 〈B〉
N

V ↔ χ =
〈Q2

top〉

V
Z2

S

Z2
P

= 〈A〉
〈B〉

C � estimator of topologi
al 
hargeExpe
t: • 〈C〉 = 0 for long enough MC history

• C Gaussian distributed, distribution width → χ
• C a sensitive measure of auto
orrelations

→ freezing of topologi
al 
harge for in
reasing β
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• We use dynami
al twisted mass 
on�gurations generated by ETMC

⋆ Nf = 2 [P. Bou
aud et al., 2007, 2008℄, [R. Baron et al., 2009℄,

⋆ Nf = 2 + 1 + 1 [R. Baron et al., 2010, 2011℄.

• We also generated Nf = 0 
on�gurations.

• Gauge a
tion:

SG[U ] =
β

3

X

x

“

b0
X

µ,ν=1

ReTr`1 − P 1×1
x;µ,ν

´

+ b1
X

µ 6=ν

ReTr`1 − P 1×2
x;µ,ν

´

”

,

Nf = 2 � tree-level Symanzik improved a
tion [P. Weisz, 1982℄, i.e. b1 = −
1
12

.
Nf = 2 + 1 + 1 and Nf = 0 � Iwasaki a
tion [Y. Iwasaki, 1985℄, i.e. b1 = −0.331, b0 = 1 − 8b1,

• Wilson twisted mass fermion a
tion for the light se
tor[R. Frezzotti, P.A. Grassi, G.C. Rossi, S. Sint, P. Weisz, 2000-2004℄
Sl[ψ, ψ̄, U ] = a4

X

x

χ̄l(x)
`

DW +m0,l + iµlγ5τ3
´

χl(x),

χl = (χu, χd), m0,l and µl are the bare untwisted and twisted light quark masses.

• Twisted mass a
tion for the heavy doublet [R. Frezzotti, G.C. Rossi, 2003, 2004℄

Sh[ψ, ψ̄, U ] = a4
X

x

χ̄h(x)
`

DW +m0,h + iµσγ5τ1 + µδτ3
´

χh(x),

χh = (χc, χs), m0,h � bare untwisted heavy quark mass, µσ � bare twisted mass with the twist alongthe τ1 dire
tion, µδ � mass splitting along the τ3 dire
tion that makes the strange and 
harm quarkmasses non-degenerate.Renormalized strange and 
harm quark masses ms,c
R

= Z−1
P

(µσ ∓ (ZP /ZS)µδ).
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Ensemble β latti
e aµl
µl,R κc

L

mπL

a
ZP /ZS r0/a[MeV℄ [fm℄ ℄fm℄A30.32 1.90 323 × 64 0.0030 13 0.163272 2.8 4.0 0.0863 0.699(13) 5.231(38)A40.20 1.90 203 × 40 0.0040 17 0.163270 1.7 3.0 0.0863 0.699(13) 5.231(38)A40.24 1.90 243 × 48 0.0040 17 0.163270 2.1 3.5 0.0863 0.699(13) 5.231(38)A40.32 1.90 32

3 × 64 0.0040 17 0.163270 2.8 4.5 0.0863 0.699(13) 5.231(38)A50.32 1.90 323 × 64 0.0050 22 0.163267 2.8 5.1 0.0863 0.699(13) 5.231(38)A60.24 1.90 243 × 48 0.0060 26 0.163265 2.1 4.2 0.0863 0.699(13) 5.231(38)A80.24 1.90 243 × 48 0.0080 35 0.163260 2.1 4.8 0.0863 0.699(13) 5.231(38)B25.32 1.95 323 × 64 0.0025 13 0.161240 2.5 3.4 0.0779 0.697(7) 5.710(41)B35.32 1.95 323 × 64 0.0035 18 0.161240 2.5 4.0 0.0779 0.697(7) 5.710(41)B55.32 1.95 323 × 64 0.0055 28 0.161236 2.5 5.0 0.0779 0.697(7) 5.710(41)B75.32 1.95 323 × 64 0.0075 38 0.161232 2.5 5.8 0.0779 0.697(7) 5.710(41)B85.24 1.95 243 × 48 0.0085 45 0.161231 1.9 4.7 0.0779 0.697(7) 5.710(41)D20.48 2.10 483 × 96 0.0020 12 0.156357 2.9 3.9 0.0607 0.740(5) 7.538(58)D30.48 2.10 483 × 96 0.0030 19 0.156355 2.9 4.7 0.0607 0.740(5) 7.538(58)D45.32 2.10 323 × 64 0.0045 29 0.156315 1.9 3.9 0.0607 0.740(5) 7.538(58)b40.16 3.90 163 × 32 0.004 21 0.160856 1.4 2.5 0.085 0.6390(32) 5.35(4)b40.20 3.90 203 × 40 0.004 21 0.160856 1.7 2.8 0.085 0.6390(32) 5.35(4)b40.24 3.90 243 × 48 0.004 21 0.160856 2.0 3.3 0.085 0.6390(32) 5.35(4)b40.32 3.90 323 × 64 0.004 21 0.160856 2.7 4.3 0.085 0.6390(32) 5.35(4)b64.24 3.90 24
3 × 48 0.0064 34 0.160856 2.0 4.1 0.085 0.6390(32) 5.35(4)b85.24 3.90 243 × 48 0.0085 45 0.160856 2.0 4.7 0.085 0.6390(32) 5.35(4)
30.20 4.05 20
3 × 40 0.003 19 0.157010 1.3 2.4 0.067 0.6820(23) 6.71(4)d20.24 4.20 243 × 48 0.002 15 0.154073 1.3 2.4 0.054 0.7130(29) 8.36(6)e17.32 4.35 323 × 64 0.00175 16 0.151740 1.3 2.4 0.042 0.7398(33) 5.35(4)

