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Chiral Condensate and Banks-Casher Relation
(Banks & Casher, 1980)

e In the continuum:

p(X,m) =

px N '
— = lim_lim_ lim p(X, m)
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e mode number v ~ average number of eigenmodes of Df D, with A < M?

— VM2 — 2

A

(M, m) = v/ dao(h,m), A=
—A

v(M, m) = vp(Mg, mp) ~ renormalization-group invariant (Glusti & Luscher, 2008)

e For non-vanishing mass and finite volume

s o
X 1
R BTV R

e Direct relation between v and spectral sum oy
[ 2kM _ T 2k
Uk(#’m)*/o dMV(M’m)W, Uk(#7m)*<Tr{(D D+ p%) }>
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_nho fest setup resuls conciusions B
Mode number and Spectral Projectors

e Spectral Projector Py, to compute v(M, m) (Giusti & Luscher, 2008)
v(M, mg) = (Tr{Pu})
e Approximation of Py:

2M?

P RS e
m~m *

M, ~ M
~ h(x) is an approximation to the step function 8(—x) in the interval [—1, 1].

hx) = S 11— P04}

where P(x) is the polynomial which minimizes
6 = max 11 = V7Pl

1N
v(M,mg) = (On), On= N > (s Py
=

nk sources generated randomly.
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_ Ino fest sefup resuls conclisions B
M~ for chiral condensate

We want to compute the mode number in the linear region to extract the

(Glusti & Luscher, 2009)
™ ( mp ) 2.9
= —4/1 = — vp
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_ Ino fest sefup resuls conclisions B
M~ for chiral condensate

We want to compute the mode number in the linear region.
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___Inio test selup_results_conclusions |
Configurations setup

e Wilson Twisted Mass Action at maximal twist (Frezotti & Rossi, 2004)
e Tree-Level Symanzik Gauge Action (Weisz, 1982), (LUscher & Weisz, 1985)
e N = 2 dynamical fermions (Boucaud et al., 2007,2008), (Baron et al.,2009)
Ensemble B lattice ap ur (MeV) Ke L (fm)

030.32 390 328 x 64 0.003 16 0.160856 2.7

b40.16 390 16 x 32 0.004 21 0.160856 1.4

040.20 390 20° x 40 0.004 21 0.160856 1.7

b40.24 390 24° x 48 0.004 21 0.160856 20

040.32 390 32 x 64 0.004 21 0.160856 2.7

b64.24 390 24° x 48  0.0064 34 0.160856 2.0

085.24 390 24° x 48  0.0085 45 0.160856 20

c30.32 405 328 x 64 0.003 19 0.157010 2.1

c60.32 405 323 x 64 0.006 37 0.157010 2.1

c80.32 405 32° x 64 0.008 49 0.157010 2.1

d20.48 420 48 x 96 0.002 15 0.154073 2.6

d65.32 420 32% x 64 0.0065 47 0.154073 1.7
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___Inio test selup_results_conclusions |
Configurations setup

e Wilson Twisted Mass Action at maximal twist (Frezzoftti, Rossi, 2003, 2004)
e |wasaki Gauge Action (lwasaki, 1985)
e Ny =2+ 1+ 1dynamical fermions (Baron et al., 2010, 2011)
Ensemble B laftice apy e (MeV) Ko L (fm)

A30.32 190 32° x 64  0.0030 13 0.163272 2.8

A40.20 190 20° x40  0.0040 17 0.163270 1.7

A40.24 190 24° x 48  0.0040 17 0.163270 2.1

A40.32 190 323 x 64  0.0040 17 0.163270 2.8

A50.32 190 323 x 64  0.0050 22 0.163267 2.8

A60.24 190  24° x 48 0.0060 26 0.163265 2.1

A80.24 190 24% x 48  0.0080 35 0.163260 2.1

B25.32 195 323 x 64  0.0025 13 0.161240 25

B35.32 195 323 x 64 00035 18 0.161240 25

B55.32 195 323 x 64  0.0055 28 0.161236 25

B75.32 195 323 x 64  0.0075 38 0.161232 25

B85.24 195  24% x 48 0.0085 45 0.161231 19

D15.48 210 48 x 9 00015 9 0.156361 29

D20.48 210 48% x 96  0.0020 12 0.156357 29

D30.48 210 48% x 96 0.0030 19 0.156355 29
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results s finite volume x + cont limit comparis
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results ¥ from v finite volume x + cont limit comparis:

Extracting X from vy

(Giusti & Luscher, 2008)

iy mp 2.9
Yp=—1/1— (—) VR
2V Mgp /) OMg
v(M, m) = vg(Mg, mg) ~~ renormalization-group invariant

e We extract the term 59 vz through the slope of a linear fit.
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results s finite volume  + cont limit comparis:

Finite Volume Effects Ne=2+1+1

vol

Study of the finite size effects for the chiral condensate X. = const

v
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Analytical calculation finite volume corrections for v (Necco & Shindler, 2011)




results s finite volume  + cont limit comparis:

Finite Volume Effects © Ne=2+1+1

Study of the finite size effects for the chiral condensate X. w5 = const
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results > from v finite volume x + contlimit comparison

O(a) improvement

* Spectral sum as density chain

as(psm) = = 37 (P(0)P5 (32)Psi(%)Pis (x0)Pss ()P (0) )

LERRERE)

~» even under R} fransformations.
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results > from v finite volume x + contlimit comparison

O(a) improvement

* Spectral sum as density chain

aa(psm) = = 37 (P(0)P5 (32)Psa(%)Pis (x0) P ()P (0) )
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results

O(a) improvement

* Spectral sum as density chain

¥ from v

aa(psm) = = 37 (P(0)P5 (32)Psa(%)Pis (x0) P ()P (0) )

PSI. X5

~» even under R} fransformations.
* Symanzik expansion at maximal twist:

[ dxiaedind xdtxs (Ph(x1)P5 (0)PL 6 PR (X)PE(6)P5 (O)) =

= [ dxidadted xdtxs (Ph(X)PE ()P (0)Ps (0)PE(6)P5 (0)) + e

terms
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finite volume x + cont limit comparison
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results

O(a) improvement

* Spectral sum as density chain

¥ from v

finite volume x + cont limit comparison

4 - — -
o3(p, m) = -a Z <Pw+2(X1)P23 (XQ)P(;:!()Q)PAE) (XA)P;Z()@)P@W (0)>
Xiyunny X5

~» even under R} fransformations.
* Symanzik expansion at maximal twist:

[ dxiaedind xdtxs (Ph(x1)P5 (0)PL 6 PR (X)PE(6)P5 (O)) =
= [ dxidadted xdtxs (Ph(X)PE ()P (0)Ps (0)PE(6)P5 (0)) + e

terms + O(Oz)

* Contacts terms — OPE

1
Only P, (x)P,.(0) leads to O(a) terms
1

— 1
Pap(0Pac(@) ~ 70 COOST(O) + - Sl =To5 (1 +7")we
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results

O(a) improvement

* Spectral sum as density chain

¥ from v

finite volume x + cont limit comparison

4 - — -
o3(p, m) = -a Z <Pw+2(X1)P23 (XQ)P(;:!()Q)PAE) (XA)P;Z()@)P@W (0)>
Xiyunny X5

~» even under R} fransformations.
* Symanzik expansion at maximal twist:

[ dxiaedind xdtxs (Ph(x1)P5 (0)PL 6 PR (X)PE(6)P5 (O)) =

:/d4X1d4X2d4X3d4x4d4x5<P£(X1)P2_3(X2)P;(X3)PA_5(X4)P;2(X5)P5(0)>0+ conact 1 o(a?)