ZP /ZS from [C. Alexandrou et al., 2012℄, [K. Ci
hy, K. Jansen, P. Kor
yl, 2012℄, [D. Palao, private 
ommuni
ation℄
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Ensemble β latti
e aµl
µl,R κc

L

mπL

a
ZP /ZS r0/a[MeV℄ [fm℄ ℄fm℄A30.32 1.90 323 × 64 0.0030 13 0.163272 2.8 4.0 0.0863 0.699(13) 5.231(38)A40.20 1.90 203 × 40 0.0040 17 0.163270 1.7 3.0 0.0863 0.699(13) 5.231(38)A40.24 1.90 243 × 48 0.0040 17 0.163270 2.1 3.5 0.0863 0.699(13) 5.231(38)A40.32 1.90 32

3 × 64 0.0040 17 0.163270 2.8 4.5 0.0863 0.699(13) 5.231(38)A50.32 1.90 323 × 64 0.0050 22 0.163267 2.8 5.1 0.0863 0.699(13) 5.231(38)A60.24 1.90 243 × 48 0.0060 26 0.163265 2.1 4.2 0.0863 0.699(13) 5.231(38)A80.24 1.90 243 × 48 0.0080 35 0.163260 2.1 4.8 0.0863 0.699(13) 5.231(38)B25.32 1.95 323 × 64 0.0025 13 0.161240 2.5 3.4 0.0779 0.697(7) 5.710(41)B35.32 1.95 323 × 64 0.0035 18 0.161240 2.5 4.0 0.0779 0.697(7) 5.710(41)B55.32 1.95 323 × 64 0.0055 28 0.161236 2.5 5.0 0.0779 0.697(7) 5.710(41)B75.32 1.95 323 × 64 0.0075 38 0.161232 2.5 5.8 0.0779 0.697(7) 5.710(41)B85.24 1.95 243 × 48 0.0085 45 0.161231 1.9 4.7 0.0779 0.697(7) 5.710(41)D20.48 2.10 483 × 96 0.0020 12 0.156357 2.9 3.9 0.0607 0.740(5) 7.538(58)D30.48 2.10 483 × 96 0.0030 19 0.156355 2.9 4.7 0.0607 0.740(5) 7.538(58)D45.32 2.10 323 × 64 0.0045 29 0.156315 1.9 3.9 0.0607 0.740(5) 7.538(58)b40.16 3.90 163 × 32 0.004 21 0.160856 1.4 2.5 0.085 0.6390(32) 5.35(4)b40.20 3.90 203 × 40 0.004 21 0.160856 1.7 2.8 0.085 0.6390(32) 5.35(4)b40.24 3.90 243 × 48 0.004 21 0.160856 2.0 3.3 0.085 0.6390(32) 5.35(4)b40.32 3.90 323 × 64 0.004 21 0.160856 2.7 4.3 0.085 0.6390(32) 5.35(4)b64.24 3.90 24
3 × 48 0.0064 34 0.160856 2.0 4.1 0.085 0.6390(32) 5.35(4)b85.24 3.90 243 × 48 0.0085 45 0.160856 2.0 4.7 0.085 0.6390(32) 5.35(4)
30.20 4.05 20
3 × 40 0.003 19 0.157010 1.3 2.4 0.067 0.6820(23) 6.71(4)d20.24 4.20 243 × 48 0.002 15 0.154073 1.3 2.4 0.054 0.7130(29) 8.36(6)e17.32 4.35 323 × 64 0.00175 16 0.151740 1.3 2.4 0.042 0.7398(33) 5.35(4)