* Contacts terms — OPE

1
Only P, (x)P,.(0) leads to O(a) terms
1

— — 1
Pa(0)Poc(0) ~ 7% COOST(0) + -, Sl = Bap (1 + 770
e Contact tferms take the form:

[ ettt (51,00 P 06)Pi (k)P (06)P5 (0))

0
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results > from v finite volume x + contlimit comparison
O(a) improvement
* non-singlet axial Ward-Takahashi identity:
[ ddtadxaatss (ST06)PL06)PE ()P (6)P5 (0)) + M
Jr/d‘]XZ(7’4)(30’4)<41<3’4’<5 <P23(X2 22(Xs) Pl (Xa) P (%6) S, 2(0)>
=2mq / d"xzd"xsd“led“xs/ a*x <PE(X1)PQZ(XQ)PL(XS)PAE(XA)P;(;(Xs)Pc;(0)>
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results > from v finite volume x + contlimit comparison
O(a) improvement
* non-singlet axial Ward-Takahashi identity:
/ ded xsd xdxs <5I3(x2)P;(x3)P4g () P35 (%) Py (o)> + m
+/d4)(2d4xad4x4d4x5 <P23(X2 21 (X3) Prs (Xa) P (x5)S, 2(0)>
=2m, / d4x2d4x3d“x4d“x5/ o'x1 { P ()P (%) PLa(x6)Pas ()P (5P (0) )

* Substitute in Symanzik expansion

/d“xw A xd*xsd* xa o' X5 (P12(x1)Pas (X2) Paa(Xs) Pas (Xa) Pss (X6 ) Pe1 (0)) =
= / a1 d"%d xsa*xadxs (P12 (x1)Pas (%2) Psa(X3) Pas (Xa) Pos (X6 ) Pe1 (0) )

+ Gészq/d‘]Xw dd xsd*xadxs (P12(x1)Pas (%) Psa(Xs ) Pas (xa) Pos (%6 ) Per (0))

+ 0O(?)
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results finite volume x + cont limit comparison

O(a) improvement
* non-singlet axial Ward-Takahashi identity:

[ ddtadxaatss (ST06)PL06)PE ()P (6)P5 (0)) + m
+/d4)(2d4xad4x4d4x5 <P23(X2 21 (X3) Prs (Xa) P (x5)S, 2(0)>
—2mq [ dedadtad’s [ at (Ph()PE 0)PL 6P ()P 06)Ps (0))

* Substitute in Symanzik expansion

/ o1 0 X o xs 0P xa s (Pra(1)Pas (%2 )P (Xs)Pas (Xa) P (46) Pe1 (0)) =

= / o x1 0 xpd x X s (Pra(x1)Pas (%) P (Xs) Pas (3) Pos (%5)P1 (0) )

+ abeym, / o0 0 X o s 0P xa x5 (Pra (%1 )Pas (%2) Paa (X8) Pas (X) Pso (%) Por (0) )
+ 0O(?)

* At maximal twist mg = 0— we recover O(a) improvement.
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results finite volume x + cont limit comparison

O(a) improvement
* non-singlet axial Ward-Takahashi identity:
/ A d'xud xud'xs <5I3(x2)P;(x3)P4g () P35 (%) Py (o)> + m
+/d4)(2d4xad4x4d4x5 <P23(X2 21 (X3) Prs (Xa) P (x5)S, 2(0)>
—2mq [ dedadtad’s [ at (Ph()PE 0)PL 6P ()P 06)Ps (0))
* Substitute in Symanzik expansion
/d“xw A xd*xsd* xa o' X5 (P12(x1)Pas (X2) Paa(Xs) Pas (Xa) Pss (X6 ) Pe1 (0)) =

= / a1 d"%d xsa*xadxs (P12 (x1)Pas (%2) Psa(X3) Pas (Xa) Pos (X6 ) Pe1 (0) )

+ 0O(?)