ZP /ZS from [C. Alexandrou et al., 2012℄, [K. Ci
hy, K. Jansen, P. Kor
yl, 2012℄, [D. Palao, private 
ommuni
ation℄
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Ensemble β latti
e aµl
µl,R κc

L

mπL

a
ZP /ZS r0/a[MeV℄ [fm℄ ℄fm℄A30.32 1.90 323 × 64 0.0030 13 0.163272 2.8 4.0 0.0863 0.699(13) 5.231(38)A40.20 1.90 203 × 40 0.0040 17 0.163270 1.7 3.0 0.0863 0.699(13) 5.231(38)A40.24 1.90 243 × 48 0.0040 17 0.163270 2.1 3.5 0.0863 0.699(13) 5.231(38)A40.32 1.90 32

3 × 64 0.0040 17 0.163270 2.8 4.5 0.0863 0.699(13) 5.231(38)A50.32 1.90 323 × 64 0.0050 22 0.163267 2.8 5.1 0.0863 0.699(13) 5.231(38)A60.24 1.90 243 × 48 0.0060 26 0.163265 2.1 4.2 0.0863 0.699(13) 5.231(38)A80.24 1.90 243 × 48 0.0080 35 0.163260 2.1 4.8 0.0863 0.699(13) 5.231(38)B25.32 1.95 323 × 64 0.0025 13 0.161240 2.5 3.4 0.0779 0.697(7) 5.710(41)B35.32 1.95 323 × 64 0.0035 18 0.161240 2.5 4.0 0.0779 0.697(7) 5.710(41)B55.32 1.95 323 × 64 0.0055 28 0.161236 2.5 5.0 0.0779 0.697(7) 5.710(41)B75.32 1.95 323 × 64 0.0075 38 0.161232 2.5 5.8 0.0779 0.697(7) 5.710(41)B85.24 1.95 243 × 48 0.0085 45 0.161231 1.9 4.7 0.0779 0.697(7) 5.710(41)D20.48 2.10 483 × 96 0.0020 12 0.156357 2.9 3.9 0.0607 0.740(5) 7.538(58)D30.48 2.10 483 × 96 0.0030 19 0.156355 2.9 4.7 0.0607 0.740(5) 7.538(58)D45.32 2.10 323 × 64 0.0045 29 0.156315 1.9 3.9 0.0607 0.740(5) 7.538(58)b40.16 3.90 163 × 32 0.004 21 0.160856 1.4 2.5 0.085 0.6390(32) 5.35(4)b40.20 3.90 203 × 40 0.004 21 0.160856 1.7 2.8 0.085 0.6390(32) 5.35(4)b40.24 3.90 243 × 48 0.004 21 0.160856 2.0 3.3 0.085 0.6390(32) 5.35(4)b40.32 3.90 323 × 64 0.004 21 0.160856 2.7 4.3 0.085 0.6390(32) 5.35(4)b64.24 3.90 24
3 × 48 0.0064 34 0.160856 2.0 4.1 0.085 0.6390(32) 5.35(4)b85.24 3.90 243 × 48 0.0085 45 0.160856 2.0 4.7 0.085 0.6390(32) 5.35(4)
30.20 4.05 20
3 × 40 0.003 19 0.157010 1.3 2.4 0.067 0.6820(23) 6.71(4)d20.24 4.20 243 × 48 0.002 15 0.154073 1.3 2.4 0.054 0.7130(29) 8.36(6)e17.32 4.35 323 × 64 0.00175 16 0.151740 1.3 2.4 0.042 0.7398(33) 5.35(4)

ZP /ZS from [C. Alexandrou et al., 2012℄, [K. Ci
hy, K. Jansen, P. Kor
yl, 2012℄, [D. Palao, private 
ommuni
ation℄
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Ensemble β latti
e aµl
µl,R κc

L

mπL

a
ZP /ZS r0/a[MeV℄ [fm℄ ℄fm℄A30.32 1.90 323 × 64 0.0030 13 0.163272 2.8 4.0 0.0863 0.699(13) 5.231(38)A40.20 1.90 203 × 40 0.0040 17 0.163270 1.7 3.0 0.0863 0.699(13) 5.231(38)A40.24 1.90 243 × 48 0.0040 17 0.163270 2.1 3.5 0.0863 0.699(13) 5.231(38)A40.32 1.90 323 × 64 0.0040 17 0.163270 2.8 4.5 0.0863 0.699(13) 5.231(38)A50.32 1.90 323 × 64 0.0050 22 0.163267 2.8 5.1 0.0863 0.699(13) 5.231(38)A60.24 1.90 243 × 48 0.0060 26 0.163265 2.1 4.2 0.0863 0.699(13) 5.231(38)A80.24 1.90 243 × 48 0.0080 35 0.163260 2.1 4.8 0.0863 0.699(13) 5.231(38)B25.32 1.95 32

3 × 64 0.0025 13 0.161240 2.5 3.4 0.0779 0.697(7) 5.710(41)B35.32 1.95 323 × 64 0.0035 18 0.161240 2.5 4.0 0.0779 0.697(7) 5.710(41)B55.32 1.95 32
3 × 64 0.0055 28 0.161236 2.5 5.0 0.0779 0.697(7) 5.710(41)B75.32 1.95 323 × 64 0.0075 38 0.161232 2.5 5.8 0.0779 0.697(7) 5.710(41)B85.24 1.95 243 × 48 0.0085 45 0.161231 1.9 4.7 0.0779 0.697(7) 5.710(41)D20.48 2.10 483 × 96 0.0020 12 0.156357 2.9 3.9 0.0607 0.740(5) 7.538(58)D30.48 2.10 483 × 96 0.0030 19 0.156355 2.9 4.7 0.0607 0.740(5) 7.538(58)D45.32 2.10 323 × 64 0.0045 29 0.156315 1.9 3.9 0.0607 0.740(5) 7.538(58)b40.16 3.90 163 × 32 0.004 21 0.160856 1.4 2.5 0.085 0.6390(32) 5.35(4)b40.20 3.90 203 × 40 0.004 21 0.160856 1.7 2.8 0.085 0.6390(32) 5.35(4)b40.24 3.90 243 × 48 0.004 21 0.160856 2.0 3.3 0.085 0.6390(32) 5.35(4)b40.32 3.90 323 × 64 0.004 21 0.160856 2.7 4.3 0.085 0.6390(32) 5.35(4)b64.24 3.90 243 × 48 0.0064 34 0.160856 2.0 4.1 0.085 0.6390(32) 5.35(4)b85.24 3.90 243 × 48 0.0085 45 0.160856 2.0 4.7 0.085 0.6390(32) 5.35(4)
30.20 4.05 203 × 40 0.003 19 0.157010 1.3 2.4 0.067 0.6820(23) 6.71(4)d20.24 4.20 243 × 48 0.002 15 0.154073 1.3 2.4 0.054 0.7130(29) 8.36(6)e17.32 4.35 323 × 64 0.00175 16 0.151740 1.3 2.4 0.042 0.7398(33) 5.35(4)

ZP /ZS from [C. Alexandrou et al., 2012℄, [K. Ci
hy, K. Jansen, P. Kor
yl, 2012℄, [D. Palao, private 
ommuni
ation℄
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Quark mass dependen
e Nf = 2, β = 3.9

Introdu
tionResults � Nf = 2and Nf = 2 + 1 + 1ExamplesQuark massdependen
e Nf = 2,

β = 3.9All data for

Nf = 2 + 1 + 1Fit using all dataFit ex
luding pionmasses >400 MeVResults � quen
hedSummary
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tree-level formula of χPT: r4
0χ =

r3
0Σ·r0µR

2

r0Σ
1/3 = 0.650(20)


ompare to dire
t determination [talk by E. Gar
ía Ramos℄

r0Σ
1/3
β=3.9 = 0.696(20), r0Σ

1/3
cont = 0.689(33)



All data for Nf = 2 + 1 + 1
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Fit using all data

Introdu
tionResults � Nf = 2and Nf = 2 + 1 + 1ExamplesQuark massdependen
e Nf = 2,

β = 3.9All data for

Nf = 2 + 1 + 1Fit using all dataFit ex
luding pionmasses >400 MeVResults � quen
hedSummary
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tree-level formula of χPT: r4
0χ =

r3
0Σ·r0µR

2

r0Σ
1/3 = 0.704(52)
ompare to dire
t determination [talk by E. Gar
ía Ramos℄

r0Σ
1/3
cont,Nf=2+1+1 = 0.680(29)



Fit ex
luding pion masses >400 MeV
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tionResults � Nf = 2and Nf = 2 + 1 + 1ExamplesQuark massdependen
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hedSummary
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tree-level formula of χPT: r4
0χ =

r3
0Σ·r0µR

2

r0Σ
1/3 = 0.721(53)
ompare to dire
t determination [talk by E. Gar
ía Ramos℄

r0Σ
1/3
cont,Nf=2+1+1 = 0.680(29)