* At maximal twist mg = 0— we recover O(a) improvement.
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results s finite volume x + cont limit comparison

Chiral and Continuum Limit of X Nf =2

0.42 ,‘ B:B.gd *‘ gl

oy iee |

0.75
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W07 - il
032 | oa [ %’Ti% ]

N;=2 cont.limit = 0.689(16) { |

0.67

0.66 ? DP{ 0‘02 0‘03
031, ‘ ‘ ey 1
0 002 004 006 008 01 012
To Hr

* Chiral extrapolation ~ (Giusti & Luscher, 2008)
* Confinuum limit

B I’OZ]/3

39 0.6957 (35)(37)(62)(186) nE!/® = 0.689(16)(29)
4.05  0.7046 (78)(30)(42)(206)

4.2 0.6853 (73)(59)(49)(265) errors— (combined)(fit)

errors— (stah)(Zp)(r)(fit)
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results > from v finite volume x + contlimit comparison

Chiral and Continuum Limitof X N;=24+ 1+ 1

[ "B=1.90 —s— I
085 p_y95 —m— .« 5
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05 —{' S i
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* Chiral extrapolation ~ (Giusti & Luscher, 2008)
*  Contfinuum limit

3 pE!/3

19 0.7772 61HY@HG6)(157) KT/ = 0.680(20)(21)
1.95  0.7408 (55)(25)(53)(112)

2.1 0.7262 (72)(14)(56)(75) errors— (combined)(fit)

errors— (stat)(Zp)(rp)(fit)
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results ¥ from v finite volume x + contlimit comparison
. . 1/3
Comparison of continuum results for X!/
Result method Ny fermions RrE'/?
this work spectral proj. 2 twisted mass  0.689(16)(29)
this work spectral proj. 24141 twisted mass  0.680(20)(21)
RBC-UKQCD (1) chiral fits 2+1 domain wall 0.632(15)(12)
MILC (2) chiral fits 2+1 staggered 0.654(14)(18)
MILC (3) chiral fits 2+1 staggered 0.653(18)(11)
4 chiral fits 2+1 staggered 0.662(5)(20)
ETMC (5) chiral fits 2 twisted mass  0.575(14)(52)
ETMC (6) quark propagator 2 twisted mass  0.676(89)(14)
HPQCD (7) quark propagator  2+1+1 staggered 0.673G)(1 1)
this work Ny = 2 N
this work Ny =2+ 141 ——
(1) Aoki et al., 2010 RBC-UKQCD, 2010 —
(2) Bazavov et al., 2009 MILC, 2009 —
(3) Bazavov et al., 2010 MILC. 201
(4) S. Borsanyi et al., TLC, 2010
2012 S.Borsanyi et al., 2012 —
() Baron et al., 2009 ETMC, 2009
(6) Burger et al., 2012 o
(7) McNeile et al., 2012 ETMC, 2012
HPQCD, 2012 ——
0.‘()*; 0.6 (‘IJGG 0.7 0]75 0.8
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Conclusions and outlook

e We have applied the spectral projector method using Ny = 2 and Ny = 2 + 1 + 1 twisted
mass ensembles generated by ETMC.

e We have analyzed the finite volume effects for the mode number and the chiral
condensate.
e We have computed the continuum limit of the chirally extrapolated chiral condensate.

* Np = 2 using different quark masses for 3 different lattice spacings.
* N =2+ 1+ 1using different quark masses for 3 different lattice spacings.
* Our results are consistent with the resulfs of other groups.

e We have applied this method to compute other quantities: See Krzysztof Cichy talk!

*  Xtop: Quenched & dynamical
* Zp/Zs
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conclusions

Thank you for your attention!
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conclusions

this work Ny =2 —_—
this work Ny =241+ 1 —
RBC-UKQCD, 2010 ——

MILC, 2009 ——

MILC, 2010 et
S.Borsanyi et al., 2012 "
ETMC, 2009 S a—

ETMC, 2012

HPQCD, 2012 ——

0.55 0.6 0.65 0.7 0.75 0.8
ron1/3
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conclusions

this work Ny =2 —
this work Ny =2+ 1+1 —
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