Introdu
tionResults � Nf = 2and Nf = 2 + 1 + 1Results � quen
hed

ZP /ZS �

MR-dependen
e for

Nf = 2

ZP /ZS �

MR-dependen
e for

Nf = 0Results � Nf = 0Witten-VenezianoformulaMC historiesHistogramsSummary
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Results � quen
hed
β κc (L/a)3 × T/a aµ r0/a lat.spa
. [fm]2.37 0.158738 203 × 40 0.0087 3.593(35) 0.1392.48 0.154928 243 × 48 0.0074 4.233(55) 0.1182.67 0.150269 323 × 64 0.0055 5.691(32) 0.0882.85 0.147180 403 × 80 0.0043 7.290(68) 0.069

Nf = 0 
on�gurations generated with the Iwasaki gauge a
tion



ZP/ZS � MR-dependen
e for Nf = 2
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RI-MOM results (β = 3.9, 4.05, 4.2) [C. Alexandrou et al. 2012℄X-spa
e result (β = 4.35) [K. Ci
hy, K. Jansen, P. Kor
yl 2012℄



ZP/ZS � MR-dependen
e for Nf = 0

Introdu
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ZP/ZS � MR-dependen
e for Nf = 0

Introdu
tionResults � Nf = 2and Nf = 2 + 1 + 1Results � quen
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ZP /ZS �

MR-dependen
e for

Nf = 2

ZP /ZS �

MR-dependen
e for

Nf = 0Results � Nf = 0Witten-VenezianoformulaMC historiesHistogramsSummary
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Results � Nf = 0

Introdu
tionResults � Nf = 2and Nf = 2 + 1 + 1Results � quen
hed

ZP /ZS �

MR-dependen
e for

Nf = 2

ZP /ZS �

MR-dependen
e for

Nf = 0Results � Nf = 0Witten-VenezianoformulaMC historiesHistogramsSummary
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β a4χ r0/a ZP /ZS r4
0χ(stat.)(r0/a)(ZP /ZS)2.37 7.19(36)e-5 3.593(35) 0.667(30) 0.0269(14)(10)(24)2.48 4.36(23)e-5 4.233(55) 0.701(13) 0.0285(15)(15)(11)2.67 2.03(14)e-5 5.691(32) 0.749(7) 0.0379(27)(9)(7)2.85 1.10(16)e-5 7.290(68) 0.785(5) 0.0504(71)(19)(10)
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Witten-Veneziano formula

Introdu
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Final result: r4
0χ = 0.048(7)using r0 = 0.5 fm: χ = (185± 7 MeV)4
ompare to: r4

0χ = 0.059(3) [L. Del Debbio, L. Giusti, C. Pi
a, 2005℄using r0fK to set the s
ale: χ = (191± 5 MeV)4or using r0 = 0.5 fm: χ = (194.5± 2.4 MeV)4

r4
0χ = 0.061(6) [M. Lüs
her, F. Palombi, 2010℄using r0 = 0.5 fm: χ = (196.5± 5.1 MeV)4Witten-Veneziano formula [E. Witten, 1979℄, [G. Veneziano, 1979℄explains the origin of the mass of the η′ meson (non-zero in the 
hiral limit)real-world mη′ = 957.66(24) MeV

f2
π

6

(

m2
η + m2

η′ − 2m2
K

)

= χ∞leading order in 't Hooft's large-Nc limit (Nc →∞, g → 0, λ = g2Nc �xed)LHS: 
omputed in full QCD, experimental: (180 MeV)4RHS: 
omputed in the quen
hed approximation



Auto
orrelations
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Histograms of topologi
al 
harge
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• Computing the topologi
al sus
eptibility for dynami
al simulations is very di�
ult:

⋆ one has to sample properly the topologi
al 
harge distribution, su
h that oneobtains a Gaussian distribution and 〈Qtop〉 = 0,

⋆ long auto
orrelations at small latti
e spa
ings
⋆ with spe
tral proje
tors: statisti
s of O(200) 
onfs gives a statisti
al error of
O(10− 20)% (for Σ it is only O(1− 2)%)

• Still, the spe
tral proje
tor method seems to be a very promising approa
h:

⋆ espe
ially if one 
an a�ord longer runs
⋆ mu
h 
heaper than the index method
⋆ and other methods have theoreti
al problems (e.g. gluoni
 de�nition of Qtop)

• Σ extra
ted from χ vs. µ dependen
e agrees with the one from dire
t 
al
ulation (but:rather large error and negle
ting higher orders of χPT)

• Quen
hed 
ase: χ∞ agrees with earlier determinations;good agreement with the Witten-Veneziano relation

Thank you for attention!
